THE GOLDEN E-BOOK
OF GRAPHS OF
MATHEMATICAL

FUNCTIONS

A selection of some beautiful mathematical
surfaces from the domain of the real
and transcomplex numbers systems

E. Pérez
Editorial Datum
http://4DLab.info


http://4DLab.info

COPYRIGHT® 2008-2009, E. BREZ
Revised edition 2009.

ALL RIGHTS RESERVED

This E-Book is fully copyrighted and protected under the U8 emternational
laws. Permission is given to redistribute it in printed ayit#l format provided that
no changes are made to the front or back cover, and that ngebam omissions
are made to the content of this copyright notice and creditgep No permission
whatsoever is given for any king of alteration to the bookteahand/or format.

SOFTWARE CREDITS

This E-Book was typeset with Latex, designed by Leslie Larnagond based on
Tex, a typesetting program by Donald E. Knuth. Latex is thsted by the LaTeX
Project Public License at http://www.latex-project.¢pgl/. The front-end used for
Latex was TexnicCenter, freely available under GPL by wwwi3Genter.org

Some of the line-drawings for the chapters 5 and 6 were drattnRE, an EPS
vector program by Otfried Cheong. IPE is released under the 8dblic License.
IPE can be reached at
http://tclab.kaist.ac.ksbtfried/.

The planets separation in degrees for speci ¢ dates wergutad with Or-
rery, a free program by David W. Bray that runs on Ewe, a comava version
developed by Michael L Brereton. Orrery can be reached athifividbray.org/

All color gures of this E-Book were made with 4DLab, the pragn for easy
equation plotting. 4DLab can be reached at http://4DL&t.in

DON'T MISS THE UPDATES
This E-Book is still under constant revision, correctiongd aipdating. For the
latest version available visit the 4DLab home page.

YOU CAN HELP!
If you have some ndings, comments, or suggestions reggrthis E-Book
content or redistribution, please leave me a message aathe website.

WILLING TO PRINT THIS E-BOOK?
You are encouraged to do it, but please use both side of thex.pap



Contents

Preface: What to expect from this E-Book

\Introduction: The story that the images tell\

1 Functions and how are they graphed
1.1 A simple de nition of functions
1.2 Imaginary and complex numbers
1.3 The Cartesian plane and sﬁace
1.4 Parametric equations

1.5 Some elementary functions

1.6 More about functions

1.7 Radians and degrées

L Real surfaces with both of its parametric equations algelaic
2.1 The lonely mound

2.2 Four pointed star
2.3 A half sphere
2.4 Intersecting walls

3 Real surfaces with one of its parametric equations trigonmetric
3.1 Intersecting waves

3.2 A spiraling wave

3.3 A parabolic scodp

3.4 In nite leaves

3.5 An exponentially warped pldne

3.6 Cross waves

4 Real surfaces with both of its equations trigonometric
4.1 A self-warping plane

4.2 Knotted waves

4.3 A bumpy road

4.4 A trigonometric lace

4.5 Symmetric boats

4.6 Unexpected contortions

~N N

10
13
13

15
15
18
20
22

25
25
29
32
35
38
41

43
43
47
50
53
56
59



\4.7 A helical donut

5 Transcomplex surfaces

5.1 The transcomplex identity surface

5.2 The transcomplex sine surface

5.3 The transcomplex exponential surface

6 Conformal mappings
6.1 The spirals of the exponential function
6.2 Spiral pairs

7 An application to interplanetary journeys

7.1 Some assumptions

7.2 The bene ts of one-to-one mappings

7.3 The journey of the Mariner 4

7.4 The spiral path between Earth and Mars

7.5 What ever happenedto the planet's orbital velobity?
7.6 The Mariner 4 journey in ddys

7.7 Final comments

\Printed references

\Online referenceé

CONTENTS

62

65
66
69
74

85
87
89

93
93
95

96

96

98

99

101

103
104



Preface:
What to expect from this E-Book

HIS E-Book is about surfaces and graphs of selected equations plaotied f

different viewing angles as an aid to visualize their bebiavi

Mathematical surfaces are intuitively tridimensionaltass But some surfaces
can be misleading because their generating equations ese mduitive and is very
dif cult to predict their outcome.

Surfaces are commonly plotted as parametric equationseodotwo variables.
On the other hand, two-dimensional Cartesian plots are lystraks-sections —but
not always— of surfaces. That is, sometimes the Cartesiaplxive can manifest
a true cross-section of a surface, but other times the Xieptzan show a cross-
section of a surface, but not at very valuezef O.

Here, surfaces are categorized as real surfaces, whendheyfcom equations
of strictly real variables, or transcomplex surfaces, wtiey are the outcome of
plots of transcomplex variables. Transcomplex variabtesladimensional entities
where one of the variables is real and the others are somekinghginaries. Thus,
transcomplex variable plots involve the use of at least oraginary axis.

Here we do not speak of complex surfaces; we speak of trandegrsurfaces;
see the Chapter 5 for an introduction to this subject. Theoresthat this E-Book
is a derivative work of my other workEoundations of Transcomplex Numbers: An
Extension of the Complex Numbers System to Four DimendiSB&-13 978-0-
9802037-0-7). Ifroundations ..is where the reader can nd the whole background
of the transcomplex variables and the transcomplex swsface

To understand the content of this E-Book, the reader is assuobe a little
related with the topics of graphing plane curves and susfadewever, the plotting
program used here, 4DLab, can do everything for you, All yeechis to enter the
parametric equations and chose how you want to view theirfa

There is an in nitude of possible surfaces because theraariée possibilities
in phrasing equations. Hence, this E-Book just contains at@simal quantity of
all those possibilities.



2 Preface: What to expect from this E-Book

All'in all, this E-Book is a visual introduction to the eld ofanscomplex num-
bers and an implicit comparison with the real surfaces capatt. The reader will
notice that real and transcomplex surfaces are not so @iffeits the plotting ap-
proach that makes the difference.

At the end of the road, the book should be a stimulus and art &myghe reader
to pursue more knowledge into this eld. | hope the readef @njoy this humble
work and expand his/her horizons in the eld of the visual hemhatics.

E. Pérez

http://4DLab.info
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Introduction:
The story that the images tell

FUNCTIONS can be studied from the analytic point of view with practigalo
need to plot them. However, making drawings of their attelsuand pecu-
liarities is a great help not only to their understanding, ddso in extending their
characteristics and nding new ones.

Mathematical plots and graphs are beautiful, speciallenve deal with sur-
faces. Surfaces probably are the most near-to-reality hamattical function can
be. But some surfaces can look so intricate that no connewfitbnreality can be
established. Nevertheless, even in some seemingly bizases they have their
particular beauty.

All of our graphs examples are based on mappings of two asatomains:
for the domain. For the domains of real variables we use tnedz variables, and
for the domains of complex variables we use ttandiz variables.

Now follows a short description of each of the special angleshave taken
when viewing a surface and some preliminary de nitions:

Equation set. This is the pair of the parametric equations that we will begiso
plot a surface or plane graphs. Each parametric equatidatesdsas a func-
tion of the two variables mentioned above(x;z) andV(x;z). The Equa-
tion set and the Equation texts are the same: the only difterés that the
Equation set is written in the natural human language andosignwhile
the Equation texts are phrased to be machine understandgpaeially by
4DLab, the computer program used to plot all the graphs.

Equation texts. Equation texts are text strings that will be entered in thedign
Editor of 4DLab, the program used to plot all the graphs shbere. The
equation texts shown here are useful for the users of 4Dbab-asy Equa-
tion Plotter. The user can reproduce the illustrationsismEiBook by simply
using this equations texts. By changing the equations tektagdding some

3



4 Introduction: The story that the images tell

coef cients or constants, the user will be able to see theynvaniations that
an equation set may have.

Axonometric view. Here the reader is observing from the positive side of the X,
Y, and Z-axes looking toward the origin of coordinates. Higsthis is the
preferred view for the reader because it shows most of tHaciat a glance.

Top view. In this view, the reader is observing from the positive sitithe Y-axis
looking toward the origin of coordinates.

