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Preface:
What to expect from this E-Book

THIS E-BOOK is about surfaces and graphs of selected equations plotted from
different viewing angles as an aid to visualize their behavior.

Mathematical surfaces are intuitively tridimensional vistas. But some surfaces
can be misleading because their generating equations are not so intuitive and is very
dif�cult to predict their outcome.

Surfaces are commonly plotted as parametric equations of one or two variables.
On the other hand, two-dimensional Cartesian plots are usually cross-sections —but
not always— of surfaces. That is, sometimes the Cartesian XY-plane can manifest
a true cross-section of a surface, but other times the XY-plane can show a cross-
section of a surface, but not at very value ofz= 0.

Here, surfaces are categorized as real surfaces, when they come from equations
of strictly real variables, or transcomplex surfaces, whenthey are the outcome of
plots of transcomplex variables. Transcomplex variables are 4-dimensional entities
where one of the variables is real and the others are some kindof imaginaries. Thus,
transcomplex variable plots involve the use of at least one imaginary axis.

Here we do not speak of complex surfaces; we speak of transcomplex surfaces;
see the Chapter 5 for an introduction to this subject. The reason is that this E-Book
is a derivative work of my other work:Foundations of Transcomplex Numbers: An
Extension of the Complex Numbers System to Four Dimensions(ISBN-13 978-0-
9802037-0-7). InFoundations ...is where the reader can �nd the whole background
of the transcomplex variables and the transcomplex surfaces.

To understand the content of this E-Book, the reader is assumed to be a little
related with the topics of graphing plane curves and surfaces. However, the plotting
program used here, 4DLab, can do everything for you, All you need is to enter the
parametric equations and chose how you want to view the surface.

There is an in�nitude of possible surfaces because there arein�nite possibilities
in phrasing equations. Hence, this E-Book just contains an in�nitesimal quantity of
all those possibilities.

1



2 Preface: What to expect from this E-Book

All in all, this E-Book is a visual introduction to the �eld of transcomplex num-
bers and an implicit comparison with the real surfaces counterpart. The reader will
notice that real and transcomplex surfaces are not so different: its the plotting ap-
proach that makes the difference.

At the end of the road, the book should be a stimulus and an agent for the reader
to pursue more knowledge into this �eld. I hope the reader will enjoy this humble
work and expand his/her horizons in the �eld of the visual mathematics.

E. Pérez

http://4DLab.info
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Introduction:
The story that the images tell

FUNCTIONS can be studied from the analytic point of view with practically no
need to plot them. However, making drawings of their attributes and pecu-

liarities is a great help not only to their understanding, but also in extending their
characteristics and �nding new ones.

Mathematical plots and graphs are beautiful, specially, when we deal with sur-
faces. Surfaces probably are the most near-to-reality a mathematical function can
be. But some surfaces can look so intricate that no connectionwith reality can be
established. Nevertheless, even in some seemingly bizarrecases they have their
particular beauty.

All of our graphs examples are based on mappings of two variables domains:
for the domain. For the domains of real variables we use thex andz variables, and
for the domains of complex variables we use thex andiz variables.

Now follows a short description of each of the special angleswe have taken
when viewing a surface and some preliminary de�nitions:

Equation set. This is the pair of the parametric equations that we will be using to
plot a surface or plane graphs. Each parametric equation is stated as a func-
tion of the two variables mentioned above:U(x;z) andV(x;z). The Equa-
tion set and the Equation texts are the same: the only difference is that the
Equation set is written in the natural human language and symbols, while
the Equation texts are phrased to be machine understandable, specially by
4DLab, the computer program used to plot all the graphs.

Equation texts. Equation texts are text strings that will be entered in the Equation
Editor of 4DLab, the program used to plot all the graphs shownhere. The
equation texts shown here are useful for the users of 4DLab, the Easy Equa-
tion Plotter. The user can reproduce the illustrations in this E-Book by simply
using this equations texts. By changing the equations texts,or adding some

3



4 Introduction: The story that the images tell

coef�cients or constants, the user will be able to see the many variations that
an equation set may have.

Axonometric view. Here the reader is observing from the positive side of the X,
Y, and Z-axes looking toward the origin of coordinates. Possibly, this is the
preferred view for the reader because it shows most of the surface at a glance.

Top view. In this view, the reader is observing from the positive side of the Y-axis
looking toward the origin of coordinates.

Lateral view. The reader is observing from the positive side of the X-axis looking
toward the origin of coordinates. Since the surfaces are assumed to be opaque,
the view cannot be considered as if it were a projection of thesurface on the
YZ-plane; thus, the nearer details will hide the farther details.

Frontal view. The reader is observing from the positive side of the Z-axis looking
toward the origin of coordinates. Since the surfaces are assumed to be opaque,
the view cannot be considered as if it were a projection of thesurface on the
XY-plane. As with the Frontal view, near details will hide far details.

The XY-plane plot. This plot/graph show the mapping of the subset of ordered
pairs of the domain that plot into ordered pairs with the X-axis component
zero. Usually, a real numbers domain under a real functions is also imaged
to real numbers, but in some other cases real images can be obtained out of
imaginary domain like in the functiony = � i2z. Thus, the XY-plot is not
necessarily a plot of a real numbers domain.

The YZ-plane plot. This plot/graph show the mapping of the subset of ordered
pairs of the domain that plot into ordered pairs with the Z-axis component
zero.

Function domain and Graph domain. Usually, for the domain of a function is
considered if it is de�ned within the set of all real, or all imaginary numbers.
This task pertains to the realm of function analysis, however, to the effects of
this E-Book, we consider only small square or rectangular domains near the
center of origin; this is what we call here the Graph Domain.

Transcomplex maps.Transcomplex maps are surfaces that are obtained when the
domain of a function is a set of complex numbers. Therefore, the reader
may be surprised to see that our approach to complex functions is not the
classical and orthodox methods of plotting as we see in complex variables
textbooks. Our transcomplex maps are not the �at graphs fromcomplex to

http://4DLab.info
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Introduction: The story that the images tell 5

complex planes we are used to see. Transcomplex maps are fully tridimen-
sional surfaces that make justice to the beauty of the complex numbers.

Picture maps. Picture maps are interesting views of surfaces because the domain
—instead of being made of pure criss-crossing straight lines— is made of pic-
tures taken from everyday life: cats, lions, �ower, etc. This make this surface
view more interesting because the reader can appreciate thetrue smoothly
curves or contortions of a surface.

http://4DLab.info
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Chapter 1

Functions and how are they graphed

SINCE we will be using the concept of function throughout the E-Book, we need
to make a review of this all-encompassing concept in mathematics.

1.1 A simple de�nition of functions

Functions are also known asmappings or transformations: we use those terms
here interchangeably.

A function is simply a rule that makes an unequivocal or unambiguous corre-
spondence between two sets of numbers. Most of the time that unambiguous rule is
expressed as an algebraic expression. For example, the function Y = x2 means that
the dependentvariableY assumes the square for each numbern when theinde-
pendentvariablex takes the valuex = n. We say thatY depends onx becausex is
the free variable on which we can assign any value. Functionsare usually denoted
letters such asf or g In the above example, we can say thatf (3) = 9, f (2:5) = 6:25,
etc.

Functions with one independent variable usually generate asingle line or a curve
when plotted on the Cartesian coordinate system. Examples ofsingle variable func-
tions plotted on the Cartesian plane are Fig. 1, Fig. 3, Fig. 5,etc.

A function can assume one, two, or more independent variables. For example,
Y = 3sin(x)z2 is a function with the two independent variablesx and z. When
a function assumes two independent variables —called multivariate functions—
instead of lines and curves the function generates a surface.

