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What Is the Fourth Dimension?

1884

Chapter |

AT THE PRESENT TIMEOUr actions are largely in uenced by our the-
ories. We have abandoned the simple and instinctive mode of
life of the earlier civilizations for one regulated by thesasptions of
our knowledge and supplemented by all the devices of igtaiice. In
such a state it is possible to conceive that a danger may, ansenly
from a want of knowledge and practical skill, but even frore trery
presence and possession of them in any one departmentyef iha
lack of information in other departments. |If, for instanedth our
present knowledge of physical laws and mechanical skill weee to
build houses without regard to the conditions laid down bysptiogy,
we should probably—to suit an apparent convenience—maia fer-
fectly draught-tight, and the best-constructed mansiomdavbe full of
suffocating chambers. The knowledge of the constructiothefoody
and the conditions of its health prevent it from sufferingiig by the
development of our powers over nature.

In no dissimilar way the mental balance is saved from the dengt-
tending an attention concentrated on the laws of mechasooahce by
a just consideration of the constitution of the knowing faguand the
conditions of knowledge. Whatever pursuit we are engagedeénare
acting consciously or unconsciously upon some theory, saewe of

things. And when the limits of daily routine are continualgrrowed by
the ever-increasing complication of our civilization, #édmmes doubly
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important that not one only but every kind of thought showdshared
in.

There are two ways of passing beyond the domain of practertdioty,
and of looking into the vast range of possibility. One is biiag, “What
is knowledge? What constitutes experience?” If we adoptdbisse
we are plunged into a sea of speculation. Were it not that idjleclt
faculties of the mind nd therein so ample a range, we shoatdmn to
the solid ground of facts, with simply a feeling of relief acaping from
S0 great a confusion and contradictoriness.

The other path which leads us beyond the horizon of actuarexqce
is that of questioning whatever seems arbitrary and imatlyg limited
in the domain of knowledge. Such a questioning has often beetess-
fully applied in the search for new facts. For a long time foases were
considered incapable of being reduced to the liquid stats but lately
that a physicist has succeeded in showing that there is rioasbdrary
distinction among gases. Recently again the question hasrbhesed,
“Is there not a fourth state of matter?” Solid, liquid, andgaus states
are known. Mr. Crookes attempts to demonstrate the existdracstate
differing from all of these. It is the object of these pageshow that,
by supposing away certain limitations of the fundamentalditions of
existence as we know it, a state of being can be conceivedpeitlers
far transcending our own. When this is made clear it will nobbeof
place to investigate what relations would subsist betweegmmwde of
existence and that which will be seen to be a possible one.

In the rst place, what is the limitation that we must suppasey?

An observer standing in the corner of a room has three destnatu-
rally marked out for him; one is upwards along the line of nmegof the
two walls; another is forwards where the oor meets one ofladls; a
third is sideways where the oor meets the other wall. He carceed to
any part of the oor of the room by moving rst the right distem along
one wall, and then by turning at right angles and walking felro the
other wall. He walks in this case rst of all in the directioha@ne of the
straight lines that meet in the corner of the oor, afterwsaithe direc-
tion of the other. By going more or less in one direction or ttieeg he
can reach any point on the oor, and any movement, howeveuitous,
can be resolved into simple movements in these two dirextion

But by moving in these two directions he is unable to raise blfria
the room. If he wished to touch a point in the ceiling, he wdudgre to
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move in the direction of the line in which the two walls meehefe are
three directions then, each at right angles to both the odinerentirely
independent of one another. By moving in these three dinestio com-
binations of them, it is possible to arrive at any point in amo And if

we suppose the straight lines which meet in the corner ofdbmrto be
prolonged inde nitely, it would be possible by moving in theection

of those three lines, to arrive at any point in space. Thupats there
are three independent directions, and only three; evesr dlinection is
compounded of these three. The question that comes befdheniss

this. “Why should there be three and only three directiong34c®, as
we know it, is subject to a limitation.

In order to obtain an adequate conception of what this limoitas, it is
necessary to rst imagine beings existing in a space moréduahthan
that in which we move. Thus we may conceive a being who has been
throughout all the range of his experience con ned to a srgjfaight
line. Such a being would know what it was to move to and fro, raut
more. The whole of space would be to him but the extension th bo
directions of the straight line to an in nite distance. Itasident that
two such creatures could never pass one another. We canivetioer
coming out of the straight line and entering it again, butthaving
moved always in one straight line, would have no conceptioany
other direction of motion by which such a result could bea#d. The
only shape which could exist in a one-dimensional existefdas kind
would be a nite straight line. There would be no differencethe
shapes of gures; all that could exist would simply be longeshorter
straight lines.

Again, to go a step higher in the domain of a conceivable excst.
Suppose a being con ned to a plane super cies, and througalbthe
range of its experience never to have moved up or down, byilgita
have kept to this one plane. Suppose, that is, some gurd) asca
circle or rectangle, to be endowed with the power of peroeptsuch
a being if it moves in the plane super cies in which it is drgwmill
move in a multitude of directions; but, however varied thegynseem
to be, these directions will all be compounded of two, attr@ggles to
each other. By no movement so long as the plane super ciesinema
perfectly horizontal, will this being move in the directiare call up and
down. And it is important to notice that the plane would bdedént
to a creature con ned to it, from what it is to us. We think of lae
habitually as having an upper and a lower side, becauseriysdy the
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contact of solids that we realize a plane. But a creature wiachbeen
con ned to a plane during its whole existence would have reaidf
there being two sides to the plane he lived in. In a plane tisesenply
length and breadth. If a creature in it be supposed to know afpaor
down he must already have gone out of the plane.

Is it possible, then, that a creature so circumstanced waide at the
notion of there being an up and down, a direction differeotrfithose
to which he had been accustomed, and having nothing in comvitbn
them? Obviously nothing in the creature’'s circumstanceslevtell him

of it. It could only be by a process of reasoning on his pairt tigecould
arrive at such a conception. If he were to imagine a being ged to a
single straight line, he might realize that he himself caulolve in two
directions, while the creature in a straight line could omigve in one.
Having made this re ection he might ask, “But why is the numbér
directions limited to two? Why should there not be three?”

A creature (if such existed), which moves in a plane would hem
more fortunately circumstanced than one which can only move
straight line. For, in a plane, there is a possibility of amite vari-
ety of shapes, and the being we have supposed could comeoimtact
with an inde nite number of other beings. He would not be lbied, as
in the case of the creature in a straight line, to one only @h sale of
him.

It is obvious that it would be possible to play curious trigkith a being
con ned to a plane. If, for instance, we suppose such a beibg inside
a square, the only way out that he could conceive would beigirone
of the sides of the square. If the sides were impenetrableplidd be a
fast prisoner, and would have no way out.

What his case would be we may understand, if we re ect what a sim
ilar case would be in our own existence. The creature is shi all
the directions he knows of. If a man is shut in in all the di@ts he
knows of, he must be surrounded by four walls, a roof and a. dor
two-dimensional being inside a square would be exactly & dame
predicament that a man would be, if he were in a room with noioyge
on any side. Now it would be possible to us to take up such ayfedm
the inside of the square, and to set him down outside it. Ad@invhom
this had happened would nd himself outside the place he leahizon-
ned in, and he would not have passed through any of the baiggla
by which he was shut in. The astonishment of such a being dsrben
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imagined by comparing it to that which a man would feel, if herev
suddenly to nd himself outside a room in which he had beernhwout
having passed through the window, doors, chimney or anyingen

the walls, ceiling or oor.