Lateral view. The reader is observing from the positive side of the X-axiking
toward the origin of coordinates. Since the surfaces argasg to be opaque,
the view cannot be considered as if it were a projection oktiréace on the
YZ-plane; thus, the nearer details will hide the fartheadst

Frontal view. The reader is observing from the positive side of the Z-abaking
toward the origin of coordinates. Since the surfaces armasg to be opaque,
the view cannot be considered as if it were a projection oktiréace on the
XY-plane. As with the Frontal view, near details will hide fdetails.

The XY-plane plot. This plot/graph show the mapping of the subset of ordered
pairs of the domain that plot into ordered pairs with the Xsacomponent
zero. Usually, a real numbers domain under a real functieadsio imaged
to real numbers, but in some other cases real images can deadbbut of
imaginary domain like in the functiop= iz Thus, the XY-plot is not
necessarily a plot of a real numbers domain.

The YZ-plane plot. This plot/graph show the mapping of the subset of ordered
pairs of the domain that plot into ordered pairs with the Zaomponent
zero.

Function domain and Graph domain. Usually, for the domain of a function is
considered if it is de ned within the set of all real, or all aginary numbers.
This task pertains to the realm of function analysis, howewehe effects of
this E-Book, we consider only small square or rectangularainsnear the
center of origin; this is what we call here the Graph Domain.

Transcomplex maps. Transcomplex maps are surfaces that are obtained when the
domain of a function is a set of complex numbers. Therefdre,reader
may be surprised to see that our approach to complex furscigonot the
classical and orthodox methods of plotting as we see in cexngdriables
textbooks. Our transcomplex maps are not the at graphs ftomplex to

http://4DLab.info


http://4DLab.info

Introduction: The story that the images tell

complex planes we are used to see. Transcomplex maps arérigiimen-
sional surfaces that make justice to the beauty of the conmlmbers.

Picture maps. Picture maps are interesting views of surfaces becauseothaid
—instead of being made of pure criss-crossing straighsH#aés made of pic-
tures taken from everyday life: cats, lions, ower, etc. §make this surface
view more interesting because the reader can appreciateudemoothly
curves or contortions of a surface.

http://4DLab.info
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Chapter 1

Functions and how are they graphed

NCE we will be using the concept of function throughout the E-Bowsk need
to make a review of this all-encompassing concept in mattiema

1.1 A simple de nition of functions

Functions are also known amappings or transformations: we use those terms
here interchangeably.

A function is simply a rule that makes an unequivocal or unigontus corre-
spondence between two sets of numbers. Most of the time tiaatlbiguous rule is
expressed as an algebraic expression. For example, thiiofuM= x2 means that
the dependentvariableY assumes the square for each numb&rhen theinde-
pendentvariablex takes the valug = n. We say that¥ depends oix because is
the free variable on which we can assign any value. Funcaoasisually denoted
letters such a$ or g In the above example, we can say thed) = 9, f(2:5) = 6:25,
etc.

Functions with one independent variable usually genersitegge line or a curve
when plotted on the Cartesian coordinate system. Exampksgie variable func-
tions plotted on the Cartesian plane are Fig. 1, Fig. 3, Figt®,

A function can assume one, two, or more independent vagalfler example,
Y = 3sin(x)Z? is a function with the two independent variabbesindz. When
a function assumes two independent variables —called vaukite functions—
instead of lines and curves the function generates a surface

The set of numbers or points upon which a function is de nedabed the
domain of the function. For example, the functiofi{x) = x° is de ned for all
the real numbers since we can take any number a nd the cubehbyf simply
multiplying it by itself three times. The set of numbers gexted by a function is

7



8 The Golden E-Book Of Graphs Of Mathematical Functions

called therange or theco-domain In other words, we can say that the domain are
the numbers that can be inputted to a function and the co-thoain@ numbers that
come as output.

1.2 Imaginary and complex numbers

Some simple functions can exhibit quite a strange behaﬁa‘rommo[g example
of this is the function that takes the square root of a numibéx) = = x. With
this function, everything goes ne as long &s 0, as for example, 4= 2. But
whenx < 0, that is, for negative numbers, there are no soltﬁion antongositive
numbers: there is positive root for a simple the problem sisch 4. This was the
historical situation that lead to the introduction of theamnary numbers.

The notation to represent the imaginary numbersis: 1 andi?= 1. Sim-
ple aIgebraF;c E(pr%s:c,ions involviﬁgﬁquaﬂe_ roots of negatimbers are expressed
as follows:” x= " xi, therefore, 9=" 9i= 3.

There is an inevitable association of the imaginary numbisthe real num-
bers and from this marriage came the complex number systemplér numbers
are expressed as the addition of real numbers and imagioampers, and they are
usually Bamed by another variable like= 3+ 5i. This the same as to state that
A= 3+ 5.

Functions of complex variables are interesting becausg ¢éimeompass the
properties of both real and imaginary numbers plus theiabein when they are
taken together. An simple example of a complex function ésghadratic function
F(x+ iz)%. We follow the multiplication rules for the complex numbersd obtain
F(x+ iz) = x2+ 2xiz+ (iz). But, by the previous conventioifig)? = 7, so that
F(x+iz) = X2+ 2xz Z2. So, we see by this example, that the functions of the
complex variables generate complex numbers also.

1.3 The Cartesian plane and space

Traditionally, the Cartesian coordinate system is a simpie @f two mutually or-
thogonal axes on which we plot functions. Cartesian poirgsat just "points’, but
a pair of numbers acting together. Later the Cartesian plaseewpanded —adding
the imaginary axis—- to t the complex numbers .

http://4DLab.info
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Chapter 1: Functions and how are they graphed

The traditional Cartesian system of two axes for
plotting functions of a single real variable. Points
on this plane are considered ordered pairs where
the rst entry is the value of the real variabte b=1f(a) |
and the second entry is considered the value
returned by the function we are plotting.

The Cartesian system with three real axes for
plotting surfaces of real functions. This system of
coordinates is suited for graphing functions of
two real variables likgy = f(x; 2 orz= g(x; y).

The Cartesian space with two real axes and an
imaginary numbers axis. In the transcomplex
numbers system, the imaginary axis is used for a
dual purpose: for the domain of complex variable
A= x+iz=(z iz) and for the range of complex
variablesB= y+ iz=(y; i2).

1.4 Parametric equations

Sometimes the behavior of a function can stated in ternpsuametric equations
Parametric equations are sets of two or more equations tisengame variables
each one. Since they use the same variables it is assumedtbatve assign one
value to one of the variables in one one of the equations, tther @ quations take
the same values for the corresponding variables.

For example, if we take the following two equations:

http://4DLab.info
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10 The Golden E-Book Of Graphs Of Mathematical Functions

U(X;2) = ( cosx+ sinz)sin2z (1.2)
V(X2 =z (1.2)

We can notice that the rst equatid(x; 2) is a function of the two independent
variablex andz, but the second equation can also be said that is an equhton t
uses the same variables as the rst one; the differencetisltbaecond equation is
indifferent to the behavior of the varialsawhile at the same is fully dependent on
the variablez. Thus, when in the rst equation the variabte¢akes the value of O,
thatis, ifx= 0, then the rst of the equation becomes

U(x;2) = ( cosO+ sinz)sinzz (1.3)
=(1+ sinz)sinZz (1.4)

Sincex= 0 along the Z-axis only, then we can reach to the conclusiatetflong
the Z-axis we can expect to see a curve de ned byztixariable only.

In fact, the two equations (1) and (2) taken together geedtst sinusoidal
surface we see in Fig. 2 of Section 2.1 of Chapter 2. The sidakourve of Eq. (4)
is the same Fig. 6 in the same section 2.1 of the same chapter.

What happens when in the equations (1) and (2) we go for thesitepand X
the variablezto z= 0? Then we have:

U(x;2) = ( cosx+ sin0sin0 (1.5)
=(cosx+ 0)0 (1.6)
=0 (1.7)

Butz= 0 along the X-axis only, therefore what we have is that altvegt-axis
the surface makes no curve of any king. This can be seen if7 leigthe mentioned
section of Chapter 2.

1.5 Some elementary functions

Almost the mathematical functions, ranging from the sirapte the most intricate,
are made of mixing smaller —or less complicated— functioiRsr example, the
expressiorsin(x) + cogXx) is a simple composition of two trigonometric function:
the sine and cosine functions. That makes possible to ghespehavior some

http://4DLab.info
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Chapter 1: Functions and how are they graphed 11

elaborate functions based on the functions of which it isbdasee Fig. 9 and 10

below.

