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Preface

IN ISSUING THIS VOLUMEof my Mathematical Puzzles, of which some
have appeared in periodicals and others are given here for the �rst

time, I must acknowledge the encouragement that I have received from
many unknown correspondents, at home and abroad, who have expressed
a desire to have the problems in a collected form, with some ofthe so-
lutions given at greater length than is possible in magazines and news-
papers. Though I have included a few old puzzles that have interested
the world for generations, where I felt that there was something new to
be said about them, the problems are in the main original. It is true that
some of these have become widely known through the press, andit is
possible that the reader may be glad to know their source.

On the question of Mathematical Puzzles in general there is,perhaps,
little more to be said than I have written elsewhere. The history of the
subject entails nothing short of the actual story of the beginnings and
development of exact thinking in man. The historian must start from the
time when man �rst succeeded in counting his ten �ngers and individing
an apple into two approximately equal parts. Every puzzle that is worthy
of consideration can be referred to mathematics and logic. Every man,
woman, and child who tries to “reason out” the answer to the simplest
puzzle is working, though not of necessity consciously, on mathematical
lines. Even those puzzles that we have no way of attacking except by
haphazard attempts can be brought under a method of what has been
called “glori�ed trial” —a system of shortening our laboursby avoiding
or eliminating what our reason tells us is useless. It is, in fact, not easy
to say sometimes where the “empirical” begins and where it ends.

When a man says, “I have never solved a puzzle in my life,” it is dif�cult
to know exactly what he means, for every intelligent individual is doing
it every day. The unfortunate inmates of our lunatic asylumsare sent
there expressly because they cannot solve puzzles-becausethey have
lost their powers of reason. If there were no puzzles to solve, there
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2 SELECTED PUZZLES

would be no questions to ask; and if there were no questions tobe asked,
what a world it would be! We should all be equally omniscient,and
conversation would be useless and idle.

It is possible that some few exceedingly sober-minded mathematicians,
who are impatient of any terminology in their favourite science but the
academic, and who object to the elusivex andy appearing under any
other names, will have wished that various problems had beenpresented
in a less popular dress and introduced with a less �ippant phraseology.
I can only refer them to the �rst word of my title and remind them that
we are primarily out to be amused-not, it is true, without some hope of
picking up morsels of knowledge by the way. If the manner is light, I
can only say, in the words of Touchstone, that it is “an ill-favoured thing,
sir, but my own; a poor humour of mine, sir.”

As for the question of dif�culty, some of the puzzles, especially in the
Arithmetical and Algebraical category, are quite easy. Yetsome of those
examples that look the simplest should not be passed over without a little
consideration, for now and again it will be found that there is some more
or less subtle pitfall or trap into which the reader may be aptto fall. It
is good exercise to cultivate the habit of being very wary over the exact
wording of a puzzle. It teaches exactitude and caution. But some of the
problems are very hard nuts indeed, and not unworthy of the attention
of the advanced mathematician. Readers will doubtless select according
to their individual tastes.

In many cases only the mere answers are given. This leaves thebegin-
ner something to do on his own behalf in working out the methodof
solution, and saves space that would be wasted from the pointof view
of the advanced student. On the other hand, in particular cases where
it seemed likely to interest, I have given rather extensive solutions and
treated problems in a general manner. It will often be found that the
notes on one problem will serve to elucidate a good many others in the
book; so that the reader's dif�culties will sometimes be found cleared up
as he advances. Where it is possible to say a thing in a manner that may
be “understanded of the people” generally, I prefer to use this simple
phraseology, and so engage the attention and interest of a larger public.
The mathematician will in such cases have no dif�culty in expressing
the matter under consideration in terms of his familiar symbols.

I have taken the greatest care in reading the proofs, and trust that any
errors that may have crept in are very few. If any such should occur, I
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Preface 3

can only plead, in the words of Horace, that “good Homer sometimes
nods,” or, as the bishop put it, “Not even the youngest curatein my
diocese is infallible.”

I have to express my thanks in particular to the proprietors of The Strand
Magazine, Cassell's Magazine, The Queen, Tit-Bits, and The Weekly
Dispatchfor their courtesy in allowing me to reprint some of the puzzles
that have appeared in their pages.

THE AUTHORS' CLUB
March 25, 1917

http://4DLab.info
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Arithmetical And Algebraic
Problems

Money Puzzles

“Put not your trust in money, but put your money in trust.”
Oliver Wendell Holmes

Chinese Money
The Chinese are a curious people,
and have strange inverted ways of
doing things. It is said that they
use a saw with an upward pres-
sure instead of a downward one,
that they plane a deal board by
pulling the tool toward them instead of pushing it, and that in building a
house they �rst construct the roof and, having raised that into position,
proceed to work downwards. In money the currency of the country con-
sists of taels of �uctuating value. The tael became thinner and thinner
until 2,000 of them piled together made less than three inches in height.
The common cash consists of brass coins of varying thicknesses, with a
round, square, or triangular hole in the centre, as in our illustration.

These are strung on wires like buttons. Supposing that eleven coins
with round holes are worth �fteen ching-changs, that elevenwith square
holes are worth sixteen ching-changs, and that eleven with triangular
holes are worth seventeen ching-changs, how can a Chinaman give me
change for half a crown, using no coins other than the three mentioned?
A ching-chang is worth exactly twopence and four-�fteenthsof a ching-
chang.
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6 SELECTED PUZZLES

Clock Puzzles

Changing Places

The above clock face indicates a
little before 42 minutes past 4.
The hands will again point at ex-
actly the same spots a little after
23 minutes past 8. In fact, the
hands will have changed places.
How many times do the hands
of a clock change places between
three o'clock p.m. and midnight?
And out of all the pairs of times
indicated by these changes, what
is the exact time when the minute
hand will be nearest to the point
IX?

The Club Clock

One of the big clocks in the Cog-
itators' Club was found the other
night to have stopped just when,
as will be seen in the illustra-
tion, the second hand was ex-
actly midway between the other
two hands. One of the members
proposed to some of his friends
that they should tell him the exact
time when (if the clock had not
stopped) the second hand would
next again have been midway be-
tween the minute hand and the hour hand. Can you �nd the correcttime
that it would happen?

http://4DLab.info



Arithmetical And Algebraic Problems 7

The Stop Watch

We have here a stop-watch with
three hands. The second hand,
which travels once round the face
in a minute, is the one with the
little ring at its end near the cen-
tre. Our dial indicates the ex-
act time when its owner stopped
the watch. You will notice that
the three hands are nearly equidis-
tant. The hour and minute hands
point to spots that are exactly a
third of the circumference apart,
but the second hand is a little too
advanced. An exact equidistance
for the three hands is not possible.
Now, we want to know what the
time will be when the three hands are next at exactly the same distances
as shown from one another. Can you state the time?

http://4DLab.info
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Geometrical problems

Dissection Puzzles

“Take him and cut him out in little stars.”
Romeo and Juliet, iii. 2.

Puzzles have in�nite variety, but perhaps there is no class more ancient
than dissection, cutting-out, or superposition puzzles. They were cer-
tainly known to the Chinese several thousand years before theChristian
era. And they are just as fascinating to-day as they can have been at any
period of their history. It is supposed by those who have investigated
the matter that the ancient Chinese philosophers used these puzzles as
a sort of kindergarten method of imparting the principles ofgeometry.
Whether this was so or not, it is certain that all good dissection puzzles
(for the nursery type of jig-saw puzzle, which merely consists in cutting
up a picture into pieces to be put together again, is not worthy of seri-
ous consideration) are really based on geometrical laws. This statement
need not, however, frighten off the novice, for it means little more than
this, that geometry will give us the “reason why,” if we are interested
in knowing it, though the solutions may often be discovered by any in-
telligent person after the exercise of patience, ingenuity, and common
sagacity.

If we want to cut one plane �gure into parts that by readjustment will
form another �gure, the �rst thing is to �nd a way of doing it atall,
and then to discover how to do it in the fewest possible pieces. Often a
dissection problem is quite easy apart from this limitationof pieces. At
the time of the publication in theWeekly Dispatch, in 1902, of a method
of cutting an equilateral triangle into four parts that willform a square
(see No. 26, “Canterbury Puzzles”), no geometrician would have had
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10 SELECTED PUZZLES

any dif�culty in doing what is required in �ve pieces: the whole point
of the discovery lay in performing the little feat in four pieces only.

Mere approximations in the case of these problems are valueless; the
solution must be geometrically exact, or it is not a solutionat all. Fal-
lacies are cropping up now and again, and I shall have occasion to refer
to one or two of these. They are interesting merely as fallacies. But
I want to say something on two little points that are always arising in
cutting-out puzzles-the questions of “hanging by a thread”and “turning
over.” These points can best be illustrated by a puzzle that is frequently
to be found in the old books, but invariably with a false solution.

The puzzle is to cut the �gure
shown in Fig. 1 into three pieces
that will �t together and form
a half-square triangle. The an-
swer that is invariably given is
that shown in Figs. 1 and 2.
Now, it is claimed that the four
pieces marked C are really only
one piece, because they may be so cut that they are left “hanging to-
gether by a mere thread.” But no serious puzzle lover will everadmit
this. If the cut is made so as to leave the four pieces joined inone, then
it cannot result in a perfectly exact solution. If, on the other hand, the
solution is to be exact, then there will be four pieces-or sixpieces in all.
It is, therefore, not a solution in three pieces.

If, however, the reader will look
at the solution in Figs. 3 and 4, he
will see that no such fault can be
found with it. There is no ques-
tion whatever that there are three
pieces, and the solution is in this
respect quite satisfactory. But an-
other question arises. It will be
found on inspection that the piece marked F, in Fig. 3, is turned over
in Fig. 4–that is to say, a different side has necessarily to be presented.
If the puzzle were merely to be cut out of cardboard or wood, there
might be no objection to this reversal, but it is quite possible that the
material would not admit of being reversed. There might be a pattern,
a polish, a difference of texture, that prevents it. But it is generally un-
derstood that in dissection puzzles you are allowed to turn pieces over

http://4DLab.info



Geometrical Problems 11

unless it is distinctly stated that you may not do so. And veryoften a
puzzle is greatly improved by the added condition, “no piecemay be
turned over.” I have often made puzzles, too, in which the diagram has
a small repeated pattern, and the pieces have then so to be cutthat not
only is there no turning over, but the pattern has to be matched, which
cannot be done if the pieces are turned round, even with the proper side
uppermost.

Before presenting a varied series of cutting-out puzzles, some very easy
and others dif�cult, I propose to consider one family alone–those prob-
lems involving what is known as the Greek cross with the square. This
will exhibit a great variety of curious transpositions, and, by having the
solutions as we go along, the reader will be saved the troubleof perpet-
ually turning to another part of the book, and will have everything under
his eye. It is hoped that in this way the article may prove somewhat
instructive to the novice and interesting to others.

Greek Cross Puzzles

“To fret thy soul with crosses.”
Spenser.

“But, for my part, it was Greek to me.”
Julius Cæsar, i. 2.

Fig. 5.

Many people are accustomed to
consider the cross as a wholly
Christian symbol. This is erro-
neous: it is of very great antiq-
uity. The ancient Egyptians em-
ployed it as a sacred symbol, and
on Greek sculptures we �nd rep-
resentations of a cake (the sup-
posed real origin of our hot cross
buns) bearing a cross. Two such
cakes were discovered at Hercula-
neum. Cecrops offered to Jupiter
Olympus a sacred cake or boun of
this kind. The cross and ball, so frequently found on Egyptian �gures,
is a circle and the tau cross. The circle signi�ed the eternalpreserver of

http://4DLab.info



12 SELECTED PUZZLES

the world, and the T, named from the Greek letter tau, is the monogram
of Thoth, the Egyptian Mercury, meaning wisdom. This tau cross is also
called by Christians the cross of St. Anthony, and is borne on abadge
in the bishop's palace at Exeter. As for the Greek or mundane cross, the
cross with four equal arms, we are told by competent antiquaries that it
was regarded by ancient occultists for thousands of years asa sign of the
dual forces of Nature–the male and female spirit of everything that was
everlasting.