The set of numbers or points upon which a function is de�ned iscalled the
domain of the function. For example, the functionf (x) = x3 is de�ned for all
the real numbers since we can take any number a �nd the cube of it by simply
multiplying it by itself three times. The set of numbers generated by a function is

7



8 The Golden E-Book Of Graphs Of Mathematical Functions

called therange or theco-domain. In other words, we can say that the domain are
the numbers that can be inputted to a function and the co-domain are numbers that
come as output.

1.2 Imaginary and complex numbers

Some simple functions can exhibit quite a strange behavior.A common example
of this is the function that takes the square root of a number;f (x) =

p
x. With

this function, everything goes �ne as long asx � 0, as for example,
p

4 = 2. But
whenx < 0, that is, for negative numbers, there are no solution amongthe positive
numbers: there is positive root for a simple the problem suchas

p
� 4. This was the

historical situation that lead to the introduction of the imaginary numbers.
The notation to represent the imaginary numbers is:i =

p
� 1 andi2 = � 1. Sim-

ple algebraic expressions involving square roots of negative numbers are expressed
as follows:

p
� x =

p
xi, therefore,

p
� 9 =

p
9i = 3i.

There is an inevitable association of the imaginary numberswith the real num-
bers and from this marriage came the complex number system. Complex numbers
are expressed as the addition of real numbers and imaginary numbers, and they are
usually named by another variable likeA = 3+ 5i. This the same as to state that
A = 3+

p
� 5.

Functions of complex variables are interesting because they encompass the
properties of both real and imaginary numbers plus their behavior when they are
taken together. An simple example of a complex function is the quadratic function
F(x+ iz)2. We follow the multiplication rules for the complex numbersand obtain
F(x+ iz) = x2 + 2xiz+ ( iz)2. But, by the previous conventions(iz)2 = � z2, so that
F(x+ iz) = x2 + 2xz� z2. So, we see by this example, that the functions of the
complex variables generate complex numbers also.

1.3 The Cartesian plane and space

Traditionally, the Cartesian coordinate system is a simple pair of two mutually or-
thogonal axes on which we plot functions. Cartesian points are not just `points', but
a pair of numbers acting together. Later the Cartesian plane was expanded —adding
the imaginary axis—- to �t the complex numbers .

http://4DLab.info
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Chapter 1: Functions and how are they graphed 9

The traditional Cartesian system of two axes for
plotting functions of a single real variable. Points
on this plane are considered ordered pairs where
the �rst entry is the value of the real variablex
and the second entry is considered the value
returned by the function we are plotting.

O

Y

X

(a, b)

a

b= f (a)

Y = f (x)

The Cartesian system with three real axes for
plotting surfaces of real functions. This system of
coordinates is suited for graphing functions of
two real variables likey = f (x; z) or z= g(x; y).

Y

X
Z O

The Cartesian space with two real axes and an
imaginary numbers axis. In the transcomplex
numbers system, the imaginary axis is used for a
dual purpose: for the domain of complex variable
A = x+ iz = ( z; iz) and for the range of complex
variablesB = y+ iz = ( y; iz).

O

Y

X
iZ

1.4 Parametric equations

Sometimes the behavior of a function can stated in terms ofparametric equations.
Parametric equations are sets of two or more equations usingthe same variables
each one. Since they use the same variables it is assumed thatwhen we assign one
value to one of the variables in one one of the equations, the other equations take
the same values for the corresponding variables.

For example, if we take the following two equations:

http://4DLab.info
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10 The Golden E-Book Of Graphs Of Mathematical Functions

U(x;z) = ( cosx+ sinz) sin2z (1.1)

V(x;z) = z: (1.2)

We can notice that the �rst equationU(x;z) is a function of the two independent
variablex andz, but the second equation can also be said that is an equation that
uses the same variables as the �rst one; the difference is that the second equation is
indifferent to the behavior of the variablex while at the same is fully dependent on
the variablez. Thus, when in the �rst equation the variablex takes the value of 0,
that is, ifx = 0, then the �rst of the equation becomes

U(x;z) = ( cos0+ sinz) sin2z (1.3)

= ( 1+ sinz) sin2z: (1.4)

Sincex= 0 along the Z-axis only, then we can reach to the conclusion that along
the Z-axis we can expect to see a curve de�ned by thez variable only.

In fact, the two equations (1) and (2) taken together generate the sinusoidal
surface we see in Fig. 2 of Section 2.1 of Chapter 2. The sinusoidal curve of Eq. (4)
is the same Fig. 6 in the same section 2.1 of the same chapter.

What happens when in the equations (1) and (2) we go for the opposite and �x
the variablez to z= 0? Then we have:

U(x;z) = ( cosx+ sin0) sin0 (1.5)

= ( cosx+ 0)0 (1.6)

= 0: (1.7)

But z= 0 along the X-axis only, therefore what we have is that along the X-axis
the surface makes no curve of any king. This can be seen in Fig.7 of the mentioned
section of Chapter 2.

1.5 Some elementary functions

Almost the mathematical functions, ranging from the simplest to the most intricate,
are made of mixing smaller —or less complicated— functions.For example, the
expressionsin(x) + cos(x) is a simple composition of two trigonometric function:
the sine and cosine functions. That makes possible to grasp the behavior some

http://4DLab.info
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Chapter 1: Functions and how are they graphed 11

elaborate functions based on the functions of which it is based, see Fig. 9 and 10
below.

Fig. 1. The Cartesian view of the elementary
trigonometric functionY = sin(x).

Fig. 2. A tridimensional view of the elementary
trigonometric functionY = sin(x).

Fig. 3. The Cartesian view of the elementary
trigonometric functionY = cos(x).

Fig. 4. A tridimensional view of the elementary
trigonometric functionY = cos(x).

Fig. 5. The Cartesian view of the elementary
trigonometric functionY = tan(x).

Fig. 6. A tridimensional view of the elementary
trigonometric functionY = tan(x).

http://4DLab.info

http://4DLab.info


12 The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 7. The Cartesian view of the simple
quadratic functionY = x2 also called the
parabola.

Fig. 8. A tridimensional view of the simple
quadratic functionY = x2 also called the
parabola.

Fig. 7. The Cartesian view of the simple cubic
functionY = x3.

Fig. 8. A tridimensional view of the simple cubic
functionY = x3.

http://4DLab.info
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Chapter 1: Functions and how are they graphed 13

Y = sin(x)Y = cos(x)

Y = sin(x) + cos(x)

Fig. 9. The Cartesian view of three superimposed
functions: (a)Y = sin(x), (b)Y = cos(x), and (c)
the composition of both,Y = sin(x)+ cos(x).

Fig. 10. The tridimensional view of the
composite functionY = sin(x)+ cos(x).

1.6 More about functions

Chapter 6 is devoted to the interesting and useful topic ofconformal mapping,
and (1-1) mappings, very unique features that some functions exhibit. Conformal
mappings are used to solve practical applications where surface deformations are
the subject of the problem.

1.7 Radians and degrees

There are widely two widely used form of measuring angles: one way is to use
degrees an the other way is to use radians. When we measure in degrees we assume
that a full turn of a circle or a wheel is 360 degrees; when we measure in radians
we assume that the same full turn is 2p radians (see table below).

Degree measure for angles are used in many applied areas suchas surveying
and civil engineering, while the radian measure is mostly used in pure mathemat-
ical analysis. Below is table of conversion between angles and radians for some
common angles.