Another curious thing that could be effected with a two-dnsienal
being, is the following. Conceive two beings at a great distafnom
one another on a plane surface. If the plane surface is behatsthey
are brought close to one another, they would have no comceptitheir
proximity, because to each the only possible movementsoheeem to
be movements in the surface. The two beings might be cortasso
placed, by a proper bending of the plane, that they shouldbelately
in juxtaposition, and yet to all the reasoning faculties itier of them
a great distance could be proved to intervene. The bendightrbie
carried so far as to make one being suddenly appear in the plathe
side of the other. If these beings were ignorant of the exca®f a third
dimension, this result would be as marvellous to them, asitivbe for
a human being who was at a great distance—it might be at tiee siie
of the world—to suddenly appear and really be by our side,camthg
the whole time he not to have left the place in which he was.
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Chapter Il

THE FOREGOING EXAMPLES MAKE IT CLEARthat beings can be con-
ceived as living in a more limited space than ours. Is thermdes
limitation in the space we know?

At the very threshold of arithmetic an indication of such raitation
meets us.

If there is a straight line before us two inches long, its teng expressed
by the number 2. Suppose a square to be described on theHme, t
number of square inches in this gure is expressed by the mub.e.,

2 x 2. This 2 x 2 is generally writter?2and named “2 squared.”

Now, of course, the arithmetical process of multiplicatisim no sense
identical with that process by which a square is generatad the mo-
tion of a straight line, or a cube from the motion of a squaret iBoas
been observed that the units resulting in each case, thatigredt in
kind, are the same in number.

If we touch two things twice over, the act of touching has bpen
formed four times. Arithmetically, 2 x 2 = 4. If a square is geated
by the motion of a line two inches in length, this square cmstéour
square inches.

So it has come to pass that the second and third powers of marafee
called “square” and “cube.”

We have now a straight line two inches long. On this a squaséoban
constructed containing four square inches. If on the saneedicube
be constructed, the number of cubic inches in the gure soemad,
i.e., 2 x 2 x 2 or 23. Here, corresponding to the numbers?222 we
have a series of gures. Each gure contains more units thenlast,
and in each the unit is of a different kind. In the rst gure &aght
line is the unit, viz., one linear inch; it is said to be of onmension.
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In the second a square is the unit, viz., one square inch. dhars
is a gure of two dimensions. In the third case a cube is the,wamd
the cube is of three dimensions. The straight line is saidetofoone
dimension because it can be measured only in one way. Itshieag
be taken, but it has no breadth or thickness. The squareddsae of
two dimensions because it has both length and breadth. THeeissaid
to have three dimensions, because it can be measured intayse

The question naturally occurs, looking at these numbers 22% by
what gure shall we represent'2or 2 x 2 x 2 x 2. We know that in the
gure there must be sixteen units, or twice as many units asercube.
But the unit also itself must be different. And it must not diffrom a
cube simply in shape. It must differ from a cube as a cubergiffem a
square. No number of squares will make up a cube, becaussgaate

has no thickness. In the same way, no number of cubes mustide ab
to make up this new unit. And here, instead of trying to nd sihing
already known, to which the idea of a gure corresponding®fourth
power can be af xed, let us simply reason out what the progerof
such a gure must be. In this attempt we have to rely, not oncegss
of touching or vision, such as informs us of the propertiebafies in
the space we know, but on a process of thought. Each fact sunge
this unknown gure has to be reasoned out; and it is only afteamber
of steps have been gone through, that any consistent faityiketh its
properties is obtained. Of all applications of the reashis,éxploration

is perhaps the one which requires, for the simplicity of taednvolved,
the greatest exercise of the abstract imagination, and isnatitount
is well worth patient attention. The rst steps are very sieapWe
must imagine a nite straight line to generate a square byingpwon
the plane of the paper, and this square in its turn to genaratde by
moving vertically upwards. Figure 1 represents a straigig; | gure

2 represents a square formed by the motion of that straigéj lgure

3 represents perspectively a cube formed by the motion ofstinzare
ABCD upwards. It would be well, instead of using gure 3, to &
cube on the paper. Its base would be ABCD, its upper surface EFGH

The straight line AB gives rise to the square ABCD by a movement a
right angles to itself. If motion be con ned to the straigiid AB, a
backward and forward motion is the only one possible. Novgagemo-
tion is admissible. And if we suppose a being to exist whichid@nly
move in the straight line AB, it would have no idea of any oth@vet
ment than to and fro. The square ABCD is formed from the strdigéat
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c| Jo
A B A B A B
Figure 1 Figure 2 Figure 3

by a movement in a direction entirely different from the dtren which
exists in AB. This motion is not expressible by means of anysitbes
motion in AB. A being which existed in AB, and whose experien@asw
limited to what could occur in AB, would not be able to undemstghe
instructions we should give to make AB trace out the gure ABCD.

In the gure ABCD there is a possibility of moving in a variety di-
rections, so long as all these directions are con ned to dasey All
directions in this plane can be considered as compoundetoofitom
A to B, and from A to C. Out of the in nite variety of such directie
there is none which tends in a direction perpendicular taeg®; there
is none which tends upwards from the plane of the paper. Coneei
being to exist in the plane, and to move only in it. In all thevements
which he went through there would be none by which he couldewe
the alteration of gure 2 into what gure 3 represents in geFstive. For
2 to become 3 it must be supposed to move perpendicularlg taih
plane. The gure it traces out is the cube ABCDEFGH.

All the directions, manifold as they are, in which a createxesting in
gure 3 could move, are compounded of three directions. Ffota B,
from A to C, from A to E, and there are no other directions knowit.t

But if we suppose something similar to be done to gure 3, sdvingtof
the same kind as was done to gure 1to turnitinto gure 2, orgore
2toturnitinto gure 3, we must suppose the whole gure asxists to
be moved in some direction entirely different from any dii@t within
it, and not made up of any combination of the directions inAthat is
this? It is the fourth direction.
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We are as unable to imagine it as a creature living in the plgne

2 would be to imagine a direction such that moving in it theasqL2
would become the cube 3. The third dimension to such a ceeatould
be as unintelligible as the fourth is to us. And at this poietlvave to
give up the aid that is to be got from any presentable objecktyae have
simply to investigate what the properties of the simplesirgin four
dimensions are, by pursuing further the analogy which wenkiooexist
between the process of formation of 2 from 1 and of 3 from 2, nallly

of 4 from 3. For the sake of convenience, let us call the gueeave
investigating—the simplest gure in four dimensions—a rfaguare.

First of all we must notice, that if a cube be formed from a squmy the
movement of the square in a new direction, each point of ttezior of
the square traces out part of the cube. It is not only the hogrithes
that by their motion form the cube, but each portion of therioir of
the square generates a portion of the cube. So if a cube wareve in
the fourth dimension so as to generate a four-square, exény ip the
interior of the cube would statte novg and trace out a portion of the
new gure uninterfered with by the other points.

Or, to look at the matter in another light, a being in three efisions,
looking down on a square, sees each part of it extended bhfore
and can touch each part without having to pass through thewsnding
parts, for he can go from above, while the surrounding pamoand
the part he touches only in one plane.

So a being in four dimensions could look at and touch everptpafia
solid gure. No one part would hide another, for he would latkeach
part from a direction which is perfectly different from amywhich it is
possible to pass from one part of the body to another. To passdne
part of the body to another it is necessary to move in thresstions, but
a creature in four dimensions would look at the solid from r@ation
which is none of these three.

Let us obtain a few facts about the fourth gure, proceedingoading
to the analogy that exists between 1, 2, 3, and 4. In the gufrefe are
two points. In 2 there are four points—the four corners ofdfyeare. In
3 there are eight points. In the next gure, proceeding adicwy to the
same law, there would be sixteen points.

In the gure 1 there is one line. In the square there are fauedi In
the cube there are twelve lines. How many lines would theri blee
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four-square? That is to say that there are three numbers-ahd412.
What is the fourth, going on accordingly to the same law?

To answer this question let us trace out in more detail howdhees
change into one another. The line, to become the square,snave
occupies rst of all its original position, and last of alkitnal position.