™

Fig. 1. The Cartesian view of the elementary
trigonometric functior¥ = sin(x).

.
4 4
| 3

Fig. 3. The Cartesian view of the elementary
trigonometric functiorY = cogX).

Fig. 5. The Cartesian view of the elementary
trigonometric functior¥ = tan(x).

Fig. 2. A tridimensional view of the elementary
trigonometric functior¥ = sin(x).

Fig. 4. A tridimensional view of the elementary
trigonometric functiorY = cogXx).

Fig. 6. A tridimensional view of the elementary
trigonometric functiorY = tan(x).

http://4DLab.info
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12 The Golden E-Book Of Graphs Of Mathematical Functions
Fig. 7. The Cartesian view of the simple Fig. 8. A tridimensional view of the simple
quadratic functiory = x? also called the quadratic functiory = x? also called the
parabola. parabola.

-
2
X Z
H

Fig. 7. The Cartesian view of the simple cubic Fig. 8. A tridimensional view of the simple cubic

functionY = x5.

functionY = x5.

http://4DLab.info
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Chapter 1: Functions and how are they graphed 13

Y = cos) Y =sin(x)
¥
| \
Y = sin(x) + cos() Fig. 10. The tridimensional view of the

composite functiory = sin(x) + cogX).
Fig. 9. The Cartesian view of three superimposed
functions: (aY = sin(x), (b)Y = cogx), and (c)
the composition of bothy = sin(x) + cogX).

1.6 More about functions

Chapter 6 is devoted to the interesting and useful topicasiformal mapping,
and (1-1) mappings, very unique features that some furegahibit. Conformal
mappings are used to solve practical applications wheffacideformations are
the subject of the problem.

1.7 Radians and degrees

There are widely two widely used form of measuring anglese way is to use
degrees an the other way is to use radians. When we measuigré@edeve assume
that a full turn of a circle or a wheel is 360 degrees; when wasuee in radians
we assume that the same full turn B radians (see table below).

Degree measure for angles are used in many applied areagswsthveying
and civil engineering, while the radian measure is mostgdus pure mathemat-
ical analysis. Below is table of conversion between anglesradians for some
common angles.

Radians 0 p=6 p=4 p=3 p=2 2p=3 3p=4 5=6 p
Degrees 0 30 45 60 90 120 135 150 180

http://4DLab.info
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Radians p

=6 Sp=4 4p=3 3Pp=2 H5H=3 7p=4 1lp=6 2p

Degrees 180 210 2255 240 270 300 315 330 360

http://4DLab.info
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Chapter 2

Real surfaces with both of its
parametric equations algebraic

Introduction . Surfaces made of algebraic parametric equations are eisup!
faces. Algebraic equations can include constants, exgengactions, and even
roots. The surfaces of this section are plotted in the fiadht x;y andz real vari-
ables of the Cartesian coordinate system. The axes are daheterding to this
convention. This is the reason why the surfaces shown heresdled real surfaces.

2.1 The lonely mound

Parametric equations:

V(X; 2=z (2.1.2)

4DLab equations text:

c

—~
x
N

~
I

BI(X6 + 2°2 + 2)

15



16 The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 1. Graph domain: 3 x 3and

3 z 3 «
Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
A
Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

http://4DLab.info
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Chapter 2: Real surfaces with both of its parametric equatatyebraic 17

Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

WA
Dol
it
o

Fig. 8. Graph of a strip of the domain. Fig. 9. The surface seen from below.

Picture Mapping

i Fig. 11. The photo of the monkey transformed under the initia
Fig. 10. A photo of amonkey a3 metric equation set.

http://4DLab.info
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18 The Golden E-Book Of Graphs Of Mathematical Functions

2.2 Four pointed star

Parametric equations:

U(X; 2 = jx3 (2.2.1)
V(X; 2=z (2.2.2)

4DLab equations text:

abs(x * 2)
z

<c
x X
NN
I

Fig. 1. Graph domain: 2 x 2and
2 z 2. i

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Picture Mapping

Fig. 4. A photo of a sunset

Fig. 5. The photo of the sunset transformed under the irgtjaktion
set.

http://4DLab.info



20 The Golden E-Book Of Graphs Of Mathematical Functions

2.3 A half sphere

Parametric equations:

q —
Ux, 2= 4 (x2+2) (2.3.1)
V(X; 2=z (2.3.2)
4DLab equations text:
U(x, z) = sqr(4 - (x2 + z°2))
V(x, z) = z
Fig. 1. Graph domain: 2 x 2and
2 z 2
Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info



Chapter 2: Real surfaces with both of its parametric equattgebraic 21

Fig. 4. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface Fig. 5. Frontal view of the surface.
with the XY plane..

Fig. 6. The surface seen from below the
XZ-plane.

Picture Mapping

Fig. 7. A photo of a cat
g P Fig. 8. The photo of the cat transformed under the initialetiqgu set.

http://4DLab.info



22 The Golden E-Book Of Graphs Of Mathematical Functions

2.4 Intersecting walls

Parametric equations:

U(x; 2) = 2e 42° (2.4.1)
V(X; 2=z (2.4.2)

4DLab equations text:

c

—
x
N

~
1

2 > exp((-4 * (x * 2)'2))
z

<

—~
x
N

~
1

Fig. 1. Graph domain: 4 x 4and
4 z 4.

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

Fig. 4. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface
with the XY plane.

http://4DLab.info
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Picture Mapping

Fig. 6. The photo of the frog transformed under the initialatipn
Fig. 5. A photo of a frog set.

http://4DLab.info
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Chapter 3

Real surfaces with one of its
parametric equations trigonometric

Introduction . When one of the parametric equations include the use of some
form of the trigonometric equations, the surface is indhtgeriodic. That's the
reason why all the surfaces in this section are some formahuilating surfaces. The
surfaces of this section are also plotted in the traditictyahndz real variables of

the Cartesian coordinate system. As in Chapter 1, the axealslet according to
this convention

3.1 Intersecting waves

Parametric equations:

U(X; 2 =( cosx+ sinz)sin2z (3.1.1)
V(X; 2=z (3.1.2)

4DLab equations text:

Ux, z)
V(X, 2)

(cos(x) + sin(z)) * sin(2*z)
z

25
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Fig. 1. Graph domain: 4 x 4 and

Fig. 2. Axonometric view of the surface.

Fig. 4. Lateral view of the surface.

4

z

4.

Fig. 3. Top view of the surface.

Fig. 5. Frontal view of the surface.

http://4DLab.info



Chapter 3: Real surfaces with one of its parametric equatray@iometric 27

Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Fig. 8. Sectional view. We see the surface
corresponding to the mapping of the subdomain
limtedby 4 z 4and 3 x O.

Fig. 9. Axonometric view. We see the surface as
it intersects its domain.

http://4DLab.info
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Picture Mapping

] Fig. 11. The photo of the sunset transformed under the linitia
Fig. 10. A photo of a sunset equation set.

http://4DLab.info



Chapter 3: Real surfaces with one of its parametric equatray@iometric 29

3.2 A spiraling wave

Parametric equations:

1
U(x 2= p— p— p—— 3.2.1
2 (1+ X2+ 22) (xsin(4 x2+ 22)+ zcog4 X2+ 22) ( )

V(X; 2=z (3.2.2)

4DLab equations text:

Uix, z) = /(1 + sqr(x*2 + z"2)) * (x * sin(4 * sqr(x*2 + z"2)) \\
+ z*cos(4 * sqr(x"2+z"2)))
V(x, 2) = z

Fig. 1. Graph domain: 3 x 3and
3 z 3

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface atthe same time the intersection of the surface

with the YZ plane. with the XY plane.

Fig. 8. Sectional view. We see the surface Fig. 9. Strip view. We see the surface
corresponding to the mapping of the subdomaincorresponding to the mapping of the subdomain
limtedby 3 x Oand 3 z 3. limtedby 1.5 z 15and 3 x 3.

http://4DLab.info
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Picture Mapping

Fig. 10. A photo of a corn Fig. 11. The photo of the corn eld transformed under theiahit
eld equation set.

http://4DLab.info



32 The Golden E-Book Of Graphs Of Mathematical Functions

3.3 A parabolic scoop

Parametric equations:

U(x; 2)= siex+ %zz (3.3.1)
V(X; 2=z (3.3.2)
4DLab equations text:

SN2 + (12) * 272
V4

<
—~
>
N
g
"o

Fig. 1. Graph domain: 3 x 3and
3 z 3 with 4 div/units.