Radians 0 p=6 p=4 p=3 p=2 2p=3 3p=4 5p=6 p
Degrees 0 30 45 60 90 120 135 150 180

http://4DLab.info
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14 The Golden E-Book Of Graphs Of Mathematical Functions

Radians p 7p=6 5p=4 4p=3 3p=2 5p=3 7p=4 11p=6 2p
Degrees 180 210 2255 240 270 300 315 330 360

http://4DLab.info
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Chapter 2

Real surfaces with both of its
parametric equations algebraic

Introduction . Surfaces made of algebraic parametric equations are simple sur-
faces. Algebraic equations can include constants, exponents, fractions, and even
roots. The surfaces of this section are plotted in the traditional x;y andz real vari-
ables of the Cartesian coordinate system. The axes are labeled according to this
convention. This is the reason why the surfaces shown here are called real surfaces.

2.1 The lonely mound

Parametric equations:

U(x; z) =
6

x6 + z2 + 2
(2.1.1)

V(x; z) = z (2.1.2)

4DLab equations text:

U(x, z) = 6/(x^6 + z^2 + 2)
V(x, z) = z

15



16 The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 1. Graph domain:� 3 � x � 3 and
� 3 � z � 3.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

http://4DLab.info
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Chapter 2: Real surfaces with both of its parametric equationsalgebraic 17

Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. Graph of a strip of the domain. Fig. 9. The surface seen from below.

Picture Mapping

Fig. 10. A photo of a monkey
Fig. 11. The photo of the monkey transformed under the initial
parametric equation set.

http://4DLab.info
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18 The Golden E-Book Of Graphs Of Mathematical Functions

2.2 Four pointed star

Parametric equations:

U(x; z) = jxzj (2.2.1)

V(x; z) = z (2.2.2)

4DLab equations text:

U(x, z) = abs(x * z)
V(x, z) = z

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Chapter 2: Real surfaces with both of its parametric equationsalgebraic 19

Picture Mapping

Fig. 4. A photo of a sunset

Fig. 5. The photo of the sunset transformed under the initialequation
set.

http://4DLab.info



20 The Golden E-Book Of Graphs Of Mathematical Functions

2.3 A half sphere

Parametric equations:

U(x; z) =
q

4� (x2 + z2) (2.3.1)

V(x; z) = z (2.3.2)

4DLab equations text:

U(x, z) = sqr(4 - (x^2 + z^2))
V(x, z) = z

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info



Chapter 2: Real surfaces with both of its parametric equationsalgebraic 21

Fig. 4. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane..

Fig. 5. Frontal view of the surface.

Fig. 6. The surface seen from below the
XZ-plane.

Picture Mapping

Fig. 7. A photo of a cat
Fig. 8. The photo of the cat transformed under the initial equation set.

http://4DLab.info
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2.4 Intersecting walls

Parametric equations:

U(x; z) = 2e� 4(xz)2
(2.4.1)

V(x; z) = z (2.4.2)

4DLab equations text:

U(x, z) = 2 * exp((-4 * (x * z)^2))
V(x, z) = z

Fig. 1. Graph domain:� 4 � x � 4 and
� 4 � z � 4.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

Fig. 4. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.
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Picture Mapping

Fig. 5. A photo of a frog
Fig. 6. The photo of the frog transformed under the initial equation
set.
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Chapter 3

Real surfaces with one of its
parametric equations trigonometric

Introduction . When one of the parametric equations include the use of some
form of the trigonometric equations, the surface is inevitably periodic. That's the
reason why all the surfaces in this section are some form of undulating surfaces. The
surfaces of this section are also plotted in the traditionalx;y andz real variables of
the Cartesian coordinate system. As in Chapter 1, the axes are labeled according to
this convention

3.1 Intersecting waves

Parametric equations:

U(x; z) = ( cosx+ sinz) sin2z (3.1.1)

V(x; z) = z (3.1.2)

4DLab equations text:

U(x, z) = (cos(x) + sin(z)) * sin(2*z)
V(x, z) = z

25
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Fig. 1. Graph domain:� 4 � x � 4 and
� 4 � z � 4.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.
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Chapter 3: Real surfaces with one of its parametric equations trigonometric 27

Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. Sectional view. We see the surface
corresponding to the mapping of the subdomain
limited by � 4 � z � 4 and� 3 � x � 0.

Fig. 9. Axonometric view. We see the surface as
it intersects its domain.

http://4DLab.info
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Picture Mapping

Fig. 10. A photo of a sunset
Fig. 11. The photo of the sunset transformed under the initial
equation set.

http://4DLab.info



Chapter 3: Real surfaces with one of its parametric equations trigonometric 29

3.2 A spiraling wave

Parametric equations:

U(x; z) =
1

(1+
p

x2 + z2) � (xsin(4
p

x2 + z2)+ zcos(4
p

x2 + z2)
(3.2.1)

V(x; z) = z (3.2.2)

4DLab equations text:

U(x, z) = 1/(1 + sqr(x^2 + z^2)) * (x * sin(4 * sqr(x^2 + z^2)) \\
+ z*cos(4 * sqr(x^2+z^2)))

V(x, z) = z

Fig. 1. Graph domain:� 3 � x � 3 and
� 3 � z � 3.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. Sectional view. We see the surface
corresponding to the mapping of the subdomain
limited by � 3 � x � 0 and� 3 � z � 3.

Fig. 9. Strip view. We see the surface
corresponding to the mapping of the subdomain
limited by � 1:5 � z � 1:5 and� 3 � x � 3.

http://4DLab.info



Chapter 3: Real surfaces with one of its parametric equations trigonometric 31

Picture Mapping

Fig. 10. A photo of a corn
�eld

Fig. 11. The photo of the corn �eld transformed under the initial
equation set.

http://4DLab.info
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3.3 A parabolic scoop

Parametric equations:

U(x; z) = � sin2x+
1
2

z2 (3.3.1)

V(x; z) = z (3.3.2)

4DLab equations text:

U(x, z) = -sin(x)^2 + (1/2) * z^2
V(x, z) = z

Fig. 1. Graph domain:� 3 � x � 3 and
� 3 � z � 3 with 4 div/units.

Fig. 2. Axonometric view of the surface
intersecting its own domain.

Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. Axonometric view of the surface without
showing its domain.

Fig. 9. Strip view. We see the surface
corresponding to the mapping of the subdomain
limited by � 3 � z � � 2 and� 3 � x � 3.
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Picture Mapping

Fig. 10. A photo of a lion.

Fig. 11. The photo of the lion transformed under the initial equation
set.

http://4DLab.info
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3.4 In�nite leaves

Parametric equations:

U(x; z) =
sinx

z
(3.4.1)

V(x; z) = z (3.4.2)

4DLab equations text:

U(x, z) = sin(x)/z
V(x, z) = z

Fig. 1. Graph domain:� 3 � x � 3 and
� 4 � z � 4. The �rst of the parametric equations
is not de�ned forz= 0, therefore, the domain is
not de�ned for points along the Z-axis. Here the
domain is shown with some subdivisions so that
it is easily seen how the domain becomes
unde�ned as it approaches the Z-axis

Fig. 2. Axonometric view of the surface shown
without its domain. The surface is shown without
any lighting effect.

Fig. 3. Top view of the surface. The lack of light
effect show the surface as if it were planar.
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Fig. 4. Lateral view. No light effect. Fig. 5. Frontal view. No light effect.

Fig. 6. Intersection of the surface with the YZ
plane. Whenx = 0 the surface intersects the
YZ-plane at the very Z-axis.

Fig. 7. There is no intersection of the surface
with the XY plane. As it approaches the Z-axis,
the graph tends to in�nity.

Fig. 8. Axonometric view of the surface without
showing its domain.