It starts as AB, and ends as CD; thus the line appears twice,isr it
doubled. The two other lines in the square, AC, BD, are formethby
motions of the points at the extremities of the moving linehug, in
passing from the straight line to the square the lines dahglmselves,
and each point traces out a line. If the same procedure holdd o
the case of the change of the square into the cube, we oudte tube
to have double the number of lines as in the square—that it-eagd
every point in the square ought to become a line. As thereoargobints

in the square, we should have four lines in the cube from thikat,is,
adding to the previous eight, there Should be twelve lineséncube.
This is obviously the case. Hence we may with con dence, Wude
the number of lines in a four-square, apply this rideuble the number
of lines in the previous gure, and add as many lines as theeep@ints

in the previous gure Now in the cube there are twelve lines and eight
points. Hence we get 2 x 12 + 8, or thirty-two lines in the feguare.

In the same way any other question about the four-square eamb
swered. We must throw aside our realizing power and answac-in
cordance with the analogy to be worked out from the three eguwve

know.

Thus, if we want to know how many plane surfaces the four-sghas,

we must commence with the line, which has none; the squarergs
the cube has six. Here we get the three numbers, 0, 1, and 6. i8Vhat
the fourth?

Consider how the planes of the cube arise. The square at tirnbey
of its motion determines one of the faces of the cube, at thetes the
opposite face, during the motion each of the lines of the igtraces
out one plane face of the cube. Thus we double the number oépla
in the previous gure, and every line in the previous gurades out a
plane in the subsequent one.

Apply this rule to the formation of a square from a line. In lime there
is no plane surface, and since twice nothing is nothing, viesgefar,
no surface in the square; but in the straight line there idioeenamely
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itself, and this by its motion traces out the plane surfacthefsquare.
So in the square, as should be, the rule gives one surface.

Applying this rule to the case of the cube, we get, doublirggsiwrfaces,
12; and adding a plane for each of the straight lines, of wiinare
are 12, we have another 12, or 24 plane surfaces in all. Tlstigaguby
handling or looking at it, it is possible to describe a gunespace, so by
going through a process of calculation it is within our poteedescribe
all the properties of a gure in four dimensions.

There is another characteristic so remarkable as to neeec#abptate-
ment. In the case of a nite straight line, the boundariegumiats. If we
deal with one dimension only, the gure 1, that of a segmerat stiraight
line, is cut out of and separated from the rest of an imagimanjtely
long straight line by the two points at its extremities. Ilistiimple case
the two points correspond to the bounding surface of the .cub¢he
case of a two-dimensional gure an in nite plane represehts whole
of space. The square is separated off by four straight e jt is im-
possible for an entry to be made into the interior of the sgjuexcept by
passing through the straight lines. Now, in these casesgitident that
the boundaries of the gure are of one dimension less thanghee
itself. Points bound lines, lines bound plane gures, paheund solid
gures. Solids then must bound four dimensional gures. Tbar-
square will be bounded in the following manner. First of hére is the
cube which, by its motion in the fourth direction, generates gure.
This, in its initial position, forms the base of the four-agel. In its nal
position it forms the opposite end. During the motion eactheffaces
of the cube give rise to another cube. The direction in whighdube
moves is such that of all the six sides none is in the leashiedlin that
direction. It is at right angles to all of them. The base of ¢hbe, the
top of the cube, and the four sides of the cube, each and &éaf form
cubes. Thus the four-square is bounded by eight cubes. Swupi,
the four-square would have 16 points, 32 lines, 24 surfaoesit would
be bounded by 8 cubes.

If a four-square were to rest in space it would seem to us likeee.

To justify this conclusion we have but to think of how a cubeudo
appear to a two-dimensional being. To come within the scdgaso
faculties at all, it must come into contact with the plane ihiehh he
moves. If it is brought into as close a contact with this plas@ossible,
it rests on it by one of its faces. This face is a square, andnibst a
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two-dimensional being could get acquainted with of a cubald/ibe a
square.

Having thus seen how it is possible to describe the proesfithe sim-
plest shape in four dimensions, it is evident that the mergastruction
of more elaborate gures is simply a matter of time and paté&en

In the study of the form and development of the chick in the, éDig
impossible to detect the features that are sought to be wdabegxcept
by the use of the microscope. The specimens are accordiagiehed
by a peculiar treatment and cut into thin sections. The tiya®r going
over each of these sections, noticing all their peculesjtconstructs in
his mind the shape as it originally existed from the recofdrdéd by
an inde nite number of slices. So, to form an idea of a fourndnsional
gure, a series of solid shapes bounded on every side difggradually
from one another, proceeding, it may be, to the most divensed, has
to be mentally grasped and fused into a unitary conception.

If, for instance, a small sphere were to appear, this to biaced by a
larger one, and so on, and then, when the largest had appearalier
and smaller ones to make their appearance, what would bessital
would be a series of sections of a four-dimensional spheaeh Bection
in space being a sphere.

Again, just as solid gures can be represented on paper bsppetive,
four-dimensional gures can be represented perspectivglgolids. If
there are two squares, one lying over the other, and the nedr one
be pushed away, its sides remaining parallel with the onexha over
it, then if each point of the one be joined to the correspomgioint of
the other, we have a fair representation on paper of a culmurd-8
may be considered to be such a representation if the squardHQGRG
considered to be the one that has been pushed away from lygigadly
under the square ABEF. Each of the planes which bound the cube i
represented on the paper. The only thing that is wantingegthee-
dimensional content of the cube. So if two cubes be placel thiir
sides parallel, but one somewhat diagonally with regartéather, and
all their corresponding points be supposed joined, thelleboeifound a
set of solid gures, each representing (though of courstodsdly) the
bounding cubes of the four-dimensional gure, and everypland line
in the four-dimensional gure will be found to be represeahie a kind
of solid perspective. What is wanting is of course the founehsional
content.
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Chapter Il

AVING NOW PASSED IN REVIEW SOME OF THE PROPERTIESX four-
dimensional gures, it remains to ask what relations beingsur
dimensions, if they did exist, would have with us.

And in the rst place, a being in four dimensions would haveutex-
actly the appearance of a being in space. A being in a plan&veoly

know solid objects as two-dimensional gures—the shapaseaig in

which they intersected his plane. So if there were four-disi@nal ob-
jects, we should only know them as solids—the solids, nanrelyhich

they intersect our space. Why, then, should not the four-dsoaal be-
ings be ourselves, and our successive states the passhenottirough
the three-dimensional space to which our consciousnessiaed?

Let us consider the question in more detail. And for the sdilstnaplic-
ity transfer the problem to the case of three and two dimessiostead
of four and three.

Suppose a thread to be passed through a thin sheet of waxi flade
zontally. It can be passed through in two ways. Either it capblled
through, or it can be held at both ends, and moved downwards as
whole. Suppose a thread to be grasped at both ends, and tiie toan
be moved downwards perpendicularly to the sheet of wax.elttinead
happens to be perpendicular to the sheet it simply passasgit, but

if the thread be held, stretched slantingwise to the sheetitze hands
are moved perpendicularly downwards, the thread will, Batstrong
enough, make a slit in the sheet.

If now the sheet of wax were to have the faculty of closing upite
the thread, what would appear in the sheet would be a movileg ho

Suppose that instead of a sheet and a thread, there wereaghtsliree
and a plane. If the straight line were placed slantingwiseefarence
to the plane and moved downwards, it would always cut theepiama
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point, but that point of section would move on. If the planeevef such
a nature as to close up behind the line, if it were of the nattiee uid,
what would be observed would be a moving point. If now theresvee
whole system of lines sloping in different directions, blittannected
together, and held absolutely still by one framework, arttig frame-
work with its system of lines were as a whole to pass slowlgulgh the
uid plane at right angles to it, there would then be the appaee of a
multitude of moving points in the plane, equal in number ®nlamber
of straight lines in the system. The lines in the frameworK all be
moving at the same rate—namely, at the rate of the framewnoniich
they are xed. But the points in the plane will have differemacities.
They will move slower or faster, according as the lines wigate rise
to them are more or less inclined to the plane. A straight fiesen-
dicular to the plane will, on passing through, give rise taaisnary
point. A straight line that slopes very much inclined to thane will
give rise to a point moving with great swiftness. The motiand paths
of the points would be determined by the arrangement of tieslin the
system. It is obvious that if two straight lines were placgdd across
one another like the letter X, and if this gure were to be stapright
and passed through the plane, what would appear would bestatwo
points. These two points would approach one another. Whepatte
where the two strokes of the X meet came into the plane, the@oids
would become one. As the upper part of the gure passed throiing
two points would recede from one another.