Fig. 2. Axonometric view of the surface

intersecting its own domain. Fig. 3. Top view of the surface.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Fig. 9. Strip view. We see the surface
corresponding to the mapping of the subdomain
limitedby 3 z 2and 3 x 3.

Fig. 8. Axonometric view of the surface without
showing its domain.

http://4DLab.info
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Picture Mapping

Fig. 10. A photo of a lion.

Fig. 11. The photo of the lion transformed under the init@lation
set.

http://4DLab.info
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3.4 In nite leaves

Parametric equations:

U(x;, 2= ? (3.4.12)

V(x; 2=z (3.4.2)
4DLab equations text:

U(x, z) = sin(x)/z
V(x, 2) = z

Fig. 1. Graph domain: 3 x 3and

4 z 4. The rstof the parametric equations
is not de ned forz= 0, therefore, the domain is
not de ned for points along the Z-axis. Here the
domain is shown with some subdivisions so that
it is easily seen how the domain becomes
unde ned as it approaches the Z-axis

Fig. 2. Axonometric view of the surface shown
without its domain. The surface is shown withou
any lighting effect.

ig. 3. Top view of the surface. The lack of light
effect show the surface as if it were planar.

http://4DLab.info
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Fig. 4. Lateral view. No light effect. Fig. 5. Frontal view. No light effect.

Fig. 6. Intersection of the surface with the YZ  Fig. 7. There is no intersection of the surface
plane. Wherx= 0 the surface intersects the with the XY plane. As it approaches the Z-axis,
YZ-plane at the very Z-axis. the graph tends to in nity.

Fig. 9. Strip view. We see the surface
corresponding to the mapping of a strip of
positive real values and parallel to the Z-axis

Fig. 8. Axonometric view of the surface without
showing its domain.

http://4DLab.info
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Picture Mapping

Fig. 10. A photo of a ower.

Fig. 11. The photo of the ower transformed under the initial
equation set.

http://4DLab.info
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3.5 An exponentially warped plane

Parametric equations:
U(x; z) = esinxeosz (3.5.1)
V(x; 2= z (3.5.2)

4DLab equations text:

U(x, z) = exp(sin(x) * cos(z))
V(x, 2) = z

Fig. 1. Graph domain: 4 x 4 and
4 4 4

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Fig. 4. Mapping of the real X-axis. This graph is Fig. 5. Mapping of the real Z-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the XY plane. with the XY plane

Fig. 6. Lateral view of the surface. Fig. 7. Frontal view of the surface.

Fig. 8. Axonometric view of the surface when
z= 0. In that case, the surface turns to be
y= ™ since cos& 1. This is the same
Cartesian graph of the functigrne €™

http://4DLab.info
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Picture Mapping

Fig. 10. The photo of the sunset transformed under the linitia
Fig. 9. A photo of a sunset.  equation set.

http://4DLab.info
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3.6 Cross waves

Parametric equations:

U(X; 2 = zsinx (3.6.1)
V(x; 2=z (3.6.2)

4DLab equations text:

U(x, z) = z * sin(x)
V(x, 2) = z

Fig. 1. Graph domain: 5 x 5and
3 z 3

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Graph of the function in the XY-plane

Picture Mapping

Fig. 7. A photo of three
puppies.

Fig. 8. The photo of the three puppies transformed undemitkiali
equation set.

http://4DLab.info



Chapter 4

Real surfaces with both of its
equations trigonometric

Introduction . The surfaces where both parametric equations include anme
of the trigonometric functions are also periodic. As witle gurfaces of the pre-
ceding chapters, the axes are the usgglandz real variables of the Cartesian
coordinate system.

4.1 A self-warping plane

Parametric equations:

U(X; 2 = 3sin(Xx 2)cosx (4.1.1)
V(x; 2) = sin(?) (4.1.2)

4DLab equations text:

U(x, z) = 3 * sin(x - z) * cos(x)
V(x, z) = sin(z"2)

43



44

The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 1. Graph domain: 2 x 2and

Fig. 2. Axonometric view of the surface.

Fig. 4. Lateral view of the surface.

2

z

2.

Fig. 3. Top view of the surface.

Fig. 5. Frontal view of the surface.

http://4DLab.info
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Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Fig. 8. Graph showing that what appears to be a
violation to the one-to-one rule for function
plotting, is just an illusion. To understand the
strange behavior of the mapping in the YZ-axis,
we show the mapping of a thin strip near along
the Z-axis. The colorization of the map shows
that what happens is that the positive side the
strip maps into the negative side of the Y-axis.
On the contrary, the negative side of the thin strip
maps into the positive side of the Y-axis.

http://4DLab.info
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Picture Mapping

Fig. 9. A photo of a face of a
lion

Fig. 10. The photo of the face of a lion transformed under tiitéal
equation set.

http://4DLab.info
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4.2 Knotted waves
Parametric equations:

U(x; 2 = sin(x+ 2 (4.2.1)
V(X 2)= cos’(z X) (4.2.2)

4DLab equations text:

U(x, z) = sin(x + 2)
V(x, z) = cos(z - x)"2

Fig. 1. Graphdomain: 2 x 1land
1 z 1.

Fig. 3. Top view of the surface.

Fig. 2. Axonometric view of the surface.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. The mapping of a thin strip parallel to theFig. 9. The top view of the surface generated by
X-axis. the thin strip.

http://4DLab.info
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Picture Mapping

Fig. 10. A photo of car.

Fig. 11. The photo of the car transformed under the initiaiatipn
set.

http://4DLab.info
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4.3 A bumpy road
Introduction . Real parametric equations are those equations whosg variable
are non-imaginary.

Parametric equations:

U(x; 2= Sp siPx+ co?z 3 (4.3.1)
V(X 2= 2sinz (4.3.2)

4DLab equations text:

U(x, z) = 3 * sgr(sin(x)*2 + cos(z)"2) - 3
V(x, z2) = 2 * sin(z)

Fig. 1. Graph domain: 4 x 4 and
2 z 2

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. This graph is Fig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

http://4DLab.info
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Picture Mapping

Fig. 8. A photo of car.

Fig. 9. The photo of the car transformed under the initialatigun set.

http://4DLab.info
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4.4 A trigonometric lace
Parametric equations (single variab)e

U(X; 2 = 2sinz+ sinZ (4.4.1)
V(X; 2 = 4cox (4.4.2)

4DLab equations text:

U(x, 2) = 2 * sin(z) + sin(2*2)
V(x, z) = 4 * cos(z)

Fig. 1. Graph domain: 1 x 1and
4 z 4.

Fig. 3. Top view of the surface.

Fig. 2. Axonometric view of the surface.

http://4DLab.info
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Fig. 5. Frontal view of the surface.

Fig. 4. Lateral view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 1. Graph domain: 2 x 2and
2 z 2

Fig. 8. The mapping of a thin strip parallel to the
X-axis.

http://4DLab.info
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Picture Mapping

Fig. 10. 4DLab.

Fig. 11. 4DLab transformed.

http://4DLab.info
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4.5 Symmetric boats
Parametric equations (single variab)e

U(x; 2) = xcos'z (4.5.1)
V(X 2) = zsin°x (4.5.2)

4DLab equations text:

c

—
x
N

~
1

X * cos(z)"3
z * sin(x)"3

<

—~
x
N

~—
1

Fig. 1. Graphdomain: 3 x 3and
3 z 3

Fig. 2. Axonometric view of the surface. Fig. 3. Top view of the surface.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. The surface shown as it intersects its owrkFig. 9. The surface shown with its grid of integer
domain. values.

http://4DLab.info
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Fig. 10. The mapping of
domain. In this picture 3
values ofx.