Fig. 9. Strip view. We see the surface
corresponding to the mapping of a strip of
positive real values and parallel to the Z-axis
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Picture Mapping

Fig. 10. A photo of a �ower.

Fig. 11. The photo of the �ower transformed under the initial
equation set.
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3.5 An exponentially warped plane

Parametric equations:

U(x; z) = esinxcosz (3.5.1)

V(x; z) = z (3.5.2)

4DLab equations text:

U(x, z) = exp(sin(x) * cos(z))
V(x, z) = z

Fig. 1. Graph domain:� 4 � x � 4 and
� 4 � 4 � 4.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 5. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the XY plane

Fig. 6. Lateral view of the surface. Fig. 7. Frontal view of the surface.

Fig. 8. Axonometric view of the surface when
z= 0. In that case, the surface turns to be
y = esinx since cos0= 1. This is the same
Cartesian graph of the functiony = esinx
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Picture Mapping

Fig. 9. A photo of a sunset.
Fig. 10. The photo of the sunset transformed under the initial
equation set.
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3.6 Cross waves

Parametric equations:

U(x; z) = zsinx (3.6.1)

V(x; z) = z (3.6.2)

4DLab equations text:

U(x, z) = z * sin(x)
V(x, z) = z

Fig. 1. Graph domain:� 5 � x � 5 and
� 3 � z � 3.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Graph of the function in the XY-plane

Picture Mapping

Fig. 7. A photo of three
puppies.

Fig. 8. The photo of the three puppies transformed under the initial
equation set.
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Chapter 4

Real surfaces with both of its
equations trigonometric

Introduction . The surfaces where both parametric equations include someform
of the trigonometric functions are also periodic. As with the surfaces of the pre-
ceding chapters, the axes are the usualx;y and z real variables of the Cartesian
coordinate system.

4.1 A self-warping plane

Parametric equations:

U(x; z) = 3sin(x� z) cosx (4.1.1)

V(x; z) = sin(z2) (4.1.2)

4DLab equations text:

U(x, z) = 3 * sin(x - z) * cos(x)
V(x, z) = sin(z^2)
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Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.
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Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. Graph showing that what appears to be a
violation to the one-to-one rule for function
plotting, is just an illusion. To understand the
strange behavior of the mapping in the YZ-axis,
we show the mapping of a thin strip near along
the Z-axis. The colorization of the map shows
that what happens is that the positive side the
strip maps into the negative side of the Y-axis.
On the contrary, the negative side of the thin strip
maps into the positive side of the Y-axis.
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Picture Mapping

Fig. 9. A photo of a face of a
lion

Fig. 10. The photo of the face of a lion transformed under the initial
equation set.
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4.2 Knotted waves

Parametric equations:

U(x; z) = sin(x+ z) (4.2.1)

V(x; z) = cos2(z� x) (4.2.2)

4DLab equations text:

U(x, z) = sin(x + z)
V(x, z) = cos(z - x)^2

Fig. 1. Graph domain:� 2 � x � 1 and
� 1 � z � 1.

Fig. 2. Axonometric view of the surface.

Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. The mapping of a thin strip parallel to the
X-axis.

Fig. 9. The top view of the surface generated by
the thin strip.
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Picture Mapping

Fig. 10. A photo of car.

Fig. 11. The photo of the car transformed under the initial equation
set.
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4.3 A bumpy road

Introduction . Real parametric equations are those equations whosex or Z variable
are non-imaginary.

Parametric equations:

U(x; z) = 3
p

sin2x+ cos2z� 3 (4.3.1)

V(x; z) = 2sinz (4.3.2)

4DLab equations text:

U(x, z) = 3 * sqr(sin(x)^2 + cos(z)^2) - 3
V(x, z) = 2 * sin(z)

Fig. 1. Graph domain:� 4 � x � 4 and
� 2 � z � 2.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

http://4DLab.info



52 The Golden E-Book Of Graphs Of Mathematical Functions

Picture Mapping

Fig. 8. A photo of car.

Fig. 9. The photo of the car transformed under the initial equation set.
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4.4 A trigonometric lace

Parametric equations (single variablez):

U(x; z) = 2sinz+ sin2z (4.4.1)

V(x; z) = 4cosz (4.4.2)

4DLab equations text:

U(x, z) = 2 * sin(z) + sin(2*z)
V(x, z) = 4 * cos(z)

Fig. 1. Graph domain:� 1 � x � 1 and
� 4 � z � 4.

Fig. 2. Axonometric view of the surface.

Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface.

Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2.

Fig. 8. The mapping of a thin strip parallel to the
X-axis.
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Picture Mapping

Fig. 10. 4DLab.

Fig. 11. 4DLab transformed.
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4.5 Symmetric boats

Parametric equations (single variablez):

U(x; z) = xcos3z (4.5.1)

V(x; z) = zsin3x (4.5.2)

4DLab equations text:

U(x, z) = x * cos(z)^3
V(x, z) = z * sin(x)^3

Fig. 1. Graph domain:� 3 � x � 3 and
� 3 � z � 3.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. The surface shown as it intersects its own
domain.

Fig. 9. The surface shown with its grid of integer
values.
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Fig. 10. The mapping of a thin strip of the
domain. In this picture� 3 � z � � 2 for all
values ofx.

Fig. 11. The surface shown as if it were made of
wood.

Picture Mapping

Fig. 12.Alice In Wonderland
illustration. Fig. 13. TheAlice In Wonderlandillustration transformed under the

initial equation set.
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4.6 Unexpected contortions

Parametric equations (single variablez):

U(x; z) = cosz� sinz (4.6.1)

V(x; z) = � xsinz (4.6.2)

4DLab equations text:

U(x, z) = cos(z) - sin(z)
V(x, z) = -x * sin(z)

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2.

Fig. 2. Axonometric view of the surface
intersecting its own domain.

Fig. 3. Top view of the surface intersecting its
own domain.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. A picture to be used as the domain for the
parametric equations.

Fig. 9. The transformation of the picture under
the parametric equations.
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Fig. 10. A top view of the transformed picture. Fig. 11. A lateral view of the transformed picture.

Picture Mapping

Fig. 12. Picture of a dome of
a cathedral Fig. 13. The picture of the dome of a cathedral transformed under the

above equations.
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4.7 A helical donut

Parametric equations (single variablez):

U(x; z) = 3sinz+ sin3x (4.7.1)

V(x; z) = cosz+ cos3x (4.7.2)

4DLab equations text:

U(x, z) = 3 * sin(z) + sin(3 * x)
V(x, z) = cos(z) + cos(3 * x)

Fig. 1. Graph domain:� 2 � x � 2 and
� 3 � z � 3.

Fig. 2. Axonometric view of the surface. The
domain is visible.

Fig. 3. Top view of the surface. The domain is
visible.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.
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Picture Mapping

Fig. 8. Picture of a chapel

Fig. 9. The picture of the chapel transformed under the above
equations.
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Chapter 5

Transcomplex surfaces

Introduction . In simple words, transcomplex surfaces are mappings from a
complex numbers domain to a tridimensional complex space. Since the purpose
of this E-Book is to show the visual aspect of some mathematical functions, and
not to dive into the fundamentals of what the transcomplex numbers are, please
refer to the book:Foundations of Transcomplex Numbers: An extension of the
complex numbers system to four dimensions(ISBN 978-0-9802037-0-7) —or go
to http://4DLab.info — to learn about the details of this type of complex num-
ber system. Currently,Foundationsis available as a downloadable E-Book only in
the mentioned Website.