The Greek cross, as shown in Fig.
5, is formed by the assembling to-
gether of �ve equal squares. We
will start with what is known
as the Hindu problem, supposed
to be upwards of three thousand
years old. It appears in the seal
of Harvard College, and is often
given in old works as symbolical
of mathematical science and exactitude. Cut the cross into �ve pieces to
form a square. Figs. 6 and 7 show how this is done. It was not until the
middle of the nineteenth century that we found that the crossmight be
transformed into a square in only four pieces. Figs. 8 and 9 will show
how to do it, if we further require the four pieces to be all of the same
size and shape. This Fig. 9 is remarkable because, accordingto Dr.
Le Plongeon and others, as expounded in a work by Professor Wilson
of the Smithsonian Institute, here we have the great Swastika, or sign,
of “good luck to you ” –the most ancient symbol of the human race of
which there is any record.

Professor Wilson's work gives
some four hundred illustrations
of this curious sign as found in
the Aztec mounds of Mexico, the
pyramids of Egypt, the ruins of
Troy, and the ancient lore of India
and China. One might almost say
there is a curious af�nity between
the Greek cross and Swastika! If,
however, we require that the four pieces shall be produced byonly two
clips of the scissors (assuming the puzzle is in paper form),then we must
cut as in Fig. 10 to form Fig. 11, the �rst clip of the scissors being from

http://4DLab.info



Geometrical Problems 13

a to b. Of course folding the paper, or holding the pieces together after
the �rst cut, would not in this case be allowed. But there is an in�nite
number of different ways of making the cuts to solve the puzzle in four
pieces. To this point I propose to return.

It will be seen that every one
of these puzzles has its reverse
puzzle–to cut a square into pieces
to form a Greek cross. But as a
square has not so many angles as
the cross, it is not always equally
easy to discover the true direc-
tions of the cuts. Yet in the case
of the examples given, I will leave
the reader to determine their direction for himself, as theyare rather ob-
vious from the diagrams.

Cut a square into �ve pieces that
will form two separate Greek
crosses ofdifferent sizes. This is
quite an easy puzzle. As will be
seen in Fig. 12, we have only
to divide our square into 25 lit-
tle squares and then cut as shown.
The cross A is cut out entire, and
the pieces B, C, D, and E form the larger cross in Fig. 13. The reader
may here like to cut the single piece, B, into four pieces all similar in
shape to itself, and form a cross with them in the manner shownin Fig.
13. I hardly need give the solution.

Cut a square into �ve pieces that
will form two separate Greek
crosses of exactly thesame size.
This is more dif�cult. We make
the cuts as in Fig. 14, where the
cross A comes out entire and the
other four pieces form the cross in
Fig. 15. The direction of the cuts
is pretty obvious. It will be seen that the sides of the squarein Fig. 14
are marked off into six equal parts. The sides of the cross arefound by
ruling lines from certain of these points to others.

http://4DLab.info



14 SELECTED PUZZLES

I will now explain, as I promised, why a Greek cross may be cut into
four pieces in an in�nite number of different ways to make a square.
Draw a cross, as in Fig. 16. Then draw on transparent paper thesquare
shown in Fig. 17, taking care that the distance c to d is exactly the
same as the distance a to b in the cross. Now place the transparent
paper over the cross and slide it about into different positions, only be
very careful always to keep the square at the same angle to thecross
as shown, where a b is parallel to c d. If you place the point c exactly
over a the lines will indicate the solution (Figs. 10 and 11).If you
place c in the very centre of the dotted square, it will give the solution
in Figs. 8 and 9. You will now see that by sliding the square about
so that the point c is always within the dotted square you may get as
many different solutions as you like; because, since an in�nite number
of different points may theoretically be placed within thissquare, there
must be an in�nite number of different solutions. But the point c need
not necessarily be placed within the dotted square. It may beplaced, for
example, at point e to give a solution in four pieces. Here thejoins at a
and f may be as slender as you like. Yet if you once get over the edge
at a or f you no longer have a solution in four pieces. This proof will
be found both entertaining and instructive. If you do not happen to have
any transparent paper at hand, any thin paper will of course do if you
hold the two sheets against a pane of glass in the window.

It may have been noticed from
the solutions of the puzzles that
I have given that the side of the
square formed from the cross is
always equal to the distance a to
b in Fig. 16. This must necessar-
ily be so, and I will presently try
to make the point quite clear.

We will now go one step further.
I have already said that the ideal
solution to a cutting-out puzzle is always that which requires the fewest
possible pieces. We have just seen that two crosses of the same size may
be cut out of a square in �ve pieces. The reader who succeeded in solv-
ing this perhaps asked himself: “Can it be done in fewer pieces?” This
is just the sort of question that the true puzzle lover is always asking,
and it is the right attitude for him to adopt. The answer to thequestion is
that the puzzle may be solved in four pieces–the fewest possible. This,

http://4DLab.info



Geometrical Problems 15

then, is a new puzzle. Cut a square into four pieces that will form two
Greek crosses of the same size.

The solution is very beautiful. If
you divide by points the sides of
the square into three equal parts,
the directions of the lines in Fig.
18 will be quite obvious. If you
cut along these lines, the pieces A
and B will form the cross in Fig.
19 and the pieces C and D the similar cross in Fig. 20. In this square we
have another form of Swastika.

The reader will here appreciate the truth of my remark to the effect that
it is easier to �nd the directions of the cuts when transforming a cross to
a square than when converting a square into a cross. Thus, in Figs. 6, 8,
and 10 the directions of the cuts are more obvious than in Fig.14, where
we had �rst to divide the sides of the square into six equal parts, and in
Fig. 18, where we divide them into three equal parts. Then, supposing
you were required to cut two equal Greek crosses, each into two pieces,
to form a square, a glance at Figs. 19 and 20 will show how absurdly
more easy this is than the reverse puzzle of cutting the square to make
two crosses.

Referring to my remarks on “fallacies,” I will now give a little exam-
ple of these “solutions” that are not solutions. Some years ago a young
correspondent sent me what he evidently thought was a brilliant new
discovery–the transforming of a square into a Greek cross infour pieces
by cuts all parallel to the sides of the square. I give his attempt in Figs.
21 and 22, where it will be seen that the four pieces do not forma sym-
metrical Greek cross, because the four arms are not really squares but
oblongs. To make it a true Greek cross we should require the additions
that I have indicated with dotted lines. Of course his solution produces
a cross, but it is not the symmetrical Greek variety requiredby the con-
ditions of the puzzle. My young friend thought his attempt was “near
enough” to be correct; but if he bought a penny apple with a sixpence
he probably would not have thought it “near enough” if he had been
given only fourpence change. As the reader advances he will realize the
importance of this question of exactitude.

http://4DLab.info



16 SELECTED PUZZLES

In these cutting-out puzzles it is
necessary not only to get the di-
rections of the cutting lines as cor-
rect as possible, but to remember
that these lines have no width. If
after cutting up one of the crosses
in a manner indicated in these ar-
ticles you �nd that the pieces do
not exactly �t to form a square,
you may be certain that the fault is entirely your own. Eitheryour cross
was not exactly drawn, or your cuts were not made quite in the right
directions, or (if you used wood and a fret–saw) your saw was not suf-
�ciently �ne. If you cut out the puzzles in paper with scissors, or in
cardboard with a penknife, no material is lost; but with a saw, however
�ne, there is a certain loss. In the case of most puzzles this slight loss is
not suf�cient to be appreciable, if the puzzle is cut out on a large scale,
but there have been instances where I have found it desirableto draw and
cut out each part separately–not from one diagram–in order to produce
a perfect result.
Now for another puzzle. If you
have cut out the �ve pieces indi-
cated in Fig. 14, you will �nd that
these can be put together so as to
form the curious cross shown in
Fig. 23. So if I asked you to cut
Fig. 24 into �ve pieces to form ei-
ther a square or two equal Greek
crosses you would know how to do it. You would make the cuts as in
Fig. 23, and place them together as in Figs. 14 and 15. But I wantsome-
thing better than that, and it is this. Cut Fig. 24 into only four pieces
that will �t together and form a square.

The solution to the puzzle is
shown in Figs. 25 and 26. The di-
rection of the cut dividing A and
C in the �rst diagram is very ob-
vious, and the second cut is made
at right angles to it. That the
four pieces should �t together and
form a square will surprise the
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Geometrical Problems 17

novice, who will do well to study the puzzle with some care, asit is
most instructive.

I will now explain the beautiful rule by which we determine the size of a
square that shall have the same area as a Greek cross, for it isapplicable,
and necessary, to the solution of almost every dissection puzzle that we
meet with. It was �rst discovered by the philosopher Pythagoras, who
died 500 B.C., and is the 47th proposition of Euclid. The young reader
who knows nothing of the elements of geometry will get some idea of
the fascinating character of that science. The triangle ABC in Fig. 27
is what we call a right-angled triangle, because the side BC isat right
angles to the side AB. Now if we build up a square on each side of the
triangle, the squares on AB and BC will together be exactly equal to
the square on the long side AC, which we call the hypotenuse. This is
proved in the case I have given by subdividing the three squares into
cells of equal dimensions.

It will be seen that 9 added to 16
equals 25, the number of cells in
the large square. If you make tri-
angles with the sides 5, 12 and
13, or with 8, 15 and 17, you will
get similar arithmetical proofs,
for these are all “rational” right-
angled triangles, but the law is
equally true for all cases. Supposing we cut off the lower armof a
Greek cross and place it to the left of the upper arm, as in Fig.28, then
the square on EF added to the square on DE exactly equals a square on
DF. Therefore we know that the square of DF will contain the same area
as the cross. This fact we have proved practically by the solutions of the
earlier puzzles of this series. But whatever length we give toDE and EF,
we can never give the exact length of DF in numbers, because the tri-
angle is not a “rational' one. But the law is none the less geometrically
true.

http://4DLab.info



18 SELECTED PUZZLES

Now look at Fig. 29, and you will
see an elegant method for cutting
a piece of wood of the shape of
two squares (of any relative di-
mensions) into three pieces that
will �t together and form a single
square. If you mark off the dis-
tanceab equal to the sidecd the
directions of the cuts are very evident. From what we have just been
considering, you will at once see whybc must be the length of the side
of the new square. Make the experiment as often as you like, taking
different relative proportions for the two squares, and youwill �nd the
rule always come true. If you make the two squares of exactly the same
size, you will see that the diagonal of any square is always the side of a
square that is twice the size. All this, which is so simple that anybody
can understand it, is very essential to the solving of cutting-out puzzles.
It is in fact the key to most of them. And it is all so beautiful that it
seems a pity that it should not be familiar to everybody.
We will now go one step fur-
ther and deal with the half-square.
Take a square and cut it in half
diagonally. Now try to discover
how to cut this triangle into four
pieces that will form a Greek
cross. The solution is shown in
Figs. 31 and 32. In this case it
will be seen that we divide two of
the sides of the triangle into three equal parts and the long side into four
equal parts. Then the direction of the cuts will be easily found. It is a
pretty puzzle, and a little more dif�cult than some of the others that I
have given. It should be noted again that it would have been much eas-
ier to locate the cuts in the reverse puzzle of cutting the cross to form a
half-square triangle.
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Another ideal that the puzzle
maker always keeps in mind is to
contrive that there shall, if pos-
sible, be only one correct solu-
tion. Thus, in the case of the �rst
puzzle, if we only require that a
Greek cross shall be cut into four
pieces to form a square, there is,
as I have shown, an in�nite num-
ber of different solutions. It makes a better puzzle to add the condition
that all the four pieces shall be of the same size and shape, because it
can then be solved in only one way, as in Figs. 8 and 9. In this way, too,
a puzzle that is too easy to be interesting may be improved by such an
addition. Let us take an example. We have seen in Fig. 28 that Fig. 33
can be cut into two pieces to form a Greek cross. I suppose an intelligent
child would do it in �ve minutes. But suppose we say that the puzzle
has to be solved with a piece of wood that has a bad knot in the position
shown in Fig. 33–a knot that we must not attempt to cut through–then
a solution in two pieces is barred out, and it becomes a more interesting
puzzle to solve it in three pieces. I have shown in Figs. 33 and34 one
way of doing this, and it will be found entertaining to discover other
ways of doing it. Of course I could bar out all these other waysby in-
troducing more knots, and so reduce the puzzle to a single solution, but
it would then be overloaded with conditions.
And this brings us to another point in seeking the ideal. Do not over-
load your conditions, or you will make your puzzle too complex to be
interesting. The simpler the conditions of a puzzle are, thebetter. The
solution may be as complex and dif�cult as you like, or as happens, but
the conditions ought to be easily understood, or people willnot attempt
a solution.