If the line be supposed to be af xed to all parts of the framewand
to loop over one another, and support one anétheis obvious that
they could assume all sorts of gures, and that the pointshenplane
would move in very complicated paths. Figure 4 represengcton of
such a framework. Two lines XX and YY are shown, but there rbest
supposed to be a great number of others sloping backwardem@vards
as well as sideways.

Let us now assume that instead of lines, very thin threads attached
to the framework: they on passing through the uid plane wiogive
rise to very small spots. Let us call the spots atoms, anddrdethem
as constituting a material system in the plane. There aredondi-
tions which must be satis ed by these spots if they are to buited
as forming a material system such as ours. For the ultimatgepties

1ABCD framework, X and Y two lines interlinked
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of matter (if we eliminate attractive and repulsive foraghjch may be
caused by the motions of the smallest particles), are—h&eence; 2,
Impenetrability; 3, Inertia; 4, Conservation of energy.

According to the rst condition, or that of permanence, neaf these
spots must suddenly cease to exist. That is, the thread elyisharing
in the general motion of the system gives rise to the movingtpmust
not break off before the rest of them. If all the lines sudgemnided this
would correspond to a ceasing of matter.

2. Impenetrability.—One spot must not pass through anofftes con-
dition is obviously satis ed. If the threads do not coinciaeany point,
the moving spots they give rise to cannot.

3. Inertia.—A spot must not cease to move or cease to remaesat
without coming into collision with another point. This catidn gives
the obvious condition with regard to the threads, that theyjween the
points where they come into contact with one another, mustraght.
A thread which was curved would, passing through the plane, rise
to a point which altered in velocity spontaneously. Thispheticles of
matter never do.

4. Conservation of energy.—The energy of a material systemausr
lost; it is only transferred from one form to another, howeNanay
seem to cease. If we suppose each of the moving spots on the pla
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to be the unit of mass, the principle of the conservation &gy de-
mands that when any two meet, the sum of the squares of thveirade
velocities before meeting shall be the same as the sum ofgieres
of their velocities after meeting. Now we have seen that aatesent
about the velocities of the spots in the plane is really a&stant about
the inclinations of the threads to the plane. Thus the griacof the
conservation of energy gives a condition which must be satigy the
inclinations of the threads of the plane. Translating ttesesnent, we
get in mathematical language the assertion that the sune stjilrares of
the tangents of the angles the threads make with the norntzé folane
remains constant.

Hence, all complexities and changes of a material systenempdf
similar atoms in a plane could result from the uniform motisra whole
of a system of threads.

We can imagine these threads as weaving together to formecteth
shapes, each complete in itself, and these shapes as trethpasgh
the uid plane give rise to a series of moving points. Yet,9maich as
the threads are supposed to form consistent shapes, thennubtthe
points would not be wholly random, but numbers of them woulkspnt
the semblance of moving gures. Suppose, for instance, abeurof
threads to be so grouped as to form a cylinder for some disfdnd
after a while to be pulled apart by other threads with whiogytin-
terlink. While the cylinder was passing through the plane,siveuld
have in the plane a number of points in a circle. When the paeravh
the threads deviated came to the plane, the circle woulkhnedy the
points moving away. These moving gures in the plane areleittaces
of the shapes of threads as those shapes pass on. These ovey)
may be conceived to have a life and a consciousness of thair ow

Or, if it be irrational to suppose them to have a consciousmg®en the
shapes of which they are momentary traces have none, we nllsguype
pose that the shapes of threads have consciousness, atitethaiving
gures share this consciousness, only that in their case litmited to
those parts of the shapes that simultaneously pass thrbagiiane. In
the plane, then, we may conceive bodies with all the progpedf a ma-
terial system, moving and changing, possessing consasasm\fter a
while it may well be that one of them becomes so disassoctatadt
appears no longer as a unit, and its consciousness as sudhenhast.
But the threads of existence of such a gure are not brokenjstire
shape which gave it origin altered in any way. It has simplyseal on to
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a distance from the plane. Thus nothing which existed in @dmescious
life on the plane would cease. There would in such an existeeco
cause and effect, but simply the gradual realization in @&sas of
an already existent whole. There would be no progress, simesvere
to suppose the threads as they pass to interweave themselvese
complex shapes.

Can a representation, such as the preceding, be applied¢dasb®f the
existence in space with which we have to do? Is it possibleippgse
that the movements and changes of material objects aretdrsections
with a three-dimensional space of a four-dimensional erist? Can
our consciousness be supposed to deal with a spatial pré Eome

higher actuality?

Itis needless to say that all the considerations that hase beought for-
ward in regard to the possibility of the production of a sgstatisfying
the conditions of materiality by the passing of threadsugfoa uid
plane, holds good with regard to a four-dimensional exstgmassing
through a three-dimensional space. Each part of the ampisteace
which passed through our space would seem perfectly linted. We
should have no indication of the permanence of its existeWeze such
a thought adopted, we should have to imagine some stupemduls,
wherein all that has ever come into being or will come co4sxishich
passing slowly on, leaves in this ickering consciousneksws, lim-
ited to a narrow space and a single moment, a tumultuous deafor
changes and vicissitudes that are but to us. Change and motsessn
as if they were all that existed. But the appearance of themdnosi
due merely to the momentary passing through our conscisssiever
existing realities.

In thinking of these matters it is hard to divest ourselvethefhabit of
visual or tangible illustration. If we think of a man as ekisgtin four
dimensions, it is hard to prevent ourselves from conceiviimy pro-
longed in an already known dimension. The image we form réesn
somewhat those solemn Egyptian statues which in front septevell
enough some digni ed sitting gure, but which are immersedtheir
ears in a smooth mass of stone which ts their contour exactly

No material image will serve. Organized beings seem to usos®
plete that any addition to them would deface their beauty.wére we
creatures con ned to a plane, the outline of a Corinthian iwiwould
probably seem to be of a beauty unimprovable in its kind. Waikh

http://ADLab.info



Selected Papers
22 About the Fourth Dimension

be unable to conceive any addition to it, simply for the reatbat any
addition we could conceive would be of the nature of af xing an-
sightly extension to some part of the contour. Yet, movingvasdo
in space of three dimensions, we see that the beauty of ttedystal-
umn far surpasses that of any single outline. So all that wedoas to

deny our faculty of judging of the ideal completeness of glsap four
dimensions.
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Chapter IV

ET US NOW LEAVE THIS SUPPOSITIONOf framework and threads.

Let us investigate the conception of a four-dimensionastexice
in a simpler and more natural manner in the same way that a two-
dimensional being should think about us, not as in nite i tihird
dimension, but limited in three dimensions as he is in two. eing
existing in four dimensions must then be thought to be as tetelp
bounded in all four directions as we are in three. All that \&a say in
regard to the possibility of such beings is, that we have pee&nce of
motion in four directions. The powers of such beings andr tleperi-
ence would be ampler, but there would be no fundamentalrdiffee in
the laws of force and motion.