In symbols, transcomplex functions —denoted by capital letters with an aster-
isk above— are functions with a planar �at domain of ordered pairs of complex
variables(x;z) and spatial range of ordered pairs of the type(x; f (x; z); g(x; z)) :

F � (x; z) = ( x; f (x; z); g(x; z)) : (5.0.1)

The reader should be cautioned that the transcomplex functions are mapping
from ordered pairs of the type(x; 0; z) to ordered pairs of the type(x; y; z), but as
mentioned above, this is fully explained in theFoundationsmentioned above.

For simplicity, the zero element of the complex variables ofthe domain is
dropped; thus we writef (x; 0; z) as f (x; z), but always keeping in mind that the
true mapping is from three-elements ordered pairs to three-elements ordered pairs.

The surfaces of this section are plotted using real and imaginary variables. The
usualz-axis now becomes an imaginary axis.
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5.1 The transcomplex identity surface

Transcomplex surface:

F � (Z) = Z (5.1.1)

where U is the plane of all the complex numbers of the formZ = x+ iz.
Parametric equations:

U(x; z) = x (5.1.2)

V(x; z) = z (5.1.3)

4DLab equations text:

Y = x
V(x, z) = z

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2. Note that the iZ-axis is labeled as an
axis of imaginary numbers.
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Fig. 2. Axonometric view of the surface. The
domain of the function is also shown. Fig. 3. Top view of the surface. The domain of

the function is also shown.

Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

http://4DLab.info



68 The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 6. Mapping of the real iZ-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Picture Mapping

Fig. 8. Closeup of a face of a
wolf. Fig. 9. Closeup of a face of a wolf transformed under the

transcomplex identity map.
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5.2 The transcomplex sine surface

.
Transcomplex surface:

F � (Z) = sin(Z) (5.2.1)

where Z is the plane of all the complex numbers of the formZ = x+ iz.
Parametric equations:

Y = sinx coshz (5.2.2)

V(x;z) = cosx sinhz (5.2.3)

4DLab equations text:

Y = Sin(x) * HCos(z)
V(x, z) = Cos(x) * HSin(z)

The equations 5.2.2 and 5.2.3 are obtained by expanding the complex function
5.2.1 and then regrouping the real elements together:

sin(x+ iz) = sinx coshiz+ i cosx sinhz (5.2.4)

Thus,

sin(x;0;z) = ( sinxcoshiy; 0; cosxsinhy) (5.2.5)

Fig. 1. Graph domain:� 2 � x � 2 and
� 2 � z � 2. Note that the iZ-axis is labeled as an
axis of imaginary numbers.
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Fig. 2. Axonometric view of the surface.
Fig. 3. Top view of the surface.

Fig. 4. Lateral view of the surface.
Fig. 5. Frontal view of the surface.
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Fig. 6. Mapping of the real iZ-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 8. The surface as a wire frame in a lateral
view. The curved green surface lines are
parabolas that are the mappings of the lines
parallel to the iZ-axis. The blue ellipses are the
mappings of the lines parallel to the X-axis. Both
are mappings of the integer values of the domain.

Fig. 9. Frontal view of the wire frame at left.
Now the mappings of the lines parallel to the
iZ-axis are shown as green vertical segments.
The lines of the domain that are parallel to the
X-axis are mapped as blue sinusoidal curves.
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Fig. 10. The mapping of a line of the domain that
is parallel to to the X-axis. This curve is the outer
rim of �gure 8. For this �gure, the domain was
extended toX � 4.

Fig. 11. This is the same �gure at left, but now
seen directly at it from a lateral view. The
observer is looking from the positive side of the
X-axis toward the center of coordinates. It is the
same as the outer rim of Figure 8.

Fig. 12. The transformation of the right-side of
the domain. Note how the wire frame occupies a
space of the negative side of the domain, even
when it is not in use. For this �gure, the domain
was extended toX � 4.

Fig. 13. Another way of visualizing the
transformation of the right side of the domain.
This is the same �gure 12 at left, but with the
viewing angle slightly changed. The coloring
helps to visualize the correspondence
domain-to-range for each unit subdivision.
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Picture Mapping

Fig. 14. A portion of Da
Vinci's Mona Lisato be used
as the domain of the
transcomplex sine function.

Fig. 15. The portion of Da Vinci'sMona Lisatransformed under the
transcomplex sine map for the square domain at left.
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5.3 The transcomplex exponential surface

.
Transcomplex surface:

F � (Z) = eZ (5.3.1)

where Z is the plane of all the complex numbers of the formZ = x+ iz.
Parametric equations:

Y = excosz (5.3.2)

V(x;z) = exsinz (5.3.3)

4DLab equations text:

Y = exp(x) * cos(z)
V(x, z) = exp(x) * sin(z)

The equations 5.3.6 and 5.3.3 are obtained by expanding the complex function
5.3.1 and then regrouping the real elements together:

eZ = ex+ iz = exeiz (5.3.4)

= ex(cosz+ i sinz) (5.3.5)

= excosz+ iexsinz: (5.3.6)

Thus, the real part isexcosz and the imaginary part isiexsinz. Also, according
to what was said in the Introduction,

e(x; 0; z) = e(x; 0; z) = e(x+ iz) (5.3.7)

= excosz+ iexsinz (5.3.8)

= ( excosz; 0; exsinz): (5.3.9)

Finally, as we initially stated:Y = excosz andV(x; z) = exsinz .
An important property of the complex exponential function —that is not shared

by the real exponential function— is that it is periodic, that is

eZ = eZ + 2pi: (5.3.10)
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To prove this periodicity, we use the Euler's formula for real numbers:

eix = cosx+ i sinx (5.3.11)

The reason for this is thateZ+ 2pi = eZe2pi = eZ(cos2pi; 0; exsin2pi). Since
cos2p = 1 and sin2p = 0, this simpli�es to:

eZ+ 2pi = eZ (5.3.12)

Fig. 1. Graph domain:� 2 � x � 2 and
� 3 � z � 3. As for all transcomplex numbers,
the iZ-axis is of imaginary numbers.

Fig. 2. Axonometric view of the surface. For
short and later reference we will call this �gure
the exponential trumpet.

Fig. 3. Top view of the surface, with domain
shown.
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Fig. 4. Mapping of the real iZ-axis. This graph is
at the same time the intersection of the surface
with the YZ plane.

Fig. 5. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

Fig. 5. The mapping of the unit strip along the
X-axis lying to the negative side of the iZ-axis.

Fig. 7. The mapping of a the �rst unit strip
parallel to the iZ-axis in the far side of the X-axis.
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Fig. 8. The mapping of the second unit strip
along the X-axis lying to the negative side of the
iZ-axis.

Fig. 9. The mapping of a the third unit strip
parallel to the iZ-axis in the positive side of the
X-axis.

Fig. 10. The mapping of the fourth unit strip
along the X-axis lying to the negative side of the
iZ-axis.

Fig. 11. The mapping of all the strips parallel to
the iZ-axis in the negative and positive sides of
the X-axis.
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Fig. 12. Lateral view of the surface for the graph
domain we chose at the beginning.

�

3

� �

-3

Fig. 13. The unplotted region in the complex
trumpet surface we see at left in the lateral view
of the surface is due to the fact that the domain of
the variablez in the iZ-axis goes from -3 to 3, but
the exponential function is de�ned for slightly
greater values:� p < z� p.