If the reader were now asked “to cut a half-square into as few pieces as
possible to form a Greek cross,” he would probably produce our solu-
tion, Figs. 31-32, and con�dently claim that he had solved the puzzle
correctly. In this way he would be wrong, because it is not nowstated
that the square is to be divided diagonally. Although we should always
observe the exact conditions of a puzzle we must not read intoit condi-
tions that are not there. Many puzzles are based entirely on the tendency
that people have to do this.
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The very �rst essential in solving a puzzle is to be sure that you under-
stand the exact conditions. Now, if you divided your square in half so
as to produce Fig. 35 it is possible to cut it into as few as three pieces to
form a Greek cross. We thus save a piece.

I give another puzzle in Fig. 36.
The dotted lines are added merely
to show the correct proportions
of the �gure–a square of 25 cells
with the four corner cells cut out.
The puzzle is to cut this �gure
into �ve pieces that will form a
Greek cross (entire) and a square.

The solution to the �rst of the two
puzzles last given–to cut a rectangle of the shape of a half-square into
three pieces that will form a Greek cross–is shown in Figs. 37and 38.
It will be seen that we divide the long sides of the oblong intosix equal
parts and the short sides into three equal parts, in order to get the points
that will indicate the direction of the cuts. The reader should compare
this solution with some of the previous illustrations. He will see, for
example, that if we continue the cut that divides B and C in thecross,
we get Fig. 15.

The other puzzle, like the one il-
lustrated in Figs. 12 and 13, will
show how useful a little arith-
metic may sometimes prove to
be in the solution of dissection
puzzles. There are twenty-one
of those little square cells into
which our �gure is subdivided,
from which we have to form both
a square and a Greek cross. Now, as the cross is built up of �ve squares,
and 5 from 21 leaves 16–a square number–we ought easily to be led to
the solution shown in Fig. 39. It will be seen that the cross iscut out
entire, while the four remaining pieces form the square in Fig. 40.
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Of course a half-square rectangle
is the same as a double square,
or two equal squares joined to-
gether. Therefore, if you want
to solve the puzzle of cutting a
Greek cross into four pieces to
form two separate squares of the
same size, all you have to do is to
continue the short cut in Fig. 38 right across the cross, and you will
have four pieces of the same size and shape. Now divide Fig. 37into
two equal squares by a horizontal cut midway and you will see the four
pieces forming the two squares.
Cut a Greek cross into �ve
pieces that will form two separate
squares, one of which shall con-
tain half the area of one of the
arms of the cross. In further il-
lustration of what I have already
written, if the two squares of the
same size A B C D and B C F
E, in Fig. 41, are cut in the man-
ner indicated by the dotted lines,
the four pieces will form the large
square A G E C. We thus see that the diagonal A C is the side of a square
twice the size of A B C D. It is also clear that half the diagonalof any
square is equal to the side of a square of half the area. Therefore, if the
large square in the diagram is one of the arms of your cross, the small
square is the size of one of the squares required in the puzzle.

The solution is shown in Figs. 42
and 43. It will be seen that the
small square is cut out whole and
the large square composed of the
four pieces B, C, D, and E. Af-
ter what I have written, the reader
will have no dif�culty in seeing
that the square A is half the size
of one of the arms of the cross, be-
cause the length of the diagonal of the former is clearly the same as the
side of the latter. The thing is now self-evident. I have thustried to show
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that some of these puzzles that many people are apt to regard as quite
wonderful and bewildering, are really not dif�cult if only we use a little
thought and judgment. In conclusion of this particular subject I will give
four Greek cross puzzles, with detached solutions.

The Silk Patchwork

The lady members of the Wilkin-
son family had made a sim-
ple patchwork quilt, as a small
Christmas present, all composed
of square pieces of the same size,
as shown in the illustration. It
only lacked the four corner pieces
to make it complete. Somebody
pointed out to them that if you un-
picked the Greek cross in the mid-
dle and then cut the stitches along
the dark joins, the four pieces all
of the same size and shape would �t together and form a square.This
the reader knows, from the solution in Fig. 39, is quite easily done. But
George Wilkinson suddenly suggested to them this poser. He said, “In-
stead of picking out the cross entire, and forming the squarefrom four
equal pieces, can you cut out a square entire and four equal pieces that
will form a perfect Greek cross?” The puzzle is, of course, now quite
easy.

An Easy Dissection Puzzle

First, cut out a piece of paper or
cardboard of the shape shown in
the illustration. It will be seen at
once that the proportions are sim-
ply those of a square attached to
half of another similar square, di-
vided diagonally. The puzzle is to
cut it into four pieces all of pre-
cisely the same size and shape.
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An Easy Square Puzzle

If you take a rectangular piece
of cardboard, twice as long as
it is broad, and cut it in half
diagonally, you will get two of
the pieces shown in the illustra-
tion. The puzzle is with �ve such
pieces of equal size to form a
square. One of the pieces may be
cut in two, but the others must be used intact.

The Bun Puzzle

The three circles represent three
buns, and it is simply required to
show how these may be equally
divided among four boys. The
buns must be regarded as of equal
thickness throughout and of equal thickness to each other. Of course,
they must be cut into as few pieces as possible. To simplify itI will
state the rather surprising fact that only �ve pieces are necessary, from
which it will be seen that one boy gets his share in two pieces and the
other three receive theirs in a single piece. I am aware that this state-
ment “gives away” the puzzle, but it should not destroy its interest to
those who like to discover the “reason why.”

The Chocolate Squares

Here is a slab of chocolate, in-
dented at the dotted lines so that
the twenty squares can be easily
separated. Make a copy of the
slab in paper or cardboard and
then try to cut it into nine pieces
so that they will form four perfect
squares all of exactly the same
size.
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Dissecting A Mitre

The �gure that is perplexing the
carpenter in the illustration rep-
resents a mitre. It will be seen
that its proportions are those of a
square with one quarter removed.
The puzzle is to cut it into �ve
pieces that will �t together and
form a perfect square. I show an
attempt, published in America, to perform the feat in four pieces, based
on what is known as the “step principle,” but it is a fallacy.
We are told �rst to cut oft the pieces 1 and 2 and pack them into the
triangular space marked off by the dotted line, and so form a rectangle.

So far, so good. Now, we are di-
rected to apply the old step prin-
ciple, as shown, and, by moving
down the piece 4 one step, form
the required square. But, unfor-
tunately, it does not produce a
square: only an oblong. Call the
three long sides of the mitre 84
in. each. Then, before cutting
the steps, our rectangle in three
pieces will be 84� 63. The steps
must be 1012 in. in height and
12 in. in breadth. Therefore, by
moving down a step we reduce by 12 in. the side 84 in. and increase by
10½ in. the side 63 in. Hence our �nal rectangle must be 72 in.� 731

2
in., which certainly is not a square! The fact is, the step principle can
only be applied to rectangles with sides of particular relative lengths.
For example, if the shorter side in this case were 615

5 (instead of 63),
then the step method would apply. For the steps would then be 102/7 in.
in height and 12 in. in breadth. Note that 615

7 � 84= the square of 72. At
present no solution has been found in four pieces, and I do notbelieve
one possible.
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The Joiner's Problem

I have often had occasion to re-
mark on the practical utility of
puzzles, arising out of an applica-
tion to the ordinary affairs of life
of the little tricks and “wrinkles”
that we learn while solving recre-
ation problems.
The joiner, in the illustration,
wants to cut the piece of wood
into as few pieces as possible
to form a square table-top, with-
out any waste of material. How
should he go to work? How many
pieces would you require?

Another Joiner's Problem

A joiner had two pieces of wood
of the shapes and relative propor-
tions shown in the diagram. He
wished to cut them into as few
pieces as possible so that they
could be �tted together, without
waste, to form a perfectly square
table-top. How should he have
done it? There is no necessity to
give measurements, for if the smaller piece (which is half a square) be
made a little too large or a little too small it will not affectthe method
of solution.
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A Cutting-out Problem

Here is a little cutting-out poser.
I take a strip of paper, measuring
�ve inches by one inch, and, by
cutting it into �ve pieces, the parts
�t together and form a square, as
shown in the illustration. Now, it is quite an interesting puzzle to dis-
cover how we can do this in only four pieces.

Mrs. Hobson's Hearthrug

Mrs. Hobson's boy had an acci-
dent when playing with the �re,
and burnt two of the corners of
a pretty hearthrug. The damaged
corners have been cut away, and it
now has the appearance and pro-
portions shown in my diagram.
How is Mrs. Hobson to cut the
rug into the fewest possible pieces
that will �t together and form a
perfectly square rug? It will be seen that the rug is in the proportions
36� 27 (it does not matter whether we say inches or yards), and each
piece cut away measured 12 and 6 on the outside
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The Pentagon And The Square

I wonder how many of my read-
ers, amongst those who have not
given any close attention to the el-
ements of geometry, could draw
a regular pentagon, or �ve-sided
�gure, if they suddenly required
to do so. A regular hexagon, or
six-sided �gure, is easy enough,
for everybody knows that all you
have to do is to describe a circle
and then, taking the radius as the
length of one of the sides, mark
off the six points round the cir-
cumference. But a pentagon is quite another matter. So, as my puzzle
has to do with the cutting up of a regular pentagon, it will perhaps be
well if I �rst show my less experienced readers how this �gureis to be
correctly drawn. Describe a circle and draw the two lines H B and D G,
in the diagram, through the centre at right angles. Now �nd the point A,
midway between C and B. Next place the point of your compasses at A
and with the distance A D describe the arc cutting H B at E. Thenplace
the point of your compasses at D and with the distance D E describe
the arc cutting the circumference at F. Now, D F is one of the sides of
your pentagon, and you have simply to mark off the other sidesround
the circle. Quite simple when you know how, but otherwise somewhat
of a poser.
Having formed your pentagon, the puzzle is to cut it into the fewest
possible pieces that will �t together and form a perfect square.
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The Dissected Triangle

A good puzzle is that which the
gentleman in the illustration is
showing to his friends. He has
simply cut out of paper an equi-
lateral triangle–that is, a triangle
with all its three sides of the same
length. He proposes that it shall
be cut into �ve pieces in such a
way that they will �t together and form either two or three smaller equi-
lateral triangles, using all the material in each case. Can you discover
how the cuts should be made?
Remember that when you have made your �ve pieces, you must be able,
as desired, to put them together to form either the single original triangle
or to form two triangles or to form three triangles–all equilateral.

The Table-top And Stools

I have frequently had occasion
to show that the published an-
swers to a great many of the old-
est and most widely known puz-
zles are either quite incorrect or
capable of improvement. I pro-
pose to consider the old poser of
the table-top and stools that most of my readers have probably seen in
some form or another in books compiled for the recreation of childhood.
The story is told that an economical and ingenious schoolmaster once
wished to convert a circular table-top, for which he had no use, into seats
for two oval stools, each with a hand-hole in the centre. He instructed
the carpenter to make the cuts as in the illustration and thenjoin the
eight pieces together in the manner shown. So impressed was he with
the ingenuity of his performance that he set the puzzle to hisgeometry
class as a little study in dissection. But the remainder of thestory has
never been published, because, so it is said, it was a characteristic of
the principals of academies that they would never admit thatthey could
err. I get my information from a descendant of the original boy who had
most reason to be interested in the matter.
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The clever youth suggested modestly to the master that the hand-holes
were too big, and that a small boy might perhaps fall through them.
He therefore proposed another way of making the cuts that would get
over this objection. For his impertinence he received such severe chas-
tisement that he became convinced that the larger the hand-hole in the
stools the more comfortable might they be.