Picture Mappin

Fig. 12.Alice In Won
illustration.

a thin strip of the

Fig. 11. The surface shown as if it were made of
z 2 for all

wood.

g

derland
Fig. 13. TheAlice In Wonderlandllustration transformed under the
initial equation set.
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4.6 Unexpected contortions
Parametric equations (single variab)e

U(x; 2 = cosz sinz (4.6.1)
V(x; 2= xsinz (4.6.2)

4DLab equations text:

U(x, z) = cos(z) - sin(z)
X * sin(z)

<

—~
x
N

~
1

Fig. 1. Graph domain: 2 x 2and

2 z 2
Fig. 2. Axonometric view of the surface Fig. 3. Top view of the surface intersecting its
intersecting its own domain. own domain.

http://4DLab.info
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

Fig. 8. A picture to be used as the domain for thé-ig. 9. The transformation of the picture under
parametric equations. the parametric equations.

http://4DLab.info
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Fig. 10. A top view of the transformed picture. Fig. 11. A lateral view of the transformed picture.

Picture Mapping

Fig. 12. Picture of a dome of ]
a cathedral Fig. 13. The picture of the dome of a cathedral transformetbuthe

above equations.

http://4DLab.info
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4.7 A helical donut

Parametric equations (single variab)e

U(X; 2 = 3sinz+ sinX 4.7.1)
V(X; 2) = cosz+ cos& (4.7.2)

4DLab equations text:

c

—
>
N

~
1

3 * sin(z) + sin(3 * x)
V(x, z) = cos(z) + cos(3 * x)

Fig. 1. Graph domain: 2 x 2and
3 z 3

Fig. 2. Axonometric view of the surface. The
domain is visible.

Fig. 3. Top view of the surface. The domain is
visible.
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Fig. 4. Lateral view of the surface. Fig. 5. Frontal view of the surface.

Fig. 6. Mapping of the real Z-axis. Fig. 7. Mapping of the real X-axis.

http://4DLab.info
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Picture Mapping

Fig. 8. Picture of a chapel

Fig. 9. The picture of the chapel transformed under the above
equations.

http://4DLab.info



Chapter 5

Transcomplex surfaces

Introduction . In simple words, transcomplex surfaces are mappings from a
complex numbers domain to a tridimensional complex spadeceShe purpose
of this E-Book is to show the visual aspect of some mathenidtiogtions, and
not to dive into the fundamentals of what the transcomplexiers are, please
refer to the book:Foundations of Transcomplex Numbers: An extension of the
complex numbers system to four dimensi@88N 978-0-9802037-0-7) —or go
to http://4DLab.info — to learn about the details of this type of complex num-
ber system. Currentl{soundationss available as a downloadable E-Book only in
the mentioned Website.

In symbols, transcomplex functions —denoted by capitéistwith an aster-
isk above— are functions with a planar at domain of orderedrp of complex
variables(x; z) and spatial range of ordered pairs of the typef(X; 2); g(X; 2)):

F (X 2=(x f(x 2; 9(x 2): (5.0.1)

The reader should be cautioned that the transcomplex ansctre mapping
from ordered pairs of the type; O; 2) to ordered pairs of the type; y; 2), but as
mentioned above, this is fully explained in theundationamentioned above.

For simplicity, the zero element of the complex variablestted domain is
dropped; thus we writd(x; 0; 2) as f(x; 2), but always keeping in mind that the
true mapping is from three-elements ordered pairs to thlexents ordered pairs.

The surfaces of this section are plotted using real and inaagivariables. The
usualz-axis now becomes an imaginary axis.
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5.1 The transcomplex identity surface

Transcomplex surface:

F(@2=2 (5.1.1)

where U is the plane of all the complex numbers of the fdrm x+ iz.
Parametric equations:

U(x; 2 = X (5.1.2)
V(X 2=z (5.1.3)
4DLab equations text:

Y =X
V(x, z) = z

Fig. 1. Graph domain: 2 x 2and
2 z 2. Note that the iZ-axis is labeled as an
axis of imaginary numbers.

http://4DLab.info
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Fig. 2. Axonometric view of the surface. The
domain of the function is also shown.

Fig. 4. Lateral view of the surface.

Fig. 3. Top view of the surface. The domain of
the function is also shown.

Fig. 5. Frontal view of the surface.

http://4DLab.info
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Fig. 6. Mapping of the real iZ-axis. This graph isFig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Picture Mapping

Fig. 8. Closeup of a face of a

wolf. Fig. 9. Closeup of a face of a wolf transformed under the
transcomplex identity map.

http://4DLab.info
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5.2 The transcomplex sine surface
Transcomplex surface:

F (2) = sin(Z) (5.2.1)
where Z is the plane of all the complex numbers of the f@rm x+ iz.
Parametric equations:

Y = sinx cosle (5.2.2)
V(Xx;2 = cosx sinhz (5.2.3)

4DLab equations text:

Y = Sin(x) * HCos(z)
V(x, z) = Cos(x) * HSin(z)

The equations 5.2.2 and 5.2.3 are obtained by expandingthplex function

5.2.1 and then regrouping the real elements together:

sin(x+iz) = sinx coshiz+ icosx sinhz

Thus,

sin(x;0;2) = ( sinxcoshy; 0; cosxsinhy)

Fig. 1. Graph domain: 2 x 2and
2 z 2. Note that the iZ-axis is labeled as an
axis of imaginary numbers.

(5.2.4)

(5.2.5)
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] o Fig. 3. Top view of the surface.
Fig. 2. Axonometric view of the surface.

Fig. 5. Frontal view of the surface.
Fig. 4. Lateral view of the surface.

http://4DLab.info
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Fig. 6. Mapping of the real iZ-axis. This graph isFig. 7. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Fig. 8. The surface as a wire frame in a lateral
view. The curved green surface lines are
parabolas that are the mappings of the lines
parallel to the iZ-axis. The blue ellipses are the
mappings of the lines parallel to the X-axis. Bot
are mappings of the integer values of the domain.

Fig. 9. Frontal view of the wire frame at left.
Now the mappings of the lines parallel to the
iZ-axis are shown as green vertical segments.
The lines of the domain that are parallel to the
-axis are mapped as blue sinusoidal curves.
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Fig. 11. This is the same gure at left, but now
Fig. 10. The mapping of a line of the domain thateen directly at it from a lateral view. The
is parallel to to the X-axis. This curve is the outebbserver is looking from the positive side of the
rim of gure 8. For this gure, the domain was  X-axis toward the center of coordinates. It is the
extended tX 4. same as the outer rim of Figure 8.

f Fig. 13. Another way of visualizing the
atransformation of the right side of the domain.
This is the same gure 12 at left, but with the
viewing angle slightly changed. The coloring

helps to visualize the correspondence
domain-to-range for each unit subdivision.

Fig. 12. The transformation of the right-side o
the domain. Note how the wire frame occupies
space of the negative side of the domain, even
when it is not in use. For this gure, the domain
was extended tX 4.

http://4DLab.info
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Picture Mapping

Fig. 14. A portion of Da
Vinci's Mona Lisato be used
as the domain of the
transcomplex sine function.

Fig. 15. The portion of Da Vinci'Mona Lisatransformed under the
transcomplex sine map for the square domain at left.
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5.3 The transcomplex exponential surface

Transcomplex surface:

where Z is the plane of all the complex numbers of the f@rm x+ iz.
Parametric equations:

Y = €‘coxz (5.3.2)
V(x;2) = €'sinz (5.3.3)

4DLab equations text:

Y = exp(x) * cos(z)
V(x, z) = exp(x) * sin(z)

The equations 5.3.6 and 5.3.3 are obtained by expandingthplex function
5.3.1 and then regrouping the real elements together:

Z = @Fiz= X (5.3.4)
= ¢€‘(cosz+ isinz) (5.3.5)
= ¢efcosz+ ie*sinz (5.3.6)

Thus, the real part ig*cosz and the imaginary part i*sinz. Also, according
to what was said in the Introduction,

X0 = X029 (xtig) (5.3.7)
= ¢&fcosz+ ie*sinz (5.3.8)
= (€‘cosz 0; €'sin2): (5.3.9)

Finally, as we initially statedY = €‘coszandV(x; 2) = €'sinz.
An important property of the complex exponential functionhat is not shared
by the real exponential function— is that it is periodic,ttisa
e = &+ 2pi: (5.3.10)
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To prove this periodicity, we use the Euler's formula forlneambers:

&¥ = cosx+ i sinx (5.3.11)

The reason for this is tha* 2P = &2e?P' = &(cosDi; 0; esinpi). Since
cosd = 1andsinp = 0, this simpli es to:

= ¢ (5.3.12)

Fig. 1. Graphdomain: 2 x 2and

3 z 3. Asforall transcomplex numbers,
the iZ-axis is of imaginary numbers.