There are two reasons why `the exponential trumpet' in Fig. 12 above does not
close its circles. The �rst one is that the graph domain is de�ned for� 3 < z< 3, so
that it falls short to the value of 3:14: : : of p; the imaginary part of the exponential
function is de�ned for values in the region of� p < z� p. 4DLab, the program we
are using to plot our �gures accepts only integer or fractional values for the domain
of a function, but,p is an irrational number, so no matter how many subdivisions
we make, we will always be short; however, the nearness of theclosing points
will make us believe that they are closed. The second reason is that no matter the
program we use, this surface will never close on itself by itsvery own nature. To
see why this is true, if in Eq. (5.3.6) we substitute the valuez= p, we obtain

eZ = excosp+ iexsinp (5.3.13)

= ex(� 1)+ iex(0) (5.3.14)

= � ex (5.3.15)

The linez= p, for every value ofx in the X-axis, is a line parallel to the X-axis.
The behavior of this line is that it will map as the opposite ofthe common real
exponential function, but on the imaginary planeZ = ip since all the values ofzare
imaginary numbers. All the points in this line will be complex numbers of the form
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x+ ip, and ultimately, transcomplex numbers of the form(x; 0; z).
Finally, since the exponential function is periodic, thereare in�nitely many ex-

ponential trumpets, but each exponential trumpet is linkedto the next one by the
mappings at the pointsz= ikp, for k = 0; � 1; � 2: : :.

Fig. 14. The top view of many complex trumpets
generated by virtue of the exponential function
periodicity. At the same same we see how
extended the domain is for this graph. The
domain —as in the beginning— is set to
2 � x � 2, but the extension along the imaginary
axis is now reset to� 10� z � 10. In degrees,
this equivalent to� 572:96deg� z � 572:96deg.

Fig. 15. The mapping of the domain mentioned
and shown in Fig. 14 at left. The many trumpets
that this domain generate are shown
superimposed one over the other. The trumpets
are not supposed be superimposed, but to coexist
one near the other. There are three full trumpets,
and a little more than a tenth of the fourth turn.
Compare this �gure with Fig. 11.
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Fig. 16. A top view of a very small region of the
positive side of theiZ-axis, and its mapping into
the transcomplex exponential function. The sub
region of the domain goes fromiz = 3:1 to
iz = 3:2 so that it contains the valueiz = p. The
domain here was extended from� 4 � x to x � 4.

This tiny segment
of the iZ axis ...

... maps into this region of
the transcomplex urface.

Fig. 17. The same �gure at left, but seen from a
lateral view.
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This line is the map obtained
wheniz = 0. It lies in the plane
z = 0.

This line is the map of the tiny
region of the Z-axis in the closed
interval [3:1 < = z <= 3:2], but
it lies in the planez = � .

Fig. 18. In this frontal view, it appears that the
transcomplex exponential function generates a
symmetric exponential curve in the XY-plane, but
it is not so. The lower side of the symmetric
curve lies in the planeiZ = ip.

... this region of the transcomplex map
nears the opposite of the curvey = ex.

As this tiny region nears to
the value of� = 3:1416:::

Fig. 19. This axonometric view shows the
relation of the sub domain with its corresponding
transformation. But this region of the surface
belongs to the surface, except the map of the line
iZ = ip that lies in the planeiZ = ip.
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Fig. 20. This is the same Fig. 19 wheniz = ip.
At the same time it is the same Fg. 5, but by
virtue of its periodicity, we shall keep in mind
that the downward exponential graph occurs in
theiz = ßp plane, and not in theiz = 0 plane as it
appears.

Fig. 21. The real exponential function as we are
accustomed to see it. Hereiz = 0. The Fig. 20 at
left shows that the contrast between real and
exponential functions and the shift in domain
values.

The complex exponential function —with all of its beauty andsurprises— is just
a real number raised to a complex exponent, that is. The elegance of this surface,
and the curves it generates on the special planesiZ = 0 andiZ = ip, arises out the
intrinsic properties of the real exponential function.
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Picture Mapping

Fig. 14. Picture of color
pencils to be used as the
domain of the transcomplex
exponential function.

Fig. 15. The picture of the color pencils transformed under the
transcomplex exponential function for the rectangular domain shown
at left.

http://4DLab.info



84



Chapter 6

Conformal mappings

Introduction . In past paragraphs we saw that the transcomplex exponential sur-
face maps lines parallel to the iZ-axis into concentric circles; see Fig. 7 to Fig. 10.
But this feature of mapping lines to circles can be exploited to our bene�t; so we
are about to show a great property of the transcomplex exponential function.

First we make use of surface projection: this is like assuming that the surface
is fully transparent, except for those circles that are the maps of integer lines of the
domain, and that some kind of spot light is shining and emitting parallel rays from
the positive side of the X-axis toward the iZY-plane.

Fig. 22. By virtue of the
projections, we can work
with surfaces as if we were
making transformations from
the complex iZ-plane to the
complex iY-plane. Here we
are selecting a few of the
circles shown in Fig. 12.

The circles on the complex surface can be
projected on the iZY-plane and they still
are circles.

Our next step is to take into consideration the property ofconformal mapping
of some functions. Simply stated, conformal mapping refersthat angles in a do-
main or range are preserved under a transformation. Luckilyfor us, the exponential
transformations is one of those functions that can be considered conformal.
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Fig. 23. The property of
conformal transformation
applied to two intersecting
lines of the domain of the
exponential function. In the
left �gure is shown a lineAB
parallel to the iZ-axis
intercepted by another line
ab. In the right �gure, is
shown the property of
conformality applied to this
instance; at the point of
intersection, anglesa andb
in the domain and in the
range are preserved.

In the domain, a diagonal line
ab intersects the lineAB that
is parallel to the iZ-axis mak-
ing an angle� with it.

Under the exponential trans-
formation, the line AB of the
domain is transformed to an
arc A0B 0. Angles� and �
are preserved.

�
�

O

�
�

A B

A0
O

a

b

B 0

iZ

An important feature of the complex exponential transformation is that the cir-
cles in Fig. 22 are not only concentric: each one is of different radius —and conse-
quently of different circumference— but each circle correspond to unique parallel
lines of equal length.

Fig. 24. How diagonal lines
of the domain of the
exponential function are
mapped into spirals on the
surface of the transcomplex
function.

A domain for the exponential
function where� 3 � z � 3,
� 2 � x � 2, and 3 divisions per
unit.

a0

b0

c0

d0

The spiralsa0, b0, c0, and d0,
are the transformations of the
diagonal lines a, b, c, and d of
the domain.

a b c d
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Fig. 25. A straight line PQ
that crosses two lines of the
domain at a constant angleb
is transformed into a curved
P0Q0line that intercepts the
orbits at a constant angleb
also.

Two parallel lines of the do-
main intersected by a straight
line PQ making a common
angle� with its normals.

Conformality implies that the
two arcs of circles must be in-
tercepted by a curved lineP0Q0

that makes the same angle� .

�

Sun

�

�

�

A B

A0

B 0

C D C0

D 0

P

Q

P0

Q0

6.1 The spirals of the exponential function

If in Fig. 25 we extend the curved lineP0Q0 we obtain a very particular curve: a
spiral.

Spirals that show the behavior of intersecting radial lineswith common origin
are called equiangular spirals. Equiangular spirals are very common in nature and
they show unique properties.

Now we arrive at a surprising result: the only curve that crosses the radii of a
set of concentric circles with constant angle, let's sayb, is the equiangular spiral of
Descartes-Bernoulli, also called thespira mirabilis(the marvelous spiral), and also
called the logarithmic spiral.

Let us take a closer look at Fig. 25. We are plotting diagonal lines of the domain
into spirals on the surface of the transcomplex exponentialsurface.
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Fig. 26. The line segment PQ
is mapped into the spiral
segmentP0Q0.

The shortest distance be-
tween the points P and Q is
a straight line.

With the exponential transfor-
mation, the shortest distance
between two parallel lines is
mapped as a segment of a spiral
between two concentric circles.