Such a being would be able to make but a part of himself vistles, for
a cube would be apprehended by a two-dimensional being asjtlzee
in which it stood. Thus a four-dimensional being would suddappear
as a complete and nite body, and as suddenly disappearinipano

trace of himself, in space, in the same way that anythingglpin a at

surface, would, on being lifted, suddenly vanish out of thgrizance
of beings, whose consciousness was con ned to the plane.objeet

would not vanish by moving in any direction, but disappeatantly as
awhole. There would be no barrier, no con nement of our degishat
would not be perfectly open to him. He would come and go atques
he would be able to perform feats of the most surprising kitd:ould

be possible by an in nite plane extending in all directionsiivide our
space into two portions absolutely separated from one anobut a
four-dimensional being would slip round this plane with tpeatest
ease.

To see this clearly, let us rst take the analogous case ieetldimen-
sions. Suppose a piece of paper to represent a plane. Intngaly
extended in every direction, it will represent an in niteapk. It can be
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divided into two parts by an in nite straight line. A beingroed to
this plane could not get from one part of it to the other withpassing
through the line. But suppose another piece of paper laid@mshand
extended in nitely, it will represent another in nite plan If the being
moves from the rst plane by a motion in the third dimensionwill
move into this new plane. And initit nds no line. Let it move such
a position that when it goes back to the rst plane it will betbe other
side of the line. Then let it go back to the rst plane. It hapeared
now on the other side of the line which divides the in nite pdainto
two parts.

Take now the case of four dimensions. Instead of bringingreethe
mind a sheet of paper conceive a solid of three dimensiortsisisolid

were to become in nite it would Il up the whole of three-dimsional
space. But it would not Il up the whole of four-dimensionalesye. It
would be to four-dimensional space what an in nite planeoighree-
dimensional space. There could be in four-dimensionalespadn nite

number of such solids, just as in three-dimensional spae ttould be
an in nite number of in nite planes.

Thus, lying alongside our space, there can be conceived ce 580
in nite in all three directions. To pass from one to the othenovement
has to be made in the fourth dimension, just as to pass fronmamte
plane to another a motion has to be made in the third dimension

Conceive, then, corresponding to the rst sheet of paper ineead
above, a solid, and as the sheet of paper was supposed torbtein
extended in two dimensions, suppose the solid to be in yigattended
in its three dimensions, so that it lls the whole of space &skmow it.

Now divide this in nite solid in two parts by an in nite planeas the
in nite plane of paper was divided in two parts by an in nitmé. A
being cannot pass from one part of this in nite solid to amotton the
other side of this in nite plane, without going through threnite plane,
so long as he keeps within the in nite salid

But suppose beside this in nite solid a second in nite solng next

to it in the fourth dimension, as the second in nite plane appr was
next to the rst in nite plane in the third dimension. Let nailve being
that wants to get on the other side of the dividing plane md¥eno
the fourth dimension, and enter the second in nite solidthils second
solid there is no dividing plane. Let him now move, so that oapback
to the rstin nite solid he shall be on the other side of thenite plane
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that divides it into two portions. If this is done, he will ndve on the
other side of the in nite plane, without having gone through

In a similar way a being, able to move in four dimensions, daggt
out of a closed box without going through the sides, for hddowve
off in the fourth dimension, and then move about, so that wiecame
back he would be outside the box.

Is there anything in the world as we know it, which would irati the
possibility of there being an existence in four dimensiohk®de nite
answer can be returned to this question. But it may be of soteeest
to point out that there are certain facts which might be reathé light
of the fourth-dimensional theory.

To make this clear, let us suppose that space is really foneional,
and that the three-dimensional space we know is, in this engplace,
like a surface is in our space.

We should then be in this ampler space like beings con nedhéosur-

face of a plane would be in ours. Let us suppose that just asrispgace
there are centers of attraction whose in uence radiatesroevery di-

rection, so in this ampler space there are centers of atraehose in-
uence radiates out in every direction. Is there anythingp¢oobserved
in nature which would correspond to the effect of a centertivhetion

lying out of our space, and acting on all the matter in it? THece

of such a center of attraction would not. be to produce matiocany

known direction, because it does not lie off in any known clien.

Let us pass to the corresponding case in three and two diorexsn-
stead of four and three. Let us imagine a plane lying horebntand
in it some creatures whose experience was con ned to it. W some
water or other liquid were poured on to the plane, the creafuyecom-
ing aware of its presence, would nd that it had a tendencytead out
all over the plane. In fact it would not be to them as a liquitbisis—it
would rather correspond to a gas. For a gas, as we know its tend
expand in every direction, and gradually increase so ad the whole
of space. It exercises a pressure on the walls of any vessdiiah we
conne it.

The liquid on the plane expands in all the dimensions whiehttmo-
dimensional creatures on the plane know, and at the sameh@ne
comes smaller in the third dimension, its absolute quamétyaining
unchanged. In like manner we might suppose that gases (Wolyietx-
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pansion become larger in the dimensions that we know) becomader
in the fourth dimension.

The cause in this case would have to be sought for in an avedotce,
acting with regard to our space as the force of gravity acts vegard
to a horizontal plane.

Can we suppose that there is a center of attraction somewfiéneloe
fourth dimension, and that the gases, which we know are gimmgire
mobile liquids, expanding out in every direction under nsuence.
This view receives a certain amount of support from the faoved
experimentally that there is no absolute line of demaroabetween a
liquid and a gas. The one can be made to pass into the othenwith
moment intervening in which it can be said that now a changeaié
has taken place.

We might then suppose that the matter we know extending eetti-

mensions has also a small thickness in the fourth dimenthansolids
are rigid in the fourth as in the other three dimensions; linaids are
too coherent to admit of their spreading out in space, andrbaw thin-

ner in the fourth dimension, under the in uence of an ativ@ctenter
lying outside of our space; but that gases, owing to the greaobility

of their particles, are subject to its action, and spreadrospace un-
der its in uence, in the same manner that liquids, under thaeince of

gravity, spread out on a plane.

Then the density of a gas would be a measure of the relatigkriess
of it in the fourth dimension: and the diminution of the deynsiould
correspond to a diminution of the thickness in the fourth efigion.
Could this supposition be tested in any way?

Suppose a being con ned to a plane; if the plane is moved fdrarin
the center of attraction lying outside it, he would nd thauids had
less tendency to spread out than before.

Or suppose he moves to a distant part of the plane so thanié&dm
his position to the center of attraction lies obliquely te thlane; he
would nd that in this position a liquid would show a tenderdy spread
out more in one direction than another.

Now our space considered as lying in four-dimensional spca plane
does in three-dimensional space, may be shifted. And tharske
force of gases might be found to be different at differentsa@er, shift-
ing as we do our position in space during the course of thé'sguath
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round the sun, there might arise a suf cient difference inpasition in

space, with regard to the attractive center, to make thenswaforce of
gases different at different times of the year, or to causmtto manifest
a greater expansive force in one dire(Sion than in another.

But although this supposition might be worked out at sometlenig

is hard to suppose that it could afford any de nite test of ptgsical
existence of a fourth dimension. No test has been discowehach is

decisive. And, indeed, before searching for tests, a thieatgoint of

the utmost importance has to be settled. In discussing thmegical
properties of straight lines and planes, we suppose there tespec-
tively of one and two dimensions, and by so doing deny themraaly
existence. A plane and a line are mere abstractions. Evetwopof

matter is of three dimensions. If we consider beings on aepfant as
mere idealities, we must suppose them to be of some thickifabgir

experience is to be limited to a plane this thickness musteng small
compared to their other dimensions. Transferring our neiagoto the
case of four dimensions, we come to a curious result.

If a fourth dimension exists there are two possible altevaat

One is, that there being four dimensions, we have a threestiianal
existence only. The other is that we really have a four-dsreral ex-
istence, but are not conscious of it. If we are in three dinogrssonly,

while there are really four dimensions, then we must be iveligt to

those beings who exist in four dimensions, as lines and plaresin re-
lation to us. That is, we must be mere abstractions. In thge va&e must
exist only in the mind of the being that conceives us, and spesence
must be merely the thoughts of his mind—a result which hasraoply

been arrived at, on independent grounds, by an idealistgpher.