Fig. 2. Axonometric view of the surface. For Fig. 3. Top view of the surface, with domain
short and later reference we will call this gure  ghown.
the exponential trumpet
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Fig. 4. Mapping of the real iZ-axis. This graph isFig. 5. Mapping of the real X-axis. This graph is
at the same time the intersection of the surface at the same time the intersection of the surface
with the YZ plane. with the XY plane.

Fig. 7. The mapping of a the rst unit strip
parallel to the iZ-axis in the far side of the X-axis.

Fig. 5. The mapping of the unit strip along the
X-axis lying to the negative side of the iZ-axis.

http://4DLab.info
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Fig. 8. The mapping of the second unit strip

along the X-axis lying to the negative side of the Fig. 9. The mapping of a the third unit strip

iZ-axis. parallel to the iZ-axis in the positive side of the
X-axis.

Fig. 10. The mapping of the fourth unit strip Fig. 11. The mapping of all the strips parallel to
along the X-axis lying to the negative side of the the iZ-axis in the negative and positive sides of
iZ-axis. the X-axis.
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N

-3

~

Fig. 13. The unplotted region in the complex
trumpet surface we see at left in the lateral view
of the surface is due to the fact that the domain of
Fig. 12. Lateral view of the surface for the graphthe variablez in the iZ-axis goes from -3 to 3, but
domain we chose at the beginning. the exponential function is de ned for slightly
greater values: p<z p.

There are two reasons why "the exponential trumpet' in Fijaliove does not
close its circles. The rst one is that the graph domain isréel for 3< z< 3, so
that it falls short to the value of:B4::: of p; the imaginary part of the exponential
function is de ned for values in the region ofp< z p. 4DLab, the program we
are using to plot our gures accepts only integer or fractiioralues for the domain
of a function, butp is an irrational number, so no matter how many subdivisions
we make, we will always be short; however, the nearness otlibgng points
will make us believe that they are closed. The second reasthrai no matter the
program we use, this surface will never close on itself byéisy own nature. To
see why this is true, if in Eq. (5.3.6) we substitute the valaep, we obtain

& = e&coxp+ iesinp (5.3.13)
= & 1)+ ieX0) (5.3.14)
- & (5.3.15)

The linez= p, for every value ok in the X-axis, is a line parallel to the X-axis.
The behavior of this line is that it will map as the oppositetlod common real
exponential function, but on the imaginary plahe ip since all the values afare
imaginary numbers. All the points in this line will be compleumbers of the form
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x+ ip, and ultimately, transcomplex numbers of the fapmO; 2).

Finally, since the exponential function is periodic, thare in nitely many ex-
ponential trumpets, but each exponential trumpet is linkethe next one by the
mappings at the points= ikp, fork=0; 1, 2::..

Fig. 15. The mapping of the domain mentioned
and shown in Fig. 14 at left. The many trumpets
Fig. 14. The top view of many complex trumpetsthat this domain generate are shown
generated by virtue of the exponential function superimposed one over the other. The trumpets

periodicity. At the same same we see how are not supposed be superimposed, but to coexist
extended the domain is for this graph. The one near the other. There are three full trumpets,
domain —as in the beginning— is set to and a little more than a tenth of the fourth turn.

2 x 2, butthe extension along the imaginary Compare this gure with Fig. 11.
axisisnow resetto 10 z 10. In degrees,
this equivalent to 57296deg z 57296deg.
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N\

Fig. 16. A top view of a very small region of the Thjs tiny segment.. maps into this region of

positive side of theZ-axis, and its mapping into  of the {Z axis ... the transcomplex urface.
the transcomplex exponential function. The sub

region of the domain goes froin= 3:1 to
iz= 3:2 so that it contains the valiie= p. The
domain here was extended from# xtox 4.

Fig. 17. The same gure at left, but seen from a
lateral view.
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As this tiny region nears to
the value of = 3:1416:

This line is the map obtained
wheniz = 0. Itlies in the plane
z=0.

This line is the map of the tiny
region of the Z-axis in the closed
interval [31 <= z <= 3:2], but

it lies in the plane =

T

this region of the transcomplex map
Fig. 18. In this frontal view, it appears that the nears the opposite of the curye €.
transcomplex exponential function generates a

symmetric exponential curve in the XY-plane, bu
it is not so. The lower side of the symmetric
curve lies in the plan& = ip.

I:ig. 19. This axonometric view shows the
relation of the sub domain with its corresponding
transformation. But this region of the surface
belongs to the surface, except the map of the line
iZ = ip that lies in the plan& = ip.

http://4DLab.info



82 The Golden E-Book Of Graphs Of Mathematical Functions

Fig. 20. This is the same Fig. 19 whiar ip.

At the same time it is the same Fg. 5, but by Fig. 21. The real exponential function as we are
virtue of its periodicity, we shall keep in mind ~ &ccustomed to see it. Hee= 0. The Fig. 20 at

that the downward exponential graph occurs in left show§ that th? contrast betwge_n real and
theiz = Rp plane, and not in thiz= 0 plane as it exponential functions and the shift in domain

appears. values.

The complex exponential function —with all of its beauty aodprises— is just
a real number raised to a complex exponent, that is. The mdegaf this surface,
and the curves it generates on the special plahes0 andiZ = ip, arises out the
intrinsic properties of the real exponential function.
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Picture Mapping

Fig. 14. Picture of color
pencils to be used as the
domain of the transcomplex
exponential function.

Fig. 15. The picture of the color pencils transformed unter t
transcomplex exponential function for the rectangular dionshown
at left.
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Chapter 6

Conformal mappings

Introduction . In past paragraphs we saw that the transcomplex expohsuntia
face maps lines parallel to the iZ-axis into concentriclesgsee Fig. 7 to Fig. 10.
But this feature of mapping lines to circles can be exploitedur bene t; so we
are about to show a great property of the transcomplex exp@ahéunction.

First we make use of surface projection: this is like assgntivat the surface
is fully transparent, except for those circles that are tl@srof integer lines of the
domain, and that some kind of spot light is shining and engtparallel rays from
the positive side of the X-axis toward the iZY-plane.

Fig. 22. By virtue of the
projections, we can work
with surfaces as if we were
making transformations from
the complex iZ-plane to the
complex iY-plane. Here we
are selecting a few of the
circles shown in Fig. 12.

The circles on the complex surface can be
projected on the iZY-plane and they still
are circles.

Our next step is to take into consideration the propertyasfformal mapping
of some functions. Simply stated, conformal mapping refeas angles in a do-
main or range are preserved under a transformation. Luftkilys, the exponential
transformations is one of those functions that can be censiticonformal.
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Fig. 23. The property of
conformal transformation
applied to two intersecting
lines of the domain of the
exponential function. In the
left gure is shown a lineAB
parallel to the iZ-axis

intercepted by another line } b

ab. In the right gure, is |

shown the property of N\/<

conformality applied to this |

instance; at the point of A } B

intersection, anglea andb a }

in the domain and in the }

range are preserved. 3 0
iz
In the domain, a diagonal line Under the exponential trans-
abintersects the lin&B that formation, the line AB of the
is parallel to the iZ-axis mak- domain is transformed to an
ing an angle with it. arc AB% Angles and

are preserved.

An important feature of the complex exponential transfdromais that the cir-
clesin Fig. 22 are not only concentric: each one is of difieradius —and conse-
guently of different circumference— but each circle copa®d to unique parallel
lines of equal length.

aO
Fig. 24. How diagonal lines B’
of the domain of the
exponential function are
mapped into spirals on the
surface of the transcomplex
function. ©
a b ¢ d
dO
A domain for the exponential The spiralsa® b, ¢ and d
function where 3 'z 3 are the transformations of the
2 x 2,and 3divisions per  diagonal lines a, b, ¢, and d of
unit. the domain.
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Fig. 25. A straight line PQ : ‘ Q

that crosses two lines of the ‘ ]

domain at a constant angte j :

is transformed into a curved A j ‘\ B

P%QNine that intercepts the j :

orbits at a constant angte j ]

also. ‘ ]

c ‘ 3 D co po Sun

P

Two parallel lines of the do- Conformality implies that the
main intersected by a straight two arcs of circles must be in-
line PQ making a common tercepted by a curved lifeRQ°
angle with its normals. that makes the same angle

6.1 The spirals of the exponential function

If in Fig. 25 we extend the curved line%Q°we obtain a very particular curve: a
spiral.