A

B 0

B

P

Q

A0

Q0

P0

If within the transcomplex exponential domain the segment PQ is the shortest
distance between the points P and Q, then the spiral segmentP0Q0must also be the
shortest distance between the pointsP0on the circumferenceA0, and the pointQ0on
the circumferenceB0on the same exponential function range or co-domain.

The implications of the above assertions are fundamental for the possible phys-
ical applications they may have in modeling practical problems.

Spirals are beautiful curves that can be found in many placesaround in the
nature: in sea shells, galaxies and hurricanes arms, etc.

A curious spiral, named by its relation to the Fibonacci numbers and the golden
ration, is the one known as the golden spiral shown below.

Fig. 27. A spiral made of the
�rst numbers of the Fibonacci
sequence. The Fibonacci
sequence is made of 0, 1, 1,
2, 3, 5, 8, 13, .... A Fibonacci
spiral approximates the
golden spiral

13
8

5

3

21
1
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Fig. 28. Two views of the
logarithmic spiral shell of the
Nautilus pompilius.

From Fig. 25 we can deduce a couple of assertions:

• Since there are no restrictions to the angleb then every diagonal line of a
domain of the complex exponential function always map into aspiral.

• For the very special cases ofb = 0 where lines parallel to the X-axis are
transformed into lines again, or the case ofb = p

2 where lines perpendicular
to the X-axis are transformed into circles, we can say thatspirals are the
curves between the straight lines and the circles.

Contrary to the �rst statement that is a purely geometrical derivation, the second
one is an aesthetical appreciation, but all mathematics is about that.

The exponential function is full of unusual properties likethe ones already men-
tioned. In the �eld of real and complex analysis can be found more of them.

6.2 Spiral pairs

We have seen how parallel lines in a rectangular grid of a domain of the complex
exponential function is transformed into either lines again, circles, or spirals. But a
another implication of this behavior occurs when we deal with two lines simultane-
ously, specially when the lines are mutually orthogonal.
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Fig. 29. Another beautiful
property of the complex
exponential function: the
mutually orthogonal spirals.

Two oblique perpendicular lines
P and Q of the domain . . .

. . . must be transformed into
two mutually orthogonal spirals
P0 andQ0.

�

�

A

A0P

P0

�
2

Q
Q0

�
2

Revisiting Fig. 29 we can arrive at the following assertion: spirals are generated
by the exponential function no matter the orientation of theline of the domain that
generate them, so any two nonparallel nor nonperpendicularlines of the domain
will generate a corresponding pair of spirals no matter the slope of the lines.

In the particular case of mutually perpendicular but oblique lines in the domain
the resulting spirals maps must also be mutually orthogonalas in Fig. 30.

Fig. 30. An image
manipulation of Fig. 24 to
show sets of mutually
orthogonal spirals. As more
and more subdivisions per
unit are taken into account,
the spirals become smoother
and their orthogonality is
more easily appreciated.

The spiral A is intercepted orthog-
onally by the spirals B and C.

The �gure shows how the clockwise spiralA (measuring from the center out-
wards) is intercepted by the two counterclockwise spiralsB andC.
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Fig. 31. The sun�ower is a
good example of spiral pairs.

http://4DLab.info



92



Chapter 7

An application to interplanetary
journeys

Introduction . We now use the transcomplex exponential function to explore a
possible application to the problem of orbital movements, speci�cally, to �nd the
path of a spacecraft traveling between two moving planets, like the Earth and Mars.

7.1 Some assumptions

In order to use the properties of the transcomplex exponential function we make the
following assumptions for the two orbits of the planets under consideration:

1. The �rst assumption is that the orbits of the planets are circular. Although
the orbits of the planets are elliptical in nature,grosso modo, they are so
nearly circular that we can assume that they are perfectly circular, therefore,
the foci of the ellipses are now merged into a single center, the center of
the circles, which is the Sun. All the planets orbits now become circular
concentric circles.

2. We will also assume that the orbits we are to consider are also coplanar with
the Sun. When we dealt with the concentric circles of the exponential func-
tion, each one of them was laying on a separate plane along theX-axis. To
work with coplanar orbits we will assume we are working with the projection
of the exponential surface on the iZY-plane.

3. A spacecraft traveling between orbits is not signi�cantly affected by the grav-
ity of any other object.
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The orbit of Mars and the orbit the Earth can then be handled astransformations
of parallel lines of the domain of the complex exponential function; this because
we have seen that parallel lines to the iZ-axis are mapped to circular paths on the
exponential surface.

Fig. 1. How are orbits of
planets and parallel lines on a
plane correlated. Of the three
circles depicted, we can
assume that biggest
corresponds to the orbits of
Mars, and the middle one
corresponds to the Earth; the
far one on the negative side of
the X-axis will not taken into
account. The straight line in
the domain that correspond to
the Earth's domain appears to
be longer than it is, but it is
thatiZ-axis is right over it.

This orbit of Mars ...

... are the maps of some straight line par-
allel to theiZ -axis.

... and this orbit of the Earth

The orbital velocity of Mars and the orbital velocity of the Earth are a little
different: 24.13 km/s for Mars and 29.78 km/s for the Earth.

Fig. 2. Even when Mars and
the Earth take different times
in completing their orbits, to
the effects of the domain in
the complex exponential
function, the linesABandab
are of the same length.

At a given time, the planets are in dif-
ferent positions and take di�erent times
in completing their orbits.

M

E

A B

Mars' sidereal year = 686.98 days.

Earth's sidereal year = 365.25 days.

a b

29.78 km/s (mean)

24.13 km/s (mean)
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7.2 The bene�ts of one-to-one mappings

How can the lines in the domain be of the same length if the circles on the surface
are of different radius and circumferences, and different orbital velocities? How can
the orbital trajectory of Mars that takes 686.98 Earth days and the orbital trajectory
of the Earth that takes 365.3 days be represented by lines of same length?

The answer to these questions is in the property of one-to-one (1-1) mappings
of some functions. When we are capable of doing a 1-1 correspondence between
a domain and a range of numbers, then it is useless to talk about one set being
greater or shorter than the other. For example, there are thesame quantity of real
numbers in the interval from 0 to 1 as there are real numbers inthe interval from 0
to 3. To see why this is so, take any number in the `shorter' interval and multiply
it by 3; the `small' number can now be mapped to a bigger one in the `longer'
interval. Conversely, take any real number in the `longer' interval and divide it by
3, there will always be a real in the 0 to 1 that can accommodatethe new result. The
following �gure illustrates the argument:

Fig. 3. One-to-one mappings
assign unique numbers from
a domain to a range, and vice
versa. Any numbera on the
interval [0,1] can be uniquely
mapped with a unique
numbera0 in the interval
[0,3] and vice versa, any
numberb in the interval [0,3]
can be uniquely mapped with
another numberb0 in the
interval [1,0].

0 1

0 3

a

a0= 3a b

b0= b
3

One-to-one mappings illustrated.

When we deal with 1-1 mappings, the concepts of `length', `shorter' and `big-
ger' are lost opening the doors to the more general —and more precise— concept
of uniqueness of correspondence.
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7.3 The journey of the Mariner 4

To test how useful is the exponential function in `predicting' the journey of a space-
craft traveling from Earth to Mars, we take real data from past events to make the
necessary computations.

Fig. 4. A photo of the
Mariner 4 (NASA).

The essential data from the Mariner 4 spacecraft is that it was launched by
NASA on November 28, 1964 and that it �ew past Mars on July 14, 1965. This
makes approximately a 229 days of space travel, including the arrival day.