The Great Monad

Here is a symbol of tremendous
antiquity which is worthy of no-
tice. It is borne on the Ko-
rean ensign and merchant �ag,
and has been adopted as a trade
sign by the Northern Paci�c Rail-
road Company, though probably
few are aware that it is the Great
Monad, as shown in the sketch
below. This sign is to the Chi-
naman what the cross is to the
Christian. It is the sign of Deity
and eternity, while the two parts
into which the circle is divided
are called the Yin and the Yan–the
male and female forces of nature. A writer on the subject morethan
three thousand years ago is reported to have said in reference to it: “The
illimitable produces the great extreme. The great extreme produces the
two principles. The two principles produce the four quarters, and from
the four quarters we develop the quadrature of the eight diagrams of
Feuh-hi.” I hope readers will not ask me to explain this, for Ihave not
the slightest idea what it means. Yet I am persuaded that for ages the
symbol has had occult and probably mathematical meanings for the es-
oteric student.
I will introduce the Monad in its elementary form. Here are three easy
questions respecting this great symbol:–

(I.) Which has the greater area, the inner circle containing the Yin and
the Yan, or the outer ring?

(II.) Divide the Yin and the Yan into four pieces of the same size and
shape by one cut.
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(III.) Divide the Yin and the Yan into four pieces of the same size, but
different shape, by one straight cut.

The Square Of Veneer

The following represents a piece
of wood in my possession, 5 in.
square. By markings on the sur-
face it is divided into twenty-�ve
square inches. I want to dis-
cover a way of cutting this piece
of wood into the fewest possible
pieces that will �t together and
form two perfect squares of different sizes and of known dimensions.
But, unfortunately, at every one of the sixteen intersections of the cross
lines a small nail has been driven in at some time or other, andmy fret-
saw will be injured if it comes in contact with any of these. I have
therefore to �nd a method of doing the work that will not necessitate
my cutting through any of those sixteen points. How is it to bedone?
Remember, the exact dimensions of the two squares must be given.

The Two Horseshoes

Why horseshoes should be con-
sidered "lucky" is one of those
things which no man can under-
stand. It is a very old super-
stition, and John Aubrey (1626-
1700) says, “Most houses at the
West End of London have a horse-
shoe on the threshold.” In Mon-
mouth Street there were seven-
teen in 1813 and seven so late as 1855. Even Lord Nelson had one
nailed to the mast of the ship Victory. To-day we �nd it more conducive
to “good luck” to see that they are securely nailed on the feetof the
horse we are about to drive.

Nevertheless, so far as the horseshoe, like the Swastika andother em-
blems that I have had occasion at times to deal with, has served to sym-
bolize health, prosperity, and goodwill towards men, we maywell treat
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it with a certain amount of respectful interest. May there not, moreover,
be some esoteric or lost mathematical mystery concealed in the form of
a horseshoe? I have been looking into this matter, and I wish to draw my
readers' attention to the very remarkable fact that the pairof horseshoes
shown in my illustration are related in a striking and beautiful manner to
the circle, which is the symbol of eternity. I present this fact in the form
of a simple problem, so that it may be seen how subtly this relation has
been concealed for ages and ages. My readers will, I know, be pleased
when they �nd the key to the mystery.

Cut out the two horseshoes carefully round the outline and then cut them
into four pieces, all different in shape, that will �t together and form a
perfect circle. Each shoe must be cut into two pieces and all the part of
the horse's hoof contained within the outline is to be used and regarded
as part of the area.

The Cardboard Chain

Can you cut this chain out of a
piece of cardboard without any
join whatever? Every link is
solid; without its having been
split and afterwards joined at any
place. It is an interesting old puzzle that I learnt as a child, but I have no
knowledge as to its inventor.

The Paper Box

It may be interesting to introduce
here, though it is not strictly a puz-
zle, an ingenious method for mak-
ing a paper box.

Take a square of stout paper and
by successive foldings make all the
creases indicated by the dotted lines
in the illustration. Then cut away
the eight little triangular pieces that
are shaded, and cut through the
paper along the dark lines. The
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second illustration shows the box
half folded up, and the reader will
have no dif�culty in effecting its
completion. Before folding up, the reader might cut out the circular
piece indicated in the diagram, for a purpose I will now explain.

This box will be found to serve
excellently for the production of
vortex rings. These rings, which
were discussed by Von Helmholtz
in 1858, are most interesting, and
the box (with the hole cut out)
will produce them to perfection. Fill the box with tobacco smoke by
blowing it gently through the hole. Now, if you hold it horizontally, and
softly tap the side that is opposite to the hole, an immense number of
perfect rings can be produced from one mouthful of smoke. It is best
that there should be no currents of air in the room. People often do not
realise that these rings are formed in the air when no smoke isused. The
smoke only makes them visible. Now, one of these rings, if properly
directed on its course, will travel across the room and put out the �ame
of a candle, and this feat is much more striking if you can manage to
do it without the smoke. Of course, with a little practice, the rings may
be blown from the mouth, but the box produces them in much greater
perfection, and no skill whatever is required. Lord Kelvin propounded
the theory that matter may consist of vortex rings in a �uid that �lls all
space, and by a development of the hypothesis he was able to explain
chemical combination.

The Potato Puzzle

Take a circular slice of potato,
place it on the table, and see into
how large a number of pieces you
can divide it with six cuts of a
knife. Of course you must not
readjust the pieces or pile them
after a cut. What is the greatest
number of pieces you can make?
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The Seven Pigs

Here is a little puzzle that was
put to one of the sons of Erin the
other day and perplexed him un-
duly, for it is really quite easy. It
will be seen from the illustration
that he was shown a sketch of a
square pen containing seven pigs.
He was asked how he would in-
tersect the pen with three straight
fences so as to enclose every pig
in a separate sty. In other words,
all you have to do is to take your
pencil and, with three straight strokes across the square, enclose each
pig separately. Nothing could be simpler.
The Irishman complained that the pigs would not keep still while he
was putting up the fences. He said that they would all �ock together, or
one obstinate beast would go into a corner and �ock all by himself. It
was pointed out to him that for the purposes of the puzzle the pigs were
stationary. He answered that Irish pigs are not stationery–they are pork.
Being persuaded to make the attempt, he drew three lines, one of which
cut through a pig. When it was explained that this is not allowed, he
protested that a pig was no use until you cut its throat. “Begorra, if it's
bacon ye want without cutting your pig, it will be all gammon.” We will
not do the Irishman the injustice of suggesting that the miserable pun
was intentional. However, he failed to solve the puzzle. Can you do it?
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The Land Owner's Fences

The landowner in the illustration
is consulting with his bailiff over
a rather puzzling little question.
He has a large plan of one of his
�elds, in which there are eleven
trees. Now, he wants to divide
the �eld into just eleven enclo-
sures by means of straight fences,
so that every enclosure shall con-
tain one tree as a shelter for his
cattle. How is he to do it with as
few fences as possible? Take your
pencil and draw straight lines across the �eld until you havemarked off
the eleven enclosures (and no more), and then see how many fences you
require. Of course the fences may cross one another.

The Wizard's Cats

A wizard placed ten cats inside a
magic circle as shown in our illus-
tration, and hypnotized them so
that they should remain station-
ary during his pleasure. He then
proposed to draw three circles in-
side the large one, so that no cat
could approach another cat with-
out crossing a magic circle. Try
to draw the three circles so that
every cat has its own enclosure
and cannot reach another cat without crossing a line.
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The Christmas Pudding

“Speaking of Christmas pud-
dings,” said the host, as he
glanced at the imposing delicacy
at the other end of the table. “I am
reminded of the fact that a friend
gave me a new puzzle the other
day respecting one. Here it is,”
he added, diving into his breast
pocket.
“'Problem: To �nd the contents,'
I suppose,” said the Eton boy.
“No; the proof of that is in the eating. I will read you the conditions.”
“'Cut the pudding into two parts, each of exactly the same sizeand
shape, without touching any of the plums. The pudding is to beregarded
as a �at disc, not as a sphere.”'

“Why should you regard a Christmas pudding as a disc? And why
should any reasonable person ever wish to make such an accurate di-
vision?” asked the cynic.

“It is just a puzzle–a problem in dissection.” All in turn hada look at the
puzzle, but nobody succeeded in solving it. It is a little dif�cult unless
you are acquainted with the principle involved in the makingof such
puddings, but easy enough when you know how it is done.
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Various Geometrical Puzzles
“So various are the tastes of men.”

MARK AKENSIDE

Drawing A Spiral

If you hold the page horizontally
and give it a quick rotary motion
while looking at the centre of the
spiral, it will appear to revolve.
Perhaps a good many readers are
acquainted with this little optical
illusion. But the puzzle is to show
how I was able to draw this spiral
with so much exactitude without
using anything but a pair of com-
passes and the sheet of paper on
which the diagram was made. How would you proceed in such circum-
stances?

St. George Banner

At a celebration of the national
festival of St. George's Day I was
contemplating the familiar banner
of the patron saint of our coun-
try. We all know the red cross
on a white ground, shown in our
illustration. This is the banner
of St. George. The banner of
St. Andrew (Scotland) is a white
“St. Andrew's Cross” on a blue
ground. That of St. Patrick (Ire-
land) is a similar cross in red on
a white ground. These three are
united in one to form our Union Jack.

Now on looking at St. George's banner it occurred to me that the fol-
lowing question would make a simple but pretty little puzzle. Supposing
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the �ag measures four feet by three feet, how wide must the armof the
cross be if it is required that there shall be used just the same quantity of
red and of white bunting?

The Milkmaid Puzzle

Here is a little pastoral puzzle that
the reader may, at �rst sight, be
led into supposing is very pro-
found, involving deep calcula-
tions. He may even say that it is
quite impossible to give any an-
swer unless we are told something
de�nite as to the distances. And
yet it is really quite “childlike and
bland.”

In the corner of a �eld is seen a
milkmaid milking a cow, and on
the other side of the �eld is the dairy where the extract has tobe de-
posited. But it has been noticed that the young woman always goes
down to the river with her pail before returning to the dairy.Here the
suspicious reader will perhaps ask why she pays these visitsto the river.
I can only reply that it is no business of ours. The alleged milk is entirely
for local consumption.

“Where are you going to, my pretty maid?” “Down to the river, sir,” she
said. “I'll not choose your dairy, my pretty maid.” “Nobody axed you,
sir,” she said.

If one had any curiosity in the matter, such an independent spirit would
entirely disarm one. So we will pass from the point of commercial
morality to the subject of the puzzle.

Draw a line from the milking-stool down to the river and thence to the
door of the dairy, which shall indicate the shortest possible route for the
milkmaid. That is all. It is quite easy to indicate the exact spot on the
bank of the river to which she should direct her steps if she wants as
short a walk as possible. Can you �nd that spot?
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The Ball Problem

A stonemason was engaged the
other day in cutting out a round
ball for the purpose of some archi-
tectural decoration, when a smart
schoolboy came upon the scene.
“Look here,” said the mason,
“you seem to be a sharp young-
ster, can you tell me this? If
I placed this ball on the level
ground, how many other balls of
the same size could I lay around
it (also on the ground) so that every ball should touch this one?”
The boy at once gave the correct answer, and then put this little question
to the mason:–
“If the surface of that ball contained just as many square feet as its vol-
ume contained cubic feet, what would be the length of its diameter?”
The stonemason could not give an answer. Could you have replied cor-
rectly to the mason's and the boy's questions?