The other alternative is that we have a four-dimensionaterce. In
this case our proportions in it must be in nitely minute, oe whould be
conscious of them. If such be the case, it would probably lkerulti-

mate particles of matter, that we should discover the fodittension,
for in the ultimate particles the sizes in the three dimemsiare very
minute, and the magnitudes in all four dimensions would bhegara-
ble.

The preceding two alternative suppositions are based ohyihethesis
of the reality of four-dimensional existence, and must becewved to
hold good only on that hypothesis.
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It is somewhat curious to notice that we can thus conceivehafxas-
tence relative to which that which we enjoy must exist as serabstrac-
tion.

Apart from the interest of speculations of this kind theyédnaensider-
able value; for they enable us to express in intelligiblentethings of
which we can form no image. They supply us, as it were, witlffsich
ing, which the mind can make use of in building up its concai And
the additional gain to our power of representation is veeagr

Many philosophical ideas and doctrines are almost unigiele be-
cause there is no physical illustration which will serve xpress them.
In the imaginary physical existence which we have traced wuwich
that philosophers have written nds adequate represemtatMuch of
Spinoza's Ethics, for example, could be symbolized fromptexeding
pages.

Thus we may discuss and draw perfectly legitimate conchssiwith
regard to unimaginable things.

It is, of course, evident that these speculations presemond of di-
rect contact with fact. But this is no reason why they shouldban-
doned. The course of knowledge is like the ow of some migtgn,
which, passing through the rich lowlands, gathers intdfitbe contri-
butions from every valley. Such a river may well be joined bhyeun-
tain stream, which, passing with dif culty along the barreighlands,
ings itself into the greater river down some precipitoussdent, ex-
hibiting at the moment of its union the spectacle of the utrbeauty of
which the river system is capable. And such a stream is na 8yapbol
of a line of mathematical thought, which, passing throudlcdlt and
abstract regions, sacri ces for the sake of its crystallitearness the
richness that comes to the more concrete studies. Such secoay
end fruitlessly, for it may never join the main course of alvagon and
experiment. But, if it gains its way to the great stream of kisulge,
it affords at the moment of its union the spectacle of the tgistantel-
lectual beauty, and adds somewhat of force and mysteriquabday to
the onward current.

http://ADLab.info



29



30

Selected Papers
About the Fourth Dimension

http://ADLab.info



Many Dimensions
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N CONNECTION WITH THE SUBJECT OF HIGHER SPACHereis are-
mark which is sometimes made, a question which is put—Ifehe
are four dimensions, then there may be ve and six, and so do apy
number?”

This question is one, | own, which it would never have ocaliteeme
to ask. Still it often happens that a line of thought which @strforeign
and unattractive does repay investigation. And so let usvidhe ready
algebraist, to whom it is as easy to write down ve as four, aras ve.

Let us see what it is reasonable to think on the subject.

If we take four-dimensional shapes and examine them, wehatlthere
is in them a peculiarity of the same kind which led us to be sire
the reality of a four-dimensional existence from the insjpecof these
dimensional shapes. In four dimensions we can have two guigch
are precisely similar in all their parts, and which yet wiltrmove so
that one shall occupy the place of the other.

And the same observation can be made with regard to ve-dsoel
gures.

Hence it would seem that there is an indication of a highertagder
reality. And if we suppose that the same fact of absolutelarity, with-

out the possibility of superposition, were found again arghia, then
we should be compelled to recognize the existence of higherséll

higher space, and we should have to admit the existence oflamite

number of dimensions.

But let us turn away from this direct inquiry. Let us ask what fihrase
“an in nite number of dimensions” denotes.
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The question reminds me so forcibly of an Eastern story thaust
digress fur a moment.

For it is said that once, in the cool of the morning, beneagisfireading
branches of a great palm the master stood. And round him ve¢gheggd
three or four with whom he spent the hours of his quiet life.

And not for long had they gathered together.

One was a watrrior, and long ago he had come to the mastergaskin
what he should do, and had received for answer—“Go back amve se
your commander. The day will come when you will have ful llgdur
life, and the voice within you will speak clearly.”

And the soldier had returned to the life of camps and marchdsam-
bats, till at length, at the close of a hard-fought day, hewhdown
his weapons, and passing through the enemy’s land, cameedrewine
master taught.

And his comrades, seeking long for their leader, at laselouniith honor
a corpse unrecognizable for wounds.

He now sat on a bare stone listening. Beside him stood a younger
He had been a merchant, travelling over the whole earth irclses
gain, and in restlessness of curiosity. And when in wondeh&e
begged the master what he should do, he had been told—"Wanrder
the earth, and visit every part; when thy eagerness for ehisrgatis ed,
an inward voice will lead thee.”

And he had travelled far, till, even, in the course of his wanmps, he
had come to the most distant lands, and gained great richedatyhe
bought and sold.

But when his stores were full, and his possessions had irentdzes/ond
his dreams, he left them all, and, seeking that hillsidediobediently
to the master's words.

Half lying upon the ground was one whose countenance haedigdke
him— tting companion for the others. And, indeed, he hadrbémat
one, whose life had afforded the master the most interedt of them.

For he had not, like the others, been immersed in an activa@vehtur-
ous life, but had been a slave to the wants of his own body. Aethg
amidst his vices that the master had words for others, he asoluight
him to tell him too what to do.
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And the master had told him rst one thing and then anotherabuvays
he fell back, unable to withdraw himself, even for a shortleshirom
his bodily cravings, hut, gratifying them with drink and 8iphe passed
his days in brutishness.

Then at length the master, hailing him as a friend, had saflins—I

will not seek to withdraw you any longer, for is not your bodkel the
rain-clouds, and the sky a part of the changing show thathaetpre
our faces? Gaze, therefore, earnestly on your body, atteihthie more
intently, for this is your vocation; and when you see the ymeil it is,

come to me.

And this man had sat for ten years contemplating the middteqguoof
his body, till his frame had grown so cramped that he couldiset At
last he had bidden his fellows carry him to the master; and in@woo
listened to the words that fell on welcome ears.

And many days they had spoken together, and retiring eacis tauhof
reeds at nightfall, had pondered over the master's wordsl &xneach
of them had come a change.

Into the soldier's face, hard and stern set, had come the dagentle-
ness. The quick, observant gaze of the traveller now at tchasged
almost into such an expression as one would wear who looke atitle
elds that lie above the countries of the earth. And in thd, doexpres-
sive countenance of him who had sat absorbed in the contéorptzt

his body, had come the kindling light of intelligence.

And on this day the master opened his lips, and began to aistram
about the universe.

He told them much that made them wonder. He told them of theemys
ous currents of life that passed away from the bodies andefsamtich
they could see, and that, spreading into the minutest pestiof the
earth, collected again, and eddying back through seed ahdnd fruit,
participated anew with the soul, which also in its turn hadegthrough
many vicissitudes, in that mingling ground of various pihes which
we call a human life.

And seeing their wonder and interest, and feeling that thexgwlesirous
to know, and since, moreover, he saw no harm in gratifying thish,
he began to explain to them the deepest facts of their pHyse&ag.
And talking of the universe, which contained all that they saad knew,
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from the bene cent stars to the humblest blade of grass, ite-sd he
world rests upon an elephant.” And then he paused.

The watrrior did not speak. He who had been absorbed in thegont
plation of his body did not open his lips—or if he had it woulok have
mattered; for with the instinctive and right attitude of thedf-cultured
mind to the proximate object which is the last to come beftgénitel-
ligence, he would have said if he had spoken, “worship thprelat;”
and the master would have greeted this remark with a kindliesand
proceeded with his discourse.

But just as he was about to take up the thread of his speechk, thare
from the traveller, who had been listening eagerly, a hdrgeestion.

For, alas, in his wanderings, this one had traversed theegrpart of
the globe, and in the course of them had come to the West, veere
at this early period a habit of mind reigned, very unlike tivatch char-
acterized the calm, deep, contemplative souls of the East.