7.4 The spiral path between Earth and Mars

A straight path from Earth to Mars is impossible because Mars—like any other
planet— is continuously moving. So some kind of curve must befollowed by the
spacecraft. By adopting the exponential function to model the Mariner 4 trajectory,
we are inevitably assuming a spiraled path among both planets. Maybe this was not
the true trajectory of the Mariner because there are many paths to follow at a given
date. Only NASA knows for sure the true trajectory of the Mariner, so we must
keep in mind that our attempt is just an unpretentious exercise using simple math.
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Fig. 5. To compute the time
needed to reach Mars from
Earth via a spiral path, we
need only to know the
following data:

• (1) the angular
separation between
the planets at launch
date,

• (2) the separation of
the orbits in
astronomical units,

• (3) the mean
spacecraft velocity
through space.

This time added to the the
launch date gives the arrival
date.

Mars' position at
Mariner 4 launch date

Earth's position at
Mariner 4 launch date:
November 28, 1964

Mars' position at
Mariner 4 
yby date
on July 24, 1965

58.3 degrees
Sun

(1)

(2)

S

Q

(3)

1 AU

1.54 AU

Figure 5 above and �gure 6 next are intrinsically related: both represent the
same same orbits of the same planets at the same dates and the same inter-orbital
path of a spacecraft traveling between them. The spiralSQof Fig. 5 is the same
straight linesqof �gure 6; or in other words, the straight linesq in the domain of
the exponential function is the one that gives origin to the equiangular spiralSQin
the planar projection of the transcomplex surface.
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Fig. 6. Here we are using the
domain of the complex
exponential function to map
the circles of the
transcomplex surface back to
parallel lines.

The lineAA0represents the
orbit of Mars and the lineaa0

represents the orbit the Earth.
The trajectory from pointsS
andQ between the orbital
circumferences of Fig. 5 is
mapped back as the diagonal
line sqthat intercepts the two
straight lines

The length of the spiral path
between the pointsA andQ
in the orbits in Fig. 5 is found
using back-mapping as a
simple application of the
Pythagorean theorem in the
trianglesqt.

M

E

A A0

a a0

The Sun

1
A

U

1.
54

A
U

The Sun-Earth-Mars system represented as a rectan-
gular domain.
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Since in the exponential mapping the orbits are circular andthey close on itself,
the pointsa anda0of the Earth's orbit are the same. For the pointsA andA0of the
orbit of Mars, the behavior is identical.

7.5 What ever happened
to the planet's orbital velocity?

A close look at Fig. 6 will reveal that something is missing from Fig. 5: the Mars'
and the Earth's orbital velocities.

http://4DLab.info



Chapter 7: An application to interplanetary journeys 99

We don't need to take the orbital velocity of the planets under discussion be-
cause of Kepler's third law or planetary movement because those velocities are
implicit in the mean orbit radius of each planet —for any planet would add Kepler.

Simply stated, the third law of Kepler says that the orbital velocity of a planet is
proportional to the planet's distance to the Sun. The farther a planet is, the slower
it will move, and on the contrary, the nearer a planet is to theSun, the faster it will
move around it. Kepler's third law what says is that this is nocoincidence: Mars is
slower because it is beyond the Earth in the planetary alignment.

So, if Mars moves around the Sun at 24.13 km/s is not by chance;it is because
it is orbiting at the distance from the Sun it is right now. Same with the planet Earth
that is traveling around the Sun at 29.78 km/s.

The law goes like this: The squares of the sidereal periods ofthe planets are
proportional to the cubes of their semimajor axes, or simpli�ed; the square of the
orbital period (the time to complete one orbit) of a planet isproportional to the cube
of its average distance from the sun.

If we use the earth-sun distance, about 150 million km (recall the astronomical
unit, AU), as our unit of distance and if we use the earth's orbital period (one year)
as our unit of time, Kepler's third law can be written as

p2 = a3 (7.5.1)

wherep is the orbital period in earth years anda is the average planet-sun distance
in AU.

Planet Orbital period Average distance Ratiop2=a3

in Earth years (p) to Sun in AU (a)
Earth 1.00 1.00 1.00/1.00 =1.00
Mars 1.88 1.54 3.53/3.65= 0.97

See how that when we substitute the numeric data, the ratiop2=a3 is very near
from one planet to anther. We are using here the Mars and Earthdata only, but the
law is true for every planet orbit and distance.

7.6 The Mariner 4 journey in days

To compute the travel time using the exponential function wealso need to know the
angular position of Mars in relation to the planet Earth on the launching date. The
central angle —taking the Sun as the vertex— of the Mars and Earth on November
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28, 1964, that is, the separation anglea was of 58.3 degrees1.
We will later take into account the mean velocity of the Mariner 4 in its travel

to Mars.
We hope to arrive to a result very near to the 229 days of the Mariner 4 journey

using the exponential transcomplex mapping.
One AU (Astronomical Unit) is the average Earth-to-Sun distance. This distance

is approximately 149,600,000 km, usually rounded to 150,000,000 km.
The mean Earth orbit circumference is the mean Sun-to-Earthdistance times

2p. The average distance is 1 AU, so the circumference is about 1� 2p AU. This is
the pathaa0 in Fig. 6.

Therefore,aa0= 2p AU.
For the segmentst we have use this simple proportion:

58:3
360

=
st
2p

; (7.6.1)

therefore,

st =
58:3� 2p

360
= 1:01 (7.6.2)

That is,st = 1:01 AU.
For the segmenttq we have thattq = 1:54� 1 = 0:54 AU.
Recall thatst is a variable that depends on the planet's positions at launching

date; on the other handtq is a constant since the orbits separation is always the
same.

The distancesqin the same diagram of Fig. 6 is calculated using the Pythagorean
triangle equation:

sq=
q

(st)2 + ( tq)2 =
q

(:01)2 + ( 0:54)2 (7.6.3)

=
p

1:02+ 0:29=
p

2:31 (7.6.4)

= 1:52 (7.6.5)

The distancesq= 2:1 AU, but 2.1 AU = 2.1� 149,600,000 km = 314,160,000
km.

That is, the Mariner 4 could have traveled 1.52 AU if it followed a spiraled
journey to Mars. If this was the case or not, I do not know, manysuppositions were
made here.

1This angle value was obtained using Orrery, the program mentioned in the Credits.
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In order to compute how many days that voyage could take we need to know
the Mariner's average velocity through space. We use here the minimum velocity
that the Mariner 4 needed to escape the Earth gravitational in�uence to become an
independent body traveling in its own. That minimum velocity —called the escape
velocity— is different for each planet, but for the case of the planet Earth, the
escape velocity is 11.2 km/s. Since we are using seconds as a unit of measure we
also compute that amount of seconds in one day is 60 x 60 x 24 = 86,400 seconds
per day.

Therefore, at 11.2 km/s, in one day, the Mariner should have traveled 86,400�
11.2 = 967,680 km/day.

Since the computed distance to travel was of 314,160,000 km,then the Mariner 4
should had needed 314;160;000=967;680= 324:6 days.

7.7 Final comments

When judging the result obtained —324 computed days versus the real 229 days—
the reader should keep in mind that

• (1) there are many ways of launching a spacecraft from one orbit to another:
we discussed only the spiral orbit where the probe follows a constant traveling
angle

• (2) the Mariner 4 was launched on a very special occasion when the plan-
ets orbits were favorable to the NASA's designed trajectory; when a spiral
trajectory is used the launching date is of less importance

• (3) we assumed no other traveling velocity beyond the escape velocity of the
Earth, but the Mariner may have had other boosting forces that could had
increased the traveling velocity considerably with the neteffect of reducing
the journey time.
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