Spirals that show the behavior of intersecting radial liwiits common origin
are called equiangular spirals. Equiangular spirals ang e@mmon in nature and
they show unique properties.

Now we arrive at a surprising result: the only curve that sessthe radii of a
set of concentric circles with constant angle, let's bais the equiangular spiral of
Descartes-Bernoulli, also called thpira mirabilis (the marvelous spiral), and also
called the logarithmic spiral.

Let us take a closer look at Fig. 25. We are plotting diagdnakl of the domain
into spirals on the surface of the transcomplex exponestidhce.
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Fig. 26. The line segment PQ
is mapped into the spiral
segmenPQ°

AC

The shortest distance be- With the exponential transfor-

tween the points P and Q is mation, the shortest distance

a straight line. between two parallel lines is
mapped as a segment of a spiral
between two concentric circles.

If within the transcomplex exponential domain the segmepti$the shortest
distance between the points P and Q, then the spiral seg?Rghnust also be the
shortest distance between the poiPsn the circumferencal, and the poin@®on
the circumferenc&®on the same exponential function range or co-domain.

The implications of the above assertions are fundamentahépossible phys-
ical applications they may have in modeling practical peofws.

Spirals are beautiful curves that can be found in many placesnd in the
nature: in sea shells, galaxies and hurricanes arms, etc.

A curious spiral, named by its relation to the Fibonacci narstand the golden
ration, is the one known as the golden spiral shown below.

Fig. 27. A spiral made of the
rst numbers of the Fibonacci
sequence. The Fibonacci
sequence is made of 0, 1, 1,
2,3,5,8,13, .... AFibonacci
spiral approximates the
golden spiral
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Fig. 28. Two views of the
logarithmic spiral shell of the
Nautilus pompilius.

From Fig. 25 we can deduce a couple of assertions:

 Since there are no restrictions to the angléhen every diagonal line of a
domain of the complex exponential function always map inspigal.

» For the very special cases bf= 0 where lines parallel to the X-axis are
transformed into lines again, or the casebef 5§ where lines perpendicular
to the X-axis are transformed into circles, we can say spatals are the
curves between the straight lines and the circles

Contrary to the rst statement that is a purely geometricaiva¢ion, the second
one is an aesthetical appreciation, but all mathematidsastahat.

The exponential function is full of unusual properties like ones already men-
tioned. In the eld of real and complex analysis can be fouraterof them.

6.2 Spiral pairs

We have seen how parallel lines in a rectangular grid of a dowfathe complex

exponential function is transformed into either lines agaircles, or spirals. But a
another implication of this behavior occurs when we deahwito lines simultane-
ously, specially when the lines are mutually orthogonal.
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Fig. 29. Another beautiful A NS
property of the complex

exponential function: the
mutually orthogonal spirals.  p

Two oblique perpendicular lines..must be transformed into
P and Q of the domain ... two mutually orthogonal spirals
P%andQ°

Revisiting Fig. 29 we can arrive at the following assertiguiras are generated
by the exponential function no matter the orientation oflthe of the domain that
generate them, so any two nonparallel nor nonperpenditinks of the domain
will generate a corresponding pair of spirals no matter bpesof the lines.

In the particular case of mutually perpendicular but ol#idjnes in the domain
the resulting spirals maps must also be mutually orthogasat Fig. 30.

Fig. 30. Animage
manipulation of Fig. 24 to
show sets of mutually
orthogonal spirals. As more
and more subdivisions per
unit are taken into account,
the spirals become smoother
and their orthogonality is
more easily appreciated.

The spiral A is intercepted orthog-
onally by the spirals B and C.

The gure shows how the clockwise spirAl(measuring from the center out-
wards) is intercepted by the two counterclockwise spiBadsdC.
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Fig. 31. The sun ower is a
good example of spiral pairs.
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Chapter 7

An application to interplanetary
journeys

Introduction . We now use the transcomplex exponential function to expior
possible application to the problem of orbital movemenpgcscally, to nd the
path of a spacecraft traveling between two moving planigestthe Earth and Mars.

7.1 Some assumptions

In order to use the properties of the transcomplex expoaldntiction we make the
following assumptions for the two orbits of the planets unctnsideration:

1. The rst assumption is that the orbits of the planets areutar. Although
the orbits of the planets are elliptical in natuggpsso modpthey are so
nearly circular that we can assume that they are perfeattylar, therefore,
the foci of the ellipses are now merged into a single cenker,center of
the circles, which is the Sun. All the planets orbits now leeccircular
concentric circles.

2. We will also assume that the orbits we are to consider aeaplanar with
the Sun. When we dealt with the concentric circles of the egpbal func-
tion, each one of them was laying on a separate plane along-thés. To
work with coplanar orbits we will assume we are working wthik projection
of the exponential surface on the iZY-plane.

3. A spacecraft traveling between orbits is not signi cguaffected by the grav-
ity of any other object.
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The orbit of Mars and the orbit the Earth can then be handlé&@asformations
of parallel lines of the domain of the complex exponentialdtion; this because
we have seen that parallel lines to the iZ-axis are mappeddolar paths on the
exponential surface.

Fig. 1. How are orbits of
planets and parallel lines on a
plane correlated. Of the three
circles depicted, we can
assume that biggest
corresponds to the orbits of
Mars, and the middle one
corresponds to the Earth; the
far one on the negative side of
the X-axis will not taken into
account. The straight line in
the domain that correspond to
the Earth's domain appears to
be longer than itis, but it is
thatiZ-axis is right over it.

This orbit of Mars ... ... and this orbit of the Earth

N

.. are the maps of some straight line par-
allel to theiZ -axis.

The orbital velocity of Mars and the orbital velocity of theufth are a little
different: 24.13 km/s for Mars and 29.78 km/s for the Earth.

Mars' sidereal year = 686.98 days.

Fig. 2. Even when Mars and 24.13 km/s (mean)

the Earth take different times A —O B
) : . . M

in completing their orbits, to

the effects of the domain in

the complex exponential

function, the linesAB andab . _
are of the same length. - Earth's sidereal year = ,3,55,-,2,5,‘§1ay5-

29.78 km/s (mean)
a E b

At a given time, the planets are in dif-
ferent positions and take di erent times
in completing their orbits.
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7.2 The bene ts of one-to-one mappings

How can the lines in the domain be of the same length if thdesron the surface
are of different radius and circumferences, and differélital velocities? How can
the orbital trajectory of Mars that takes 686.98 Earth daysthe orbital trajectory
of the Earth that takes 365.3 days be represented by lineswe# fngth?

The answer to these questions is in the property of one-¢ofbrl) mappings
of some functions. When we are capable of doing a 1-1 correlgyme between
a domain and a range of numbers, then it is useless to talkt amguset being
greater or shorter than the other. For example, there arsatime quantity of real
numbers in the interval from O to 1 as there are real numbetseimterval from O
to 3. To see why this is so, take any number in the “shortegriral and multiply
it by 3; the "small' number can now be mapped to a bigger onénén longer
interval. Conversely, take any real number in the “longegrnval and divide it by
3, there will always be a real in the 0 to 1 that can accommadtiateew result. The
following gure illustrates the argument:

Fig. 3. One-to-one mappings

assign unique numbers from

a domain to a range, and vice

versa. Any numbea on the

interval [0,1] can be uniquely

mapped with a unique

numberalin the interval .

[0,3] and vice versa, any a - L

wio

numberb in the interval [0,3] o Y1
can be uniquely mapped with '
another numben®in the
interval [1,0].
- V’ \
0 a’=3a b 3

One-to-one mappings illustrated.

When we deal with 1-1 mappings, the concepts of “length’, nteincand "big-
ger' are lost opening the doors to the more general —and me@se— concept
of uniqueness of correspondence.
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7.3 The journey of the Mariner 4

To test how useful is the exponential function in “predigtihe journey of a space-
craft traveling from Earth to Mars, we take real data fromtgagnts to make the
necessary computations.