The Yorkshire Estates

I was on a visit to one of the
large towns of Yorkshire. While
walking to the railway station on
the day of my departure a man
thrust a hand-bill upon me, and
I took this into the railway car-
riage and read it at my leisure. It
informed me that three Yorkshire
neighbouring estates were to be
offered for sale. Each estate was
square in shape, and they joined one another at their corners, just as
shown in the diagram. Estate A contains exactly 370 acres, B contains
116 acres, and C 74 acres.
Now, the little triangular bit of land enclosed by the three square es-
tates was not offered for sale, and, for no reason in particular, I became
curious as to the area of that piece. How many acres did it contain?
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Farmer Wurzel's Estate

I will now present another land
problem. The demonstration of
the answer that I shall give will,
I think, be found both interesting
and easy of comprehension.
Farmer Wurzel owned the three
square �elds shown in the an-
nexed plan, containing respec-
tively 18, 20, and 26 acres. In or-
der to get a ring-fence round his
property he bought the four intervening triangular �elds. The puzzle is
to discover what was then the whole area of his estate.

The Crescent Puzzle

Here is an easy geometrical puz-
zle. The crescent is formed by
two circles, and C is the centre
of the larger circle. The width of
the crescent between B and D is
9 inches, and between E and F 5
inches. What are the diameters of
the two circles?

The Puzzle Wall

There was a small lake, around
which four poor men built their
cottages. Four rich men after-
wards built their mansions, as
shown in the illustration, and they
wished to have the lake to them-
selves, so they instructed a builder
to put up the shortest possible
wall that would exclude the cottagers, but give themselves free access to
the lake. How was the wall to be built?
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The Garden Walls

A speculative country builder has
a circular �eld, on which he has
erected four cottages, as shown
in the illustration. The �eld is
surrounded by a brick wall, and
the owner undertook to put up
three other brick walls, so that the
neighbours should not be over-
looked by each other, but the four
tenants insist that there shall be
no favouritism, and that each shall
have exactly the same length of
wall space for his wall fruit trees.
The puzzle is to show how the three walls may be built so that each ten-
ant shall have the same area of ground, and precisely the samelength of
wall.

Of course, each garden must be entirely enclosed by its walls, and it
must be possible to prove that each garden has exactly the same length
of wall. If the puzzle is properly solved no �gures are necessary.

Lady Belinda's Garden

Lady Belinda is an enthusiastic
gardener. In the illustration she is
depicted in the act of worrying out
a pleasant little problem which I
will relate. One of her gardens
is oblong in shape, enclosed by a
high holly hedge, and she is turn-
ing it into a rosary for the cultiva-
tion of some of her choicest roses.
She wants to devote exactly half
of the area of the garden to the
�owers, in one large bed, and the
other half to be a path going all round it of equal breadth throughout.
Such a garden is shown in the diagram at the foot of the picture. How is
she to mark out the garden under these simple conditions? Shehas only

http://4DLab.info



Geometrical Problems 41

a tape, the length of the garden, to do it with, and, as the holly hedge is
so thick and dense, she must make all her measurements inside. Lady
Belinda did not know the exact dimensions of the garden, and, as it was
not necessary for her to know, I also give no dimensions. It isquite a
simple task no matter what the size or proportions of the garden may be.
Yet how many lady gardeners would know just how to proceed? The
tape may be quite plain-that is, it need not be a graduated measure.

The Tethered Goat

Here is a little problem that every-
body should know how to solve.
The goat is placed in a half-acre
meadow, that is in shape an equi-
lateral triangle. It is tethered to
a post at one corner of the �eld.
What should be the length of the
tether (to the nearest inch) in or-
der that the goat shall be able to
eat just half the grass in the �eld?
It is assumed that the goat can
feed to the end of the tether.

Papa's Puzzle

Here is a puzzle by Pappus, who
lived at Alexandria about the end
of the third century. It is the �fth
proposition in the eighth book of
his Mathematical Collections. I
give it in the form that I presented
it some years ago under the title
“Papa's Puzzle,” just to see how
many readers would discover that
it was by Pappus himself. “The
little maid's papa has taken two
different-sized rectangular pieces
of cardboard, and has clipped off
a triangular piece from one of them, so that when it is suspended by a
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thread from the point A it hangs with the long side perfectly horizontal,
as shown in the illustration. He has perplexed the child by asking her to
�nd the point A on the other card, so as to produce a similar result when
cut and suspended by a thread.” Of course, the point must not be found
by trial clippings. A curious and pretty point is involved inthis setting
of the puzzle. Can the reader discover it?

How To Make Cisterns

Our friend in the illustration has
a large sheet of zinc, measuring
(before cutting) eight feet by three
feet, and he has cut out square
pieces (all of the same size) from
the four corners and now pro-
poses to fold up the sides, solder
the edges, and make a cistern. But
the point that puzzles him is this:
Has he cut out those square pieces
of the correct size in order that the
cistern may hold the greatest possible quantity of water? You see, if you
cut them very small you get a very shallow cistern; if you cut them large
you get a tall and slender one. It is all a question of �nding a way of
cutting put these four square pieces exactly the right size.How are we
to avoid making them too small or too large?

The Cone Puzzle

I have a wooden cone, as shown
in Fig. 1. How am I to cut out of
it the greatest possible cylinder?
It will be seen that I can cut out
one that is long and slender, like
Fig. 2, or short and thick, like Fig.
3. But neither is the largest possi-
ble. A child could tell you where
to cut, if he knew the rule. Can you �nd this simple rule?
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Concerning Wheels

There are some curious facts con-
cerning the movements of wheels
that are apt to perplex the novice.
For example: when a railway
train is travelling from London to
Crewe certain parts of the train
at any given moment are actu-
ally moving from Crewe towards
London. Can you indicate those
parts? It seems absurd that parts
of the same train can at any time
travel in opposite directions, but
such is the case.

In the accompanying illustration
we have two wheels. The lower
one is supposed to be �xed and
the upper one running round it in the direction of the arrows.Now,
how many times does the upper wheel turn on its own axis in making a
complete revolution of the other wheel? Do not be in a hurry with your
answer, or you are almost certain to be wrong. Experiment with two
pennies on the table and the correct answer will surprise you, when you
succeed in seeing it.
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Measuring, Weighting, and
Packaging Problems

“Measure still for measure.”
Measure for Measure, v. 1.

Apparently the �rst printed puzzle involving the measuringof a given
quantity of liquid by pouring from one vessel to others of known capac-
ity was that propounded by Niccola Fontana, better known as “Tartaglia”
(the stammerer), 1500-1559. It consists in dividing 24 oz. of valuable
balsam into three equal parts, the only measures available being vessels
holding 5, 11, and 13 ounces respectively. There are many different so-
lutions to this puzzle in six manipulations, or pourings from one vessel
to another. Bachet de Méziriac reprinted this and other of Tartaglia's
puzzles in hisProblèmes plaisans et délectables(1612). It is the general
opinion that puzzles of this class can only be solved by trial, but I think
formulæ can be constructed for the solution generally of certain related
cases. It is a practically unexplored �eld for investigation.

The classic weighing problem is, of course, that proposed byBachet.
It entails the determination of the least number of weights that would
serve to weigh any integral number of pounds from 1 lb. to 40 lbs.
inclusive, when we are allowed to put a weight in either of thetwo pans.
The answer is 1, 3, 9, and 27 lbs. Tartaglia had previously propounded
the same puzzle with the condition that the weights may only be placed
in one pan. The answer in that case is 1, 2, 4, 8, 16, 32 lbs. Major
MacMahon has solved the problem quite generally. A full account will
be found in Ball's Mathematical Recreations(5th edition).

Packing puzzles, in which we are required to pack a maximum number
of articles of given dimensions into a box of known dimensions, are, I
believe, of quite recent introduction. At least I cannot recall any example
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in the books of the old writers. One would rather expect to �ndin the
toy shops the idea presented as a mechanical puzzle, but I do not think I
have ever seen such a thing. The nearest approach to it would appear to
be the puzzles of the jig-saw character, where there is only one depth of
the pieces to be adjusted.

The Barrel Puzzle

The men in the illustration are
disputing over the liquid contents
of a barrel. What the particular
liquid is it is impossible to say, for
we are unable to look into the bar-
rel; so we will call it water. One
man says that the barrel is more
than half full, while the other in-
sists that it is not half full. What
is their easiest way of settling the
point? It is not necessary to use
stick, string, or implement of any
kind for measuring. I give this
merely as one of the simplest possible examples of the value of ordi-
nary sagacity in the solving of puzzles. What are apparently very dif�-
cult problems may frequently be solved in a similarly easy manner if we
only use a little common sense.

The Barrels Of Honey

Once upon a time there was an
aged merchant of Bagdad who
was much respected by all who
knew him. He had three sons, and
it was a rule of his life to treat
them all exactly alike. Whenever
one received a present, the other
two were each given one of equal
value. One day this worthy man
fell sick and died, bequeathing all
his possessions to his three sons
in equal shares.
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The only dif�culty that arose was over the stock of honey. There were
exactly twenty-one barrels. The old man had left instructions that not
only should every son receive an equal quantity of honey, butshould
receive exactly the same number of barrels, and that no honeyshould
be transferred from barrel to barrel on account of the waste involved.
Now, as seven of these barrels were full of honey, seven were half-full,
and seven were empty, this was found to be quite a puzzle, especially
as each brother objected to taking more than four barrels of,the same
description-full, half-full, or empty. Can you show how theysucceeded
in making a correct division of the property?
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Solutions

Chinese Money

As a ching-chang is worth twopence and four-�fteenths of a ching-
chang, the remaining eleven-�fteenths of a ching-chang must be worth
twopence. Therefore eleven ching-changs are worth exactlythirty
pence, or half a crown. Now, the exchange must be made with seven
round-holed coins and one square-holed coin. Thus it will beseen that 7
round-holed coins are worth seven-elevenths of 15 ching-changs, and 1
square-holed coin is worth one-eleventh of 16 ching-changs—that is, 77
rounds equal 105 ching-changs and 11 squares equal 16 ching-changs.
Therefore 77 rounds added to 11 squares equal 121 ching-changs; or
7 rounds and 1 square equal 11 ching-changs, or its equivalent, half a
crown. This is more simple in practice than it looks here.

Changing Places

There are thirty-six pairs of times when the hands exactly change places
between three p.m. and midnight. The number of pairs of timesfrom
any hour (n) to midnight is the sum of 12� (n+ 1) natural numbers. In
the case of the puzzlen = 3; therefore 12 - (3 + 1) = 8 and 1 + 2 + 3 + 4
+ 5 + 6 + 7 + 8 = 36, the required answer.
The �rst pair of times is 3 hr. 2157/143 min. and 4 hr. 16112/143 min.,
and the last pair is 10 hr. 5983/143 min. and 11 hr. 54138/143 min. I
will not give all the remainder of the thirty-six pairs of times, but supply
a formula by which any of the sixty–ix pairs that occur from midday to
midnight may be at once found:—

a hr 720b+ 60a
143 min. and b hr.720a+ 60b

143 min.

For the letter a may be substituted any hour from 0, 1, 2, 3 up to10
(where nought stands for 12 o'clock midday); and b may represent any
hour, later than a, up to 11.
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By the aid of this formula there is no dif�culty in discoveringthe an-
swer to the second question: a = 8 and b = 11 will give the pair 8 hr.
58106/143 min. and 11 hr. 44128/143 min., the latter being the time
when the minute hand is nearest of all to the point IX–in fact,it is only
15/143 of a minute distant.

Readers may �nd it instructive to make a table of all the sixty-six pairs
of times when the hands of a clock change places. An easy way isas
follows: Make a column for the �rst times and a second column for
the second times of the pairs. By making a = 0 and b = 1 in the above
expressions we �nd the �rst case, and enter hr. 55/143 min. atthe head
of the �rst column, and 1 hr. 060/143 min. at the head of the second
column. Now, by successively adding 55/143 min. in the �rst,and 1
hr. 060/143 min. in the second column, we get all the eleven pairs in
which the �rst time is a certain number of minutes after nought, or mid-
day. Then there is a "jump" in the times, but you can �nd the nextpair
by making a = 1 and b = 2, and then by successively adding these two
times as before you will get all the ten pairs after 1 o'clock.Then there is
another “jump,” and you will be able to get by addition all thenine pairs
after 2 o'clock. And so on to the end. I will leave readers to investigate
for themselves the nature and cause of the "jumps." In this waywe get
under the successive hours, 11 + 10 + 9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 +
1 = 66 pairs of times, which result agrees with the formula in the �rst
paragraph of this article.