Moved by this restless and questioning spirit, he cried dérd on
what does the elephant rest?”

“Upon a tortoise,” the holy man replied. And had he not beeyohd
all human passions, his tone would have been one of mockery.

He taught them no more. Why should he tell them of these thilgs®
it not better rather to dwell in the daily perfectionment oftherly love,
and in the ministering of ces of devoted lives?

And yet one cannot help wishing that unlucky question hadbeen
put. If only the unfortunate disciple had but said, “Let ugdistigate the
elephant,” or, better still, had said nothing—what shoukl mot have
known now!

And if then such a question sealed the fount of sacred wisdatmaa
remote epoch, what must not the effect of our modern mind be?

For now such a disciple would not simply ask, “Upon what ddes t
elephant rest?” but he would have glibly asked, all in oneatbre-
“Upon what does the elephant rest, and upon what does theogupp
of the elephant rest, and on what the support of that? and sadn
in nitum; do tell me.”

And so too, even on the rivulet from the fount of wisdom thatkiies
sparingly through our own minds, is there not a checkingoeffeming
from this mental attitude of ever asking what is behind anuirdetand
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behind, seeking formal causes always, instead of livingetpgnsion of
the proximate?

Indeed, that question was a misfortune if the possessioacbkhowl-
edge is a boon. For what could have been a more apt descrigtion
this all-supporting elastic solid ether than the broad iagback of the
largest animal known on earth—the created being that coeid the
most, and of all not-human creatures, the most intelligedt r@spon-
sive?

The master knew how all the worlds were held together—andrhagsh
more!

And, indeed, does not this feeling come upon us strongly weitjard to
those of the Eastern world, with whom we have the privilegalxing?

For my own part, however much | have learnt in the intervalsngf
speaking with them, there they still hover on the weathav-bd my
knowledge—they, or those from whom they learn, are in thes@esion
of knowledge of which all my powers are but secondary insanar
applications.

What it is | know not, nor do they ever approach to tell me. Yethwi
them | feel an inward sympathy, for | too, as they, have an rdveam-
munion and delight, with a source lying above all points amdg and
proofs—an inward companion, whose presence in my mind feaif-
hour is worth more to me than all the cosmogonies that | hager@ad
of, and of which all the thoughts | have ever thought are bututaist
fragments, mixed up with ignorance and error. What theiredeer|
know not, mine is humble enough—the inward apprehensiopades.

And | have often thought, travelling by railway, when betwelee dark
underground stations the lads and errand boys bend ovecithpssof
badly printed paper, reading fearful tales—I have ofterugid how
much better it would be if they were doing that which | may ¢adm-
muning with space.” "Twould be of in nite delight, romancand in-
terest; far more than are those creased tawdry papers, witbrm in
themselves or in their contents.

And yet, looking at the same printed papers, being curiond,laok-
ing deeper and deeper into them with a microscope, | havetbaéim
splodgy ink stroke and dull brous texture, each part wasrite, exact,
absolutely so far and no farther, punctiliously correcty @eeper and

http://ADLab.info



Selected Papers
36 About the Fourth Dimension

deeper lying a wealth of form, a rich variety and amplitudesio&pes,
that in a moment leapt higher than my wildest dreams couldeiva.

And then | have felt as one would do if the dark waters of a macwuf
turing town were suddenly to part, and from them, in them, thnough
them, were to uprise Aphrodite, radiant, undimmed, ashirey way
to the blue beyond the smoke; for there, in these crabbedsvaaré
crumpled paper, there, if you but look, is space herselfll ine in nite
determinations of form.

Thus the reverent and true attitude is, not to put formal goes, but to
press that which we know of into living contact with our minds

And so the next step, when we would pass beyond the knowledge o
things about us in the world, is to acquire a sense and livppyehen-
sion of four-dimensional space.

But the question does come to many minds. “What lies beyond?®l, An
although our knowledge is not ripe enough to answer thistopresstill,
hurrying on before, we may ask—not what does lie beyond, thatw
is it natural for us in our present state of knowledge to thabkut the
many dimensions of space?

Let us drop for a moment into the most common sense mode oilgok
atit. Why do we think of space at all? To explain what goes oavéiry-
thing followed uniformly, we should not need to think of terer even
two dimensions—one would do. But problems come up, praqbicz-
lems, which need to be reconciled. Things get “behind” onatfaar,
are hidden, and disappear. So we nd that one variable willsabce.
If we were in a line looking at only one thing, its gradual cbas of
distance from us would be all our experience. We should nibtlta
“distance”; it would be the one fact of our experience; angeftreated
it mathematically, we should express it as the variationred wariable.
So we may consider as identical, one-dimensional spacehangria-
tion of one variable. Now plane space requires two varialéesy not
plane space then be de ned as our knowledge of the variatiawm
variables? The being in plane space requires two variablesdount
for his experience. He lives, we say, in a space of two dinoerssi

Now why should we not identify these, and say that that whielcélls
space is the organized mass of knowledge of the relationsaf/ari-
ables that has grown up in his mind?
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We talk of distance and size as if each were something knowtseti.

But suppose a percipient soul subjected to a series of chdegesding
on two independent causes, which always operated togeimtryvhich
were each of them continuous in their increase and diminutiould

not this percipient soul form an idea of space of two dimemstoWould
he not say that he lived in a space of two dimensions? His Appsgon
of the number of variables by which he was able to accountifoexpe-
rience would project itself into a feeling of being in spaaed the kind
of space would depend on the number of variables he halyitwalked
with.

Now we have become habituated to use, for practical thotiylet vari-
ables; these explain the greater part of our daily life. & thihich we
call space simply the organized knowledge of the relatidiisese vari-
ables? Without pledging ourselves to this view, let us adamtd note
its consequences.

Then it is evident that as we come into the presence of moreremd
independent causes—I mean, as we nd that these are in natuwkéng
independently of one or more in number than three—we shat ha
study the general aspect of events which turn up from the amatibns
in varying intensity of these four or more principles, or sesl of our
sensation. Then we shall get a mental organization capdlleating
readily and rapidly with the combinations of these causesd #is
mental organization will be indicated in our consciousrmsthe feeling
of being in four-dimensional (or more-dimensional) space.

It seems strange to talk of there being three independesesaor of
some such limited number, for in the events that happen draarwe
see a vast variety of causes. There is the tendency to fale tils the
motion of the wind, there are the actions of human beings) eathem
producing effects, and besides these many other causes.

But if we look at them, we nd that they are not all independent @f
the other, but may be different forms of the same cause.

Indeed, if we suppose that we live in three-dimensional spacd that
every change and occurrence is the result of the movemetits sfnall
particles of matter, there would ultimately be only thredependent
causes—the three independent movements, namely, whichtialeoa
could go through.
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Thus it would appear that, since no one would deny that thexeaa
in nite number of perfectly independent causes in nature,formation
of a sense of higher and higher kinds of space was simply saceas,
our knowledge becoming deeper, we came into contact witlerand
more of these causes.

It might be said that these causes might be very diverse fewh ether;
one might be apprehended as love, another as color, anatdestance.
But this view is hardly tenable, for to apprehend a cause it toeigon-
gruent with the others which we already apprehend. If it isviem at
all it must work uniformly in with the rest of our experiendgo doubt
there are an in nite number of causes, which give that ricsn® ex-
perience of which the intellect can take hold only by a smatt.pBut
when the intellect does take hold of a part, it takes hold bfiseeing
how it comes in, modifying each of the already existing poiises and
producing a new variety, out of which the actual experiesca selec-
tion. Thus, if a being having an experience derived from taoses,
and so living in a space of two dimensions, were to be affebied
third cause, he would rst of all nd that there were many tggwhich
he would say could not be explained by space relations. Themould
gradually arrive at the idea of a three-dimensional spagacé& being
due then not to anything in the nature of the causes thenssdue to
the number of them.