Fig. 4. A photo of the
Mariner 4 (NASA).

The essential data from the Mariner 4 spacecraft is that & l@anched by
NASA on November 28, 1964 and that it ew past Mars on July 1969. This
makes approximately a 229 days of space travel, includiegthval day.

7.4 The spiral path between Earth and Mars

A straight path from Earth to Mars is impossible because Malike any other
planet— is continuously moving. So some kind of curve musfotiewed by the
spacecraft. By adopting the exponential function to modeMariner 4 trajectory,
we are inevitably assuming a spiraled path among both HaMaybe this was not
the true trajectory of the Mariner because there are marspatfollow at a given
date. Only NASA knows for sure the true trajectory of the Marj so we must
keep in mind that our attempt is just an unpretentious egemgsing simple math.
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Fig. 5. To compute the time
needed to reach Mars from
Earth via a spiral path, we
need only to know the
following data:

* (1) the angular

separation between Mars' position at Earth's position at
the planets at launch Mariner 4 launch date Mariner 4 launch date:
date, » November 28, 1964

- - <

* (2) the separation of
the orbits in e (3)
astronomical units, :

* (3) the mean
spacecraft velocity
through space.

This time added to the the
launch date gives the arrival
date.

e's
®

58.3 degreés
sun 2 :

.
,
/
/
/
/

/

'

I
i
I
I
| /
\

'

v

\

X :
\
N :
{ :

Mars' position at
Mariner 4 yby date
on July 24, 1965

Figure 5 above and gure 6 next are intrinsically related:thboepresent the
same same orbits of the same planets at the same dates armdnénser-orbital
path of a spacecraft traveling between them. The sfi€bf Fig. 5 is the same
straight linesqof gure 6; or in other words, the straight lirggin the domain of
the exponential function is the one that gives origin to thei@hgular spiraBQin
the planar projection of the transcomplex surface.
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Fig. 6. Here we are using the
domain of the complex
exponential function to map
the circles of the
transcomplex surface back to
parallel lines.

The lineAA’represents the

orbit of Mars and the lin@a’

represents the orbit the Earth.

The trajectory from point§ ‘ ‘ ‘
andQ between the orbital A @ M 4 Al

,,,,,,,,,,,,,,,,,, 4—@,,,,,,,,,,,,,,,,,,,,,_ e
circumferences of Fig. 5 is j ]
mapped back as the diagonal ‘ ‘ ]
line sqthat intercepts the two D E— 4 ] S
straight lines sq= (st)2+(t9)? (2) @ : <
‘ ‘ ‘ <t
The length of the spiral path ‘ ; E Lo
between the pointd andQ a . (3)<—o ,,,,, a0 O
in the orbits in Fig. 5 is found ; -t < S
using back-mapping as a ; i S ‘
simple application of the 3 3 - j
Pythagorean theorem in the Q- j
trianglesqt o} ]
Qo )
5 I s
2 B =
@ =z 4 |-
=583 degreés
2
The Sun

The Sun-Earth-Mars system represented as a rectan-
gular domain.

Since in the exponential mapping the orbits are circularthay close on itself,

the pointsa anda of the Earth's orbit are the same. For the poiAtandA°of the
orbit of Mars, the behavior is identical.

7.5 What ever happened
to the planet's orbital velocity?

A close look at Fig. 6 will reveal that something is missingnir Fig. 5: the Mars'
and the Earth's orbital velocities.
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We don't need to take the orbital velocity of the planets uraiscussion be-
cause of Kepler's third law or planetary movement becaussehvelocities are
implicit in the mean orbit radius of each planet —for any gawould add Kepler.

Simply stated, the third law of Kepler says that the orbitdbeity of a planet is
proportional to the planet's distance to the Sun. The faréhglanet is, the slower
it will move, and on the contrary, the nearer a planet is taSbm, the faster it will
move around it. Kepler's third law what says is that this iscomcidence: Mars is
slower because it is beyond the Earth in the planetary akgmm

So, if Mars moves around the Sun at 24.13 km/s is not by chédinisehecause
it is orbiting at the distance from the Sun it is right now. &amwith the planet Earth
that is traveling around the Sun at 29.78 km/s.

The law goes like this: The squares of the sidereal periodbeoplanets are
proportional to the cubes of their semimajor axes, or simegjithe square of the
orbital period (the time to complete one orbit) of a plangtrigportional to the cube
of its average distance from the sun.

If we use the earth-sun distance, about 150 million km (f¢balastronomical
unit, AU), as our unit of distance and if we use the earth'statiperiod (one year)
as our unit of time, Kepler's third law can be written as
2 =

p’= a (7.5.1)

wherep is the orbital period in earth years aads the average planet-sun distance
in AU.

Planet  Orbital period  Average distance  Raifea®

in Earth yearsf) to Sunin AU @)
Earth 1.00 1.00 1.00/1.00 =1.00
Mars 1.88 1.54 3.53/3.65=0.97

See how that when we substitute the numeric data, the patia® is very near
from one planet to anther. We are using here the Mars and Hat#only, but the
law is true for every planet orbit and distance.

7.6 The Mariner 4 journey in days

To compute the travel time using the exponential functioralge need to know the
angular position of Mars in relation to the planet Earth omlunching date. The
central angle —taking the Sun as the vertex— of the Mars antth Ba November
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28, 1964, that is, the separation anglevas of 58.3 degreés

We will later take into account the mean velocity of the Marid in its travel
to Mars.

We hope to arrive to a result very near to the 229 days of thendad journey
using the exponential transcomplex mapping.

One AU (Astronomical Unit) is the average Earth-to-Sunatise. This distance
is approximately 149,600,000 km, usually rounded to 150,@0Q0 km.

The mean Earth orbit circumference is the mean Sun-to-Ehstance times
2p. The average distance is 1 AU, so the circumference is abo@plAU. This is
the pathad’in Fig. 6.

Thereforeaal= 2p AU.

For the segmerdt we have use this simple proportion:

583 st
therefore,
583 2p

That is,st= 1:01 AU.

For the segment we have thatq= 1:54 1= 0:54 AU.

Recall thatst is a variable that depends on the planet's positions at langc
date; on the other handj is a constant since the orbits separation is always the
same.

The distanceqin the same diagram of Fig. 6 is calculated using the Pytlesgor
triangle equation:

q q
sg= (st)2+(tq)2= (:01)2+(0:54)2 (7.6.3)
- P Lo 029= " 231 (7.6.4)
= 1:52 (7.6.5)

The distancesq= 2:1 AU, but 2.1 AU = 2.1 149,600,000 km = 314,160,000
km.

That is, the Mariner 4 could have traveled 1.52 AU if it follesva spiraled
journey to Mars. If this was the case or not, | do not know, msugpositions were
made here.

1This angle value was obtained using Orrery, the programioweed in the Credits.
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In order to compute how many days that voyage could take wd teeknow
the Mariner's average velocity through space. We use herenihimum velocity
that the Mariner 4 needed to escape the Earth gravitationance to become an
independent body traveling in its own. That minimum velpeitcalled the escape
velocity— is different for each planet, but for the case af flanet Earth, the
escape velocity is 11.2 km/s. Since we are using seconds rais @f measure we
also compute that amount of seconds in one day is 60 x 60 x 24408&econds
per day.

Therefore, at 11.2 km/s, in one day, the Mariner should haxeted 86,400
11.2 = 967,680 km/day.

Since the computed distance to travel was of 314,160,00@Hen the Mariner 4
should had needed 3;11460,000=967,680= 324:6 days.

7.7 Final comments

When judging the result obtained —324 computed days vergusti 229 days—
the reader should keep in mind that

* (1) there are many ways of launching a spacecraft from obi toranother:
we discussed only the spiral orbit where the probe followsrestant traveling
angle

* (2) the Mariner 4 was launched on a very special occasiomwihe plan-
ets orbits were favorable to the NASAs designed trajectovigen a spiral
trajectory is used the launching date is of less importance

* (3) we assumed no other traveling velocity beyond the esgalocity of the
Earth, but the Mariner may have had other boosting forcesdbiald had
increased the traveling velocity considerably with the eféct of reducing
the journey time.
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