Some time ago the principal of a Civil Service Training College, who
conducts a “Civil Service Column” in one of the periodicals, had the
query addressed to him, “How soon after XII o'clock will a clock with
both hands of the same length be ambiguous?” His �rst answer was,
“Some time past one o'clock,” but he varied the answer from issue to
issue. At length some of his readers convinced him that the answer is,
“At 55/143 min. past XII;” and this he �nally gave as correct,together
with the reason for it that at that timethe time indicated is the same
whichever hand you may assume as hour hand!

The Club Clock

The positions of the hands shown in the illustration could only indi-
cate that the clock stopped at 44 min. 511143

1427 sec. after eleven o'clock.
The second hand would next be “exactly midway between the other two
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hands” at 45 min. 52496
1427 sec. after eleven o'clock. If we had been deal-

ing with the points on the circle to which the three hands are directed,
the answer would be 45 min. 22106

1427 sec. after eleven; but the question
applied to the hands, and the second hand would not be betweenthe
others at that time, but outside them.

The Stop Watch

The time indicated on the watch was 55
11 min. past 9, when the second

hand would be at 27311 sec. The next time the hands would be similar
distances apart would be 546

11 min. past 2, when the second hand would
be at 328

11 sec. But you need only hold the watch (or our previous
illustration of it) in front of a mirror, when you will see thesecond time
re�ected in it! Of course, when re�ected, you will read XI as I, X as II,
and so on.

The Silk Patchwork

Our illustration will show how
to cut the stitches of the patch-
work so as to get the square F
entire, and four equal pieces, G,
H, I, K, that will form a per-
fect Greek cross. The reader will
know how to assemble these four
pieces from Fig. 13 in the article.

An Easy Dissection Puzzle

The solution to this puzzle is
shown in the illustration. Divide
the �gure up into twelve equal tri-
angles, and it is easy to discover
the directions of the cuts, as indi-
cated by the dark lines.
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An Easy Square Puzzle

The diagram explains itself, one
of the �ve pieces having been cut
in two to form a square.

The Bun Puzzle

The secret of the bun puzzle lies
in the fact that, with the relative
dimensions of the circles as given,
the three diameters will form a
right-angled triangle, as shown by
A, B, C. It follows that the two
smaller buns are exactly equal to the large bun. Therefore, if we give
David and Edgar the two halves marked D and E, they will have their
fair shares-one quarter of the confectionery each. Then if we place the
small bun, H, on the top of the remaining one and trace its circumfer-
ence in the manner shown, Fred's piece, F, will exactly equalHarry's
small bun, H, with the addition of the piece marked G–half therim of
the other. Thus each boy gets an exactly equal share, and there are only
�ve pieces necessary.

The Chocolate Squares

Square A is left entire; the two
pieces marked B �t together and
make a second square; the two
pieces C make a third square; and
the four pieces marked D will
form the fourth square.

Dissecting A Mitre

The diagram on the next page shows
how to cut into �ve pieces to form
a square. The dotted lines are in-
tended to show how to �nd the points
C and F–the only dif�culty. A B
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is half B D, and A E is parallel to B H. With the point of the compasses
at B describe the arc H E, and A E will be the distance of C from B.
Then F G equals B C less A B.

This puzzle–with the added con-
dition that it shall be cut into four
parts of the same size and shape–
I have not been able to trace to
an earlier date than 1835. Strictly
speaking, it is, in that form, im-
possible of solution; but I give the
answer that is always presented,
and that seems to satisfy most people.

The Joiner's Problem

Nothing could be easier than the
solution of this puzzle–when you
know how to do it. And yet it is
apt to perplex the novice a good
deal if he wants to do it in the
fewest possible pieces–three. All
you have to do is to �nd the point
A, midway between B and C, and then cut from A to D and from A to
E. The three pieces then form a square in the manner shown. Of course,
the proportions of the original �gure must be correct; thus the triangle
BEF is just a quarter of the square BCDF. Draw lines from B to D and
from C to F and this will be clear.

Another Joiner's Problem

The point was to �nd a gen-
eral rule for forming a perfect
square out of another square com-
bined with a “right-angled isosce-
les triangle.” The triangle to
which geometricians give this
high-sounding name is, of course,
nothing more or less than half a
square that has been divided from
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corner to corner. The precise relative proportions of the square and tri-
angle are of no consequence whatever. It is only necessary tocut the
wood or material into �ve pieces.

Suppose our original square to be ACLF in the above diagram andour
triangle to be the shaded portion CED. Now, we �rst �nd half thelength
of the long side of the triangle (CD) and measure off this length at AB.
Then we place the triangle in its present position against the square and
make two cuts–one from B to F, and the other from B to E. Strangeas
it may seem, that is all that is necessary! If we now remove thepieces
G, H, and M to their new places, as shown in the diagram, we get the
perfect square BEKF.

Take any two square pieces of paper, of different sizes but perfect squares,
and cut the smaller one in half from corner to corner. Now proceed in
the manner shown, and you will �nd that the two pieces may be com-
bined to form a larger square by making these two simple cuts,and that
no piece will be required to be turned over.

The remark that the triangle might be “a little larger or a good deal
smaller in proportion” was intended to bar cases where area of triangle
is greater than area of square. In such cases six pieces are necessary,
and if triangle and square are of equal area there is an obvious solution
in three pieces, by simply cutting the square in half diagonally.

A Cutting-out Problem

The illustration shows how to cut
the four pieces and form with them
a square. First �nd the side of the
square (the mean proportional be-
tween the length and height of the
rectangle), and the method is ob-
vious. If our strip is exactly in the
proportions 9� 1, or 16� 1, or 25� 1, we can clearly cut it in 3, 4,
or 5 rectangular pieces respectively to form a square. Excluding these
special cases, the general law is that for a strip in length more thann2

times the breadth, and not more than(n+ 1)2 times the breadth, it may
be cut inn+ 2 pieces to form a square, and there will ben� 1 rectan-
gular pieces like piece 4 in the diagram. Thus, for example, with a strip
24� 1, the length is more than 16 and less than 25 times the breadth.
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Therefore it can be done in 6 pieces (n here being 4), 3 of which will
be rectangular. In the case wheren equals 1, the rectangle disappears
and we get a solution in three pieces. Within these limits, ofcourse, the
sides need not be rational: the solution is purely geometrical.

Mrs. Hobson's Hearthrug

As I gave full measurements of
the mutilated rug, it was quite
an easy matter to �nd the pre-
cise dimensions for the square.
The two pieces cut off would, if
placed together, make an oblong
piece 12� 6, giving an area of 72
(inches or yards, as we please),
and as the original complete rug measured 36� 27, it had an area of
972. If, therefore, we deduct the pieces that have been cut away, we
�nd that our new rug will contain 972 less 72, or 900; and as 900is
the square of 30, we know that the new rug must measure 30� 30 to
be a perfect square. This is a great help towards the solution, because
we may safely conclude that the two horizontal sides measuring 30 each
may be left intact. There is a very easy way of solving the puzzle in
four pieces, and also a way in three pieces that can scarcely be called
dif�cult, but the correct answer is in only two pieces.

It will be seen that if, after the cuts are made, we insert the teeth of
the piece B one tooth lower down, the two portions will �t together and
form a square.

The Pentagon And The Square

A regular pentagon may be cut
into as few as six pieces that will
�t together without any turning
over and form a square, as I shall
show below. Hitherto the best an-
swer has been in seven pieces-
the solution produced some years
ago by a foreign mathematician,
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Paul Busschop. We �rst form a
parallelogram, and from that the
square. The process will be seen in the diagram on the next page. The
pentagon is ABCDE. By the cut AC and the cut FM (F being the middle
point between A and C, and M being the same distance from A as F)
we get two pieces that may be placed in position at GHEA and form the
parallelogram GHDC. We then �nd the mean proportional between the
length HD and the height of the parallelogram. This distancewe mark
off from C at K, then draw CK, and from G drop the line GL, perpen-
dicular to KC. The rest is easy and rather obvious. It will be seen that
the six pieces will form either the pentagon or the square.

I have received what purported to be a solution in �ve pieces,but the
method was based on the rather subtle fallacy that half the diagonal plus
half the side of a pentagon equals the side of a square of the same area.
I say subtle, because it is an extremely close approximationthat will
deceive the eye, and is quite dif�cult to prove inexact. I am not aware
that attention has before been drawn to this curious approximation.

Another correspondent made the side of his square 11
4 of the side of the

pentagon. As a matter of fact, the ratio is irrational. I calculate that if
the side of the pentagon is 1-inch, foot, or anything else–the side of the
square of equal area is 1.3117 nearly, or say roughly13

10. So we can only
hope to solve the puzzle by geometrical methods.

The Dissected Triangle

Diagram A is our original trian-
gle. We will say it measures 5
inches (or 5 feet) on each side.
If we take off a slice at the bot-
tom of any equilateral triangle by
a cut parallel with the base, the
portion that remains will always
be an equilateral triangle; so we
�rst cut off piece 1 and get a tri-
angle 3 inches on every side. The manner of �nding directionsof the
other cuts in A is obvious from the diagram.
Now, if we want two triangles, 1 will be one of them, and 2, 3, 4,and 5
will �t together, as in B, to form the other. If we want three equilateral
triangles, 1 will be one, 4 and 5 will form the second, as in C, and 2 and
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3 will form the third, as in D. In B and C the piece 5 is turned over; but
there can be no objection to this, as it is not forbidden, and is in no way
opposed to the nature of the puzzle.

The Table-top And Stools

One object that I had in view
when presenting this little puz-
zle was to point out the uncer-
tainty of the meaning conveyed
by the word “oval.” Though origi-
nally derived from the Latin word
ovum, an egg, yet what we under-
stand as the egg-shape (with one
end smaller than the other) is only one of many forms of the oval; while
some eggs are spherical in shape, and a sphere or circle is most certainly
not an oval. If we speak of an ellipse–a conical ellipse–we are on safer
ground, but here we must be careful of error. I recollect a Liverpool
town councillor, many years ago, whose ignorance of the poultry-yard
led him to substitute the word “hen” for “fowl,” remarking, “We must
remember, gentlemen, that although every cock is a hen, every hen is not
a cock!” Similarly, we must always note that although every ellipse is
an oval, every oval is not an ellipse. It is correct to say thatan oval is an
oblong curvilinear �gure, having two unequal diameters, and bounded
by a curve line returning into itself; and this includes the ellipse, but all
other �gures which in any way approach towards the form of an oval
without necessarily having the properties above describedare included
in the term “oval.” Thus the following solution that I give toour puz-
zle involves the pointed “oval,” known among architects as the “vesica
piscis.”
The dotted lines in the table are
given for greater clearness, the
cuts being made along the other
lines. It will be seen that the
eight pieces form two stools of
exactly the same size and shape
with similar hand-holes. These
holes are a tri�e longer than those
in the schoolmaster's stools, but
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they are much narrower and of considerably smaller area. Of course
5 and 6 can be cut out in one piece–also 7 and 8–making only six pieces
in all. But I wished to keep the same number as in the original story.

When I �rst gave the above puzzle in a London newspaper, in competi-
tion, no correct solution was received, but an ingenious andneatly exe-
cuted attempt by a man lying in a London in�rmary was accompanied
by the following note: “Having no compasses here, I was compelled to
improvise a pair with the aid of a small penknife, a bit of �rewood from
a bundle, a piece of tin from a toy engine, a tin tack, and two portions
of a hairpin, for points. They are a fairly serviceable pair of compasses,
and I shall keep them as a memento of your puzzle.”