Then, to us, when mentally we come into the comprehensionyofiaw

independent cause, we must acquire the sense of a new doneasd

the question of space and space relation is altogetherémdiemt of the
nature of these causes—the real and systematic appreheisioem

necessitating an enlargement of our sense of space. Nownkmown

comes to us generally in the properties of the minute pagiof matter
which make the different “kinds.” Hence as we study matteset and
closer we shall nd that we need more and more dimensions. thed
molecular forces in one kind of space will be the physicatésrof the
next higher.

That is to say, when in our space we have explained all thatame c
explain by the supposition of particles moving in our spaseshall nd
that there is a residuum, and this residuum will be explainetthe four-
dimensional movement of the minutest particles. The largeements
are simply movements in three-dimensional space, but ttaexthe
residual phenomenon a higher kind of space will be requisite
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Still, this all seems to me a barren view, and | am convinced ithis
far truer to think of space, as indeed we can hardly help daisga
bene cent being, supporting us all looking at us in everyelgvieafy
bough, and bending towards us in the forms of those we know.

And, moreover, there is one very valid objection to the cosicn that
we have explained anything, or made any step by using the Ward
able.”

It will be found that such a notion as a continuously varyinguatity
is a mere verbal expression. All that we can conceive or staed
are de nite steps, de nite units. We can conceive a greatyrdmnite

magnitudes, but not continuous magnitude. The idea of oty is
one which we use and apply; but to think men have explainethary
by speaking of continuous variables, is really to lose duesan words.

But, although we dismiss the previous supposition, still aethat, even
if it were true, the practical thing to do is to acquire theseaf a higher
dimensional space.

And, indeed, what a eld is here! Take a single example. Tleaidf
magnitude is one dimensional simply adding and adding orsinagght
line.

The idea of rotation, or twisting, in its very nature invavihie idea of
two dimensions—for it is the passage from one dimension odrean—it
is an idea which, in its essence, has two dimensions.

If we think of a twist, it is the change from one direction too#mer.
It cannot be thought without the two directions being prégerthe
mind—the direction from which and the direction to which tteange
takes place.

In our space we have nothing more than this rotation. If aipaNisting,
and a blow is given to it, which tends to set up a twist in a nawdion,
the old twist and the new one combine together into a single &bout
a new axis.

Butin four-dimensional space there is such a thing as a tWwastwist—
a rotation of a rotation—bearing to a simple rotation the saelation
that an area does to a line. Perfectly independent rotatm@ysexist in
a four-dimensional body.
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And again, evidently if there is an idea which in its essengelves two
dimensions, may there not be an idea which, of its very nainc&ides
three dimensions?

What that idea is, we do not know now; but some time, when thevkno
edge of space is more highly developed, that idea will becasrfamil-
iar to us as the idea of a twist is now.

And, indeed, space is wonderful. We all know that space isite in
magnitude—stretching on endlessly.

And when we look quietly at space, she shows us at once thatashe
in nite dimensions.

And yet, both in magnitudes and dimensions there is songptuiti -
cial.

To measure, we must begin somewhere, but in space there sonwe*
where” marked out for us to begin at. This measuring is sometlafter
all, foreign to space, introduced by us for our convenience.

And as to dimensions, in order to enumerate and realize ffereht
dimensions, we must x on a particular line to begin with, athén
draw other lines at right angles to this one.

But the rst straight line we take can be drawn in an in nite nben of
directions. Why should we take any particular one?

If we take any particular line, we do something arbitrary,oaf own
will and decision, not given to us naturally by space.

No wonder then that if we take such a course we are committed to
endless task.

We feel that all these efforts, necessary as they are to uspielaend
space, have nothing to do with space herself. We introducegong
of our own, and are lost in the complexities which this briagsut.

May we not compare ourselves to those Egyptian priests whiship-
ping a veiled divinity, laid on her and wrapped her about eviér richer
garments, and decked her with fairer raiment.

So we wrap round space our garments of magnitude and ve$tuay
dimensions.

Till suddenly, to us as to them, as with a forward tilt of thegliers,
the divinity moves, and the raiment and robes fall to the gdyleaving
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the divinity herself, revealed, but invisible; not seent somehow felt
to be there.

And these are not empty words. For the one space which isisdbtim
or that form, not this gure or that gure, but which is to be &wn by
us whenever we regard the least details of the visible wotlds-space
can be apprehended. It is not the shapes and things we knbapdite
is to be apprehended in them.

The true apprehension and worship of space lies in the gragaried
details of shape and form, all of which, in their exactness@ecision,
pass into the one great apprehension.

And we must remember that this apprehension does not li@itatking
about it. It cannot be conveyed in description.

We must beware of the attitude of standing open-mouthedprstuse
there is so much mechanics which we do not understand. Sineig
is no mechanics which we do not understand, but geometry atlem
matics only spring up there where we, in our imperfect waypilucing
our own limitations, tend towards the knowledge of insdolganature.

If we want to pass on and on till magnitude and dimensionspgisar,
is it not done for us already? That reality, where magnitwdesdimen-
sions are not, is simple and about us. For passing thus onrane tose
ourselves, but nd the clue again in the apprehension of thmplest
acts of human goodness, in the most rudimentary recogrofianother
human soul wherein is neither magnitude nor dimension, &bl is
real.

The answer to this is twofold. In order to live, self knowledg nec-
essary. That knowledge of self which is distinctly a matteethical
inquiry, is altogether foreign to these pages.

But there is a no less important branch of self knowledge whedms
altogether like a research into the external world. In théspass into
a closer and closer contemplation of material things araticels, till

suddenly we nd that what we thought was certain and solidigid is

really a vast and over-arching crust, whose limitlessnessstwas but
our conformity to its limits a shell out of which and beyondiaihwe

may at any time pass.

But if we do so pass, we do not leave behind us the idea of matter.
that we thus attain is a different material conception ofelwes.
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In ancient times there was no well-de ned line between pty/sind

metaphysics. And our present physical notions are derieed &mongst
the mass of metaphysical notions. Metaphysics is so uncgtbe-

cause when any one of its doctrines becomes certain, it tkeace
in physics.

And the exploration of the facts of higher space is the pcatéxecution
of the great vision of Kant. He turned thought in an entiredyvrdirec-
tion. And where he turned, all seemed blank—all positivedsms fell
away, as he looked into the blackness of pure thought.

But out of this absence can come any amount of physical kngeleid
is like an invisible stuff out of which visible garments cam\woven.

But, indeed, many would say: What is the use of these specus&tio

Does not the contemplation of space leave the mind cold, ¢het lun-
touched? Not altogether.

Is not our life very much a matter of fact, concerned with és@nAll
our feelings are bound up with things which we do or suffer.

And thus a right conception of the possibilities of actiorour world,
and in i higher world, must have some in uence on ourselves.

Then also there is a path through which we can pass, leading thie
most complete materialism to something very different friba rst
form in which it presents itself.

Any one, who will try, can nd that, by passing deeper and d=eapto
absolute observation of matter, and familiarity with iatkwhich he rst
felt as real passes away—though still there, it passes andyhecomes
but the outward sign of realities in nitely greater.

Thus there springs before the mind an idealism which is meathan
matter; a glimpse of a higher world, which is no abstractmrfancy, or
thought, but of which our realities are the appearances.

And with this there comes overpoweringly upon the mind of,ameo
thinks on higher space, the certainty that all we think, gradamagine,
lies open.

In that large world our secrets lie as clear as the secretplaine being
lie to an eye above the plane. For howsoever closely a beimglon a
plane may hide from his fellows, he has nothing secret frorayenthat
gazes down upon his plane.
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The very idea that he can put forward to such a one any falsermes,
is absurd.

And so we lie palpable, open. There is no such thing as secrecy

And as | have said before, the difference between the mdeabhd
the animal life, in a world of any dimensions, lies in this-athhe an