The Great Monad

The areas of circles are to each
other as the squares of their diam-
eters. If you have a circle 2 in.
in diameter and another 4 in. in
diameter, then one circle will be
four times as great in area as the
other, because the square of 4 is
four times as great as the square
of 2. Now, if we refer to Diagram
1, we see how two equal squares may be cut into four pieces thatwill
form one larger square; from which it is self-evident that any square has
just half the area of the square of its diagonal. In Diagram 2 Ihave in-
troduced a square as it often occurs in ancient drawings of the Monad;
which was my reason for believing that the symbol had mathematical
meanings, since it will be found to demonstrate the fact thatthe area of
the outer ring or annulus is exactly equal to the area of the inner circle.
Compare Diagram 2 with Diagram 1, and you will see that as the square
of the diameter CD is double the square of the diameter of the inner cir-
cle, or CE, therefore the area of the larger circle is double the area of the
smaller one, and consequently the area of the annulus is exactly equal to
that of the inner circle. This answers our �rst question.
In Diagram 3 I show the simple solution to the second question. It is
obviously correct, and may be proved by the cutting and superposition
of parts. The dotted lines will also serve to make it evident.The third
question is solved by the cut CD in Diagram 2, but it remains to be
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proved that the piece F is really one-half of the Yin or the Yan. This we
will do in Diagram 4. The circle K has one-quarter the area of the circle
containing Yin and Yan, because its diameter is just one-half the length.
Also L in Diagram 3 is, we know, one-quarter the area. It is therefore
evident that G is exactly equal to H, and therefore half G is equal to half
H. So that what F loses from L it gains from K, and F must be half of
Yin or Yan

The Square Of Veneer

Any square number may be expressed as the sum of two squares inan
in�nite number of different ways. The solution of the present puzzle
forms a simple demonstration of this rule. It is a condition that we give
actual dimensions.
In this puzzle I ignore the known
dimensions of our square and
work on the assumption that it is
13n by 13n. The value of n we
can afterwards determine. Divide
the square as shown (where the
dotted lines indicate the original
markings) into 169 squares. As
169 is the sum of the two squares
144 and 25, we will proceed to di-
vide the veneer into two squares, measuring respectively 12� 12 and
5� 5; and as we know that two squares may be formed from one square
by dissection in four pieces, we seek a solution in this number. The dark
lines in the diagram show where the cuts are to be made. The square
5� 5 is cut out whole, and the larger square is formed from the remain-
ing three pieces, B, C, and D, which the reader can easily �t together.

Now, n is clearly 5
13 of an inch. Consequently our larger square must be

60
13 in. � 60

13 in., and our smaller square25
13 in. � 25

13 in. The square of60
13

added to the square of25
13 is 25. The square is thus divided into as few

as four pieces that form two squares of known dimensions, andall the
sixteen nails are avoided.

Here is a general formula for �nding two squares whose sum shall equal
a given square, saya2. In the case of the solution of our puzzlep = 3,
q = 2, anda = 5.
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2pqa
p2 + q2 = x;

p
a2(p2 + q2)2 � (2pqa)2

p2 + q2 = y

Herex2 + y2 = a2.

The Two Horseshoes

The puzzle was to cut the two
shoes (including the hoof con-
tained within the outlines) into
four pieces, two pieces each, that
would �t together and form a per-
fect circle. It was also stipulated
that all four pieces should be different in shape. As a matterof fact,
it is a puzzle based on the principle contained in that curious Chinese
symbol the Monad. (See The Great Monad.)

The above diagrams give the correct solution to the problem.It will be
noticed that 1 and 2 are cut into the required four pieces, alldifferent in
shape, that �t together and form the perfect circle shown in Diagram 3.
It will further be observed that the two pieces A and B of one shoe and
the two pieces C and D of the other form two exactly similar halves of
the circle–the Yin and the Yan of the great Monad. It will be seen that
the shape of the horseshoe is more easily determined from thecircle
than the dimensions of the circle from the horseshoe, thoughthe latter
presents no dif�culty when you know that the curve of the longside
of the shoe is part of the circumference of your circle. The difference
between B and D is instructive, and the idea is useful in all such cases
where it is a condition that the pieces must be different in shape. In
forming D we simply add on a symmetrical piece, a curvilinearsquare,
to the piece B. Therefore, in giving either B or D a quarter turnbefore
placing in the new position, a precisely similar effect mustbe produced.

The Cardboard Chain

The reader will probably feel re-
warded for any care and patience
that he may bestow on cutting out
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the cardboard chain. We will sup-
pose that he has a piece of card-
board measuring 8 in. by 212 in., though the dimensions are of no im-
portance. Yet if you want a long chain you must, of course, take a long
strip of cardboard. First rule pencil lines B B and C C, half an inch from
the edges, and also the short perpendicular lines half an inch apart. Rule
lines on the other side in just the same way, and in order that they shall
coincide it is well to prick through the card with a needle thepoints
where the short lines end. Now take your penknife and split the card
from A A down to B B, and from D D up to C C. Then cut right through
the card along all the short perpendicular lines, and half through the card
along the short portions of B B and C C that are not dotted. Nextturn
the card over and cut half through along the short lines on B B and C C
at the places that are immediately beneath the dotted lines on the upper
side. With a little careful separation of the parts with the penknife, the
cardboard may now be divided into two interlacing ladder-like portions,
as shown in Fig. 2; and if you cut away all the shaded parts you will get
the chain, cut solidly out of the cardboard, without any join, as shown in
the illustrations on page 31

It is an interesting variant of the puzzle to cut out two keys on a ring-in
the same manner without join.

The Paper Box

It may be interesting to introduce here, though it is not strictly a puzzle,
an ingenious method for making a paper box.

Take a square of stout paper and
by successive foldings make all
the creases indicated by the dot-
ted lines in the illustration. Then
cut away the eight little triangu-
lar pieces that are shaded, and
cut through the paper along the
dark lines. The second illustration
shows the box half folded up, and
the reader will have no dif�culty
in effecting its completion. Before folding up, the reader might cut out
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the circular piece indicated in the diagram, for a purpose I will now
explain.

This box will be found to serve
excellently for the production of
vortex rings. These rings, Pg
41which were discussed by Von
Helmholtz in 1858, are most in-
teresting, and the box (with the
hole cut out) will produce them to perfection. Fill the box with tobacco
smoke by blowing it gently through the hole. Now, if you hold it hori-
zontally, and softly tap the side that is opposite to the hole, an immense
number of perfect rings can be produced from one mouthful of smoke.
It is best that there should be no currents of air in the room. People of-
ten do not realise that these rings are formed in the air when no smoke
is used. The smoke only makes them visible. Now, one of these rings,
if properly directed on its course, will travel across the room and put
out the �ame of a candle, and this feat is much more striking ifyou can
manage to do it without the smoke. Of course, with a little practice,
the rings may be blown from the mouth, but the box produces them in
much greater perfection, and no skill whatever is required.Lord Kelvin
propounded the theory that matter may consist of vortex rings in a �uid
that �lls all space, and by a development of the hypothesis hewas able
to explain chemical combination.

The Potato Puzzle

As many as twenty-two pieces
may be obtained by the six cuts.
The illustration shows a pretty
symmetrical solution. The rule in
such cases is that every cut shall
intersect every other cut and no
two intersections coincide; that is
to say, every line passes through
every other line, but more than
two lines do not cross at the same point anywhere. There are other ways
of making the cuts, but this rule must always be observed if weare to
get the full number of pieces.
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The general formula is that withn cuts we can always producen(n+ 1)+ 1
2 .

One of the problems proposed by the late Sam Loyd was to produce the
maximum number of pieces by n straight cuts through a solid cheese.
Of course, again, the pieces cut off may not be moved or piled.Here
we have to deal with the intersection of planes (instead of lines), and the
general formula is that with n cuts we may produce((n� 1)n()n+ 1)

6 + n+ 1
pieces. It is extremely dif�cult to “see” the direction and effects of the
successive cuts for more than a few of the lowest values ofn.

The Seven Pigs

The illustration shows the direc-
tion for placing the three fences so
as to enclose every pig in a sepa-
rate sty. The greatest number of
spaces that can be enclosed with
three straight lines in a square is
seven, as shown in the last puzzle.
Bearing this fact in mind, the puzzle must be solved by trial.

The Land Owner's Fences

Four fences only are necessary, as
follows:–

The Wizard's Cats

The illustration requires no expla-
nation. It shows clearly how the
three circles may be drawn so that
every cat has a separate enclosure,
and cannot approach another cat
without crossing a line.
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The Christmas Pudding

The illustration shows how the
pudding may be cut into two
parts of exactly the same size and
shape. The lines must necessarily
pass through the points A, B, C,
D, and E. But, subject to this con-
dition, they may be varied in an
in�nite number of ways. For ex-
ample, at a point midway between
A and the edge, the line may be
completed in an unlimited number of ways (straight or crooked), pro-
vided it be exactly re�ected from E to the opposite edge. And similar
variations may be introduced at other places.

Drawing A Spiral

Make a fold in the paper, as
shown by the dotted line in the il-
lustration. Then, taking any two
points, as A and B, describe semi-
circles on the line alternately from
the centres B and A, being care-
ful to make the ends join, and the
thing is done. Of course this is not
a true spiral, but the puzzle was to
produce theparticular spiral that was shown, and that was drawn in this
simple manner.

St. George Banner

As the �ag measures 4 ft. by 3 ft., the length of the diagonal (from
corner to corner) is 5 ft. All you need do is to deduct half the length of
this diagonal (212 ft.) from a quarter of the distance all round the edge of
the �ag (31

2 ft.)–a quarter of 14 ft. The difference (1 ft.) is the required
width of the arm of the red cross. The area of the cross will then be the
same as that of the white ground
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The Milkmaid Puzzle

Draw a straight line, as shown in
the diagram, from the milking-
stool perpendicular to the near
bank of the river, and continue
it to the point A, which is the
same distance from that bank as
the stool. If you now draw the
straight line from A to the door of the dairy, it will cut the river at B.
Then the shortest route will be from the stool to B and thence to the
door. Obviously the shortest distance from A to the door is the straight
line, and as the distance from the stool to any point of the river is the
same as from A to that point, the correctness of the solution will proba-
bly appeal to every reader without any acquaintance with geometry.

The Ball Problem

If a round ball is placed on the level ground, six similar balls may be
placed round it (all on the ground), so that they shall all touch the central
ball.
As for the second question, the ratio of the diameter of a circle to its
circumference we call pi; and though we cannot express this ratio in
exact numbers, we can get suf�ciently near to it for all practical pur-
poses. However, in this case it is not necessary to know the value of pi
at all. Because, to �nd the area of the surface of a sphere we multiply the
square of the diameter by pi; to �nd the volume of a sphere we multiply
the cube of the diameter by one-sixth of pi. Therefore we may ignore pi,
and have merely to seek a number whose square shall equal one-sixth
of its cube. This number is obviously 6. Therefore the ball was 6 ft. in
diameter, for the area of its surface will be 36 times pi in square feet,
and its volume also 36 times pi in cubic feet.

The Yorkshire Estates

The triangular piece of land that was not for sale contains exactly eleven
acres. Of course it is not dif�cult to �nd the answer if we follow the
eccentric and tricky tracks of intricate trigonometry; or Imight say that
the application of a well-known formula reduces the problemto �nding
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one-quarter of the square root of(4 � 370� 116) � (370+ 116� 74)2

–that is a quarter of the square root of 1936, which is one-quarter of
44, or 11 acres. But all that the reader really requires to knowis the
Pythagorean law on which many puzzles have been built, that in any
right-angled triangle the square of the hypotenuse is equalto the sum of
the squares of the other two sides. I shall dispense with all “surds” and
similar absurdities, notwithstanding the fact that the sides of our triangle
are clearly incommensurate, since we cannot exactly extract the square
roots of the three square areas.
In the above diagram ABC rep-
resents our triangle. ADB is a
right-angled triangle, AD measur-
ing 9 and BD measuring 17, be-
cause the square of 9 added to
the square of 17 equals 370, the
known area of the square on AB.
Also AEC is a right-angled trian-
gle, and the square of 5 added to
the square of 7 equals 74, the square estate on A C. Similarly, CFB is a
right-angled triangle, for the square of 4 added to the square of 10 equals
116, the square estate on BC. Now, although the sides of our triangular
estate are incommensurate, we have in this diagram all the exact �gures
that we need to discover the area with precision.

The area of our triangle ADB is clearly half of 9� 17, or 761
2 acres. The

area of AEC is half of 5� 7, or 171
7 acres; the area of CFB is half of

4� 10, or 20 acres; and the area of the oblong EDFC is obviously 4� 7,
or 28 acres. Now, if we add together 171

2, 20, and 28= 651
2, and deduct

this sum from the area of the large triangle ADB (which we havefound
to be 7612 acres), what remains must clearly be the area of ABC. That is
to say, the area we want must be 761

2 � 651
2 = 11 acres exactly.

Farmer Wurzel's Estate

The area of the complete estate is exactly one hundred acres.To �nd
this answer I use the following little formula,

p
4ab� (a+ b+ c)2

4
;
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where a, b, c represent the three square areas, in any order. The ex-
pression gives the area of the triangle A. This will be found to be 9
acres. It can be easily proved that A, B, C, and D are all equal in
area; so the answer is 26 + 20 + 18 + 9 + 9 + 9 + 9 = 100 acres.
Here is the proof. If every lit-
tle dotted square in the diagram
represents an acre, this must be a
correct plan of the estate, for the
squares of 5 and 1 together equal
26; the squares of 4 and 2 equal
20; and the squares of 3 and 3
added together equal 18. Now we
see at once that the area of the tri-
angle E is 212, F is 41

2, and G is 4. These added together make 11 acres,
which we deduct from the area of the rectangle, 20 acres, and we �nd
that the �eld A contains exactly 9 acres. If you want to prove that B, C,
and D are equal in size to A, divide them in two by a line from themid-
dle of the longest side to the opposite angle, and you will �ndthat the
two pieces in every case, if cut out, will exactly �t togetherand form A.

Or we can get our proof in a still easier way. The complete areaof the
squared diagram is 12� 12= 144 acres, and the portions 1, 2, 3, 4, not
included in the estate, have the respective areas of 121

2, 171
2, 91

2, and 41
2.

These added together make 44, which, deducted from 144, leaves 100
as the required area of the complete estate.

The Crescent Puzzle

Referring to the original diagram, let AC bex, let CD bex� 9, and let
EC bex� 5. Thenx � 5 is a mean proportional betweenx� 9 andx,
from which we �nd thatx equals 25. Therefore the diameters are 50 in.
and 41 in. respectively.

The Puzzle Wall

The answer given in all the old
books is that shown in Fig. 1, where
the curved wall shuts out the cot-
tages from access to the lake. But
in seeking the direction for the “short-
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est possible” wall most readers to-
day, remembering that the shortest distance between two points is a
straight line, will adopt the method shown in Fig. 2. This is certainly an
improvement, yet the correct answer is really that indicated in Fig. 3. A
measurement of the lines will show that there is a considerable saving
of length in this wall

The Garden Walls

The puzzle was to divide the cir-
cular �eld into four equal parts by
three walls, each wall being of ex-
actly the same length. There are
two essential dif�culties in this
problem. These are: (1) the thick-
ness of the walls, and (2) the con-
dition that these walls are three
in number. As to the �rst point,
since we are told that the walls are brick walls, we clearly cannot ignore
their thickness, while we have to �nd a solution that will equally work,
whether the walls be of a thickness of one, two, three, or morebricks.

The second point requires a little more consideration. How are we to
distinguish between a wall and walls? A straight wall without any bend
in it, no matter how long, cannot ever become “walls,” if it isneither
broken nor intersected in any way. Also our circular �eld is clearly en-
closed by one wall. But if it had happened to be a square or a triangular
enclosure, would there be respectively four and three wallsor only one
enclosing wall in each case? It is true that we speak of “the four walls”
of a square building or garden, but this is only a conventional way of
saying “the four sides.” If you were speaking of the actual brickwork,
you would say, “I am going to enclose this square garden with awall.”
Angles clearly do not affect the question, for we may have a zigzag wall
just as well as a straight one, and the Great Wall of China is a good
example of a wall with plenty of angles. Now, if you look at Diagrams
1, 2, and 3, you may be puzzled to declare whether there are in each
case two or four new walls; but you cannot call them three, as required
in our puzzle. The intersection either affects the questionor it does not
affect it.
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If you tie two pieces of string �rmly together, or splice themin a nautical
manner, they become “one piece of string.” If you simply let them lie
across one another or overlap, they remain “two pieces of string.” It is
all a question of joining and welding. It may similarly be held that if
two walls be built into one another–I might almost say, if they be made
homogeneous–they become one wall, in which case Diagrams 1,2, and
3 might each be said to show one wall or two, if it be indicated that the
four ends only touch, and are not really built into, the outercircular wall

The objection to Diagram 4 is that although it shows the threerequired
walls (assuming the ends are not built into the outer circular wall), yet
it is only absolutely correct when we assume the walls to haveno thick-
ness. A brick has thickness, and therefore the fact throws the whole
method out and renders it only approximately correct.

Diagram 5 shows, perhaps, the only correct and perfectly satisfactory
solution. It will be noticed that, in addition to the circular wall, there are
three new walls, which touch (and so enclose) but are not built into one
another. This solution may be adapted to any desired thickness of wall,
and its correctness as to area and length of wall space is so obvious
that it is unnecessary to explain it. I will, however, just say that the
semicircular piece of ground that each tenant gives to his neighbour is
exactly equal to the semicircular piece that his neighbour gives to him,
while any section of wall space found in one garden is precisely repeated
in all the others. Of course there is an in�nite number of waysin which
this solution may be correctly varied.

Lady Belinda's Garden

All that Lady Belinda need do was
this: She should measure from A
to B, fold her tape in four and mark
off the point E, which is thus one
quarter of the side. Then, in the
same way, mark off the point F, one-fourth of the side AD Now, if she
makes EG equal to AF, and GH equal to EF, then AH is the required
width for the path in order that the bed shall be exactly half the area
of the garden. An exact numerical measurement can only be obtained
when the sum of the squares of the two sides is a square number.Thus,
if the garden measured 12 poles by 5 poles (where the squares of 12 and
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5, 144 and 25, sum to 169, the square of 13), then 12 added to 5, less
13, would equal four, and a quarter of this, 1 pole, would be the width
of the path.

The Tethered Goat

This problem is quite simple if
properly attacked. Let us suppose
the triangle ABC to represent our
half-acre �eld, and the shaded
portion to be the quarter-acre over
which the goat will graze when
tethered to the corner C. Now,
as six equal equilateral triangles
placed together will form a regular hexagon, as shown, it is evident
that the shaded pasture is just one-sixth of the complete area of a cir-
cle. Therefore all we require is the radius (CD) of a circle containing
six quarter-acres or 112 acres, which is equal to 9,408,960 square inches.
As we only want our answer “to the nearest inch,” it is suf�ciently exact
for our purpose if we assume that as 1 is to 3.1416, so is the diameter
of a circle to its circumference. If, therefore, we divide the last number
I gave by 3.1416, and extract the square root, we �nd that 1,731 inches,
or 48 yards 3 inches, is the required length of the tether “to the nearest
inch.”

Papa's Puzzle

I have found that a large num-
ber of people imagine that the fol-
lowing is a correct solution of the
problem. Using the letters in the
diagram below, they argue that if
you make the distance BA one-
third of BC, and therefore the area
of the rectangle ABE equal to that
of the triangular remainder, the
card must hang with the long side horizontal. Readers will remember
the jest of Charles II., who induced the Royal Society to meet and dis-
cuss the reason why the water in a vessel will not rise if you put a live
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�sh in it; but in the middle of the proceedings one of the leastdistin-
guished among them quietly slipped out and made the experiment, when
he found that the water did rise! If my correspondents had similarly
made the experiment with a piece of cardboard, they would have found
at once their error. Area is one thing, but gravitation is quite another.
The fact of that triangle sticking its leg out to D has to be compensated
for by additional area in the rectangle. As a matter of fact, the ratio
of BA to AC is as 1 is to the square root of 3, which latter cannotbe
given in an exact numerical measure, but is approximately 1.732. Now
let us look at the correct general solution. There are many ways of ar-
riving at the desired result, but the one I give is, I think, the simplest for
beginners.

Fix your card on a piece of paper and draw the equilateral triangle BCF,
BF and CF being equal to BC. Also mark off the point G so that DG
shall equal DC. Draw the line CG and produce it until it cuts the line BF
in H. If we now make HA parallel to BE, then A is the point from which
our cut must be made to the corner D, as indicated by the dottedline.

A curious point in connection with this problem is the fact that the po-
sition of the point A is independent of the side CD. The reason for this
is more obvious in the solution I have given than in any other method
that I have seen, and (although the problem may be solved withall the
working on the cardboard) that is partly why I have preferredit. It will
be seen at once that however much you may reduce the width of the card
by bringing E nearer to B and D nearer to C, the line CG, being the di-
agonal of a square, will always lie in the same direction, andwill cut BF
in H. Finally, if you wish to get an approximate measure for the distance
BA, all you have to do is to multiply the length of the card by the deci-
mal .366. Thus, if the card were 7 inches long, we get 7� :366= 2:562,
or a little more than 2½ inches, for the distance from B to A.

But the real joke of the puzzle is this: We have seen that the position of
the point A is independent of the width of the card, and depends entirely
on the length. Now, in the illustration it will be found that both cards
have the same length; consequently all the little maid had todo was to
lay the clipped card on top of the other one and mark off the point A at
precisely the same distance from the top left-hand corner! So, after all,
Pappus' puzzle, as he presented it to his little maid, was quite an infantile
problem, when he was able to show her how to perform the feat without
�rst introducing her to the elements of statics and geometry.
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How To Make Cisterns

Here is a general formula for solv-
ing this problem. Call the two
sides of the rectangle a and b.
Then

a+ b�
p

a2 + b2 � ab
6

equals the side of the little square
pieces to cut away. The measure-
ments given were 8 ft. by 3 ft.,
and the above rule gives 8 in. as
the side of the square pieces that have to be cut away. Of course it will
not always come out exact, as in this case (on account of that square
root), but you can get as near as you like with decimals.

The Cone Puzzle

The simple rule is that the cone must be cut at one-third of itsaltitude.

Concerning Wheels

If you mark a point A on the cir-
cumference of a wheel that runs
on the surface of a level road, like
an ordinary cart-wheel, the curve
described by that point will be a
common cycloid, as in Fig. 1.
But if you mark a point B on the
circumference of the �ange of a
locomotive-wheel, the curve will
be a curtate cycloid, as in Fig. 2,
terminating in nodes. Now, if we consider one of these nodes or loops,
we shall see that “at any given moment” certain points at the bottom of
the loop must be moving in the opposite direction to the train. As there
is an in�nite number of such points on the �ange's circumference, there
must be an in�nite number of these loops being described while the train
is in motion. In fact, at any given moment certain points on the �anges

http://4DLab.info



Solutions 73

are always moving in a direction opposite to that in which thetrain is
going.

The Barrel Puzzle

All that is necessary is to tilt the
barrel as in Fig. 1, and if the edge
of the surface of the water exactly
touches the lip a at the same time
that it touches the edge of the bot-
tom b, it will be just half full. To
be more exact, if the bottom is
an inch or so from the ground,
then we can allow for that, and
the thickness of the bottom, at the
top. If when the surface of the water reached the lip a it had risen to the
point c in Fig. 2, then it would be more than half full. If, as inFig. 3,
some portion of the bottom were visible and the level of the water fell
to the point d, then it would be less than half full.
This method applies to all symmetrically constructed vessels.

The Barrels Of Honey

The only way in which the barrels could be equally divided among the
three brothers, so that each should receive his 31

2 barrels of honey and
his 7 barrels, is as follows:–

Full Half-full Empty
A 3 1 3
B 2 3 2
C 2 3 2

There is one other way in which the division could be made, were it
not for the objection that all the brothers made to taking more than four
barrels of the same description. Except for this dif�culty,they might
have given B his quantity in exactly the same way as A above, and then
have left C one full barrel, �ve half-full barrels, and one empty barrel.
It will thus be seen that in any case two brothers would have toreceive
their allowance in the same way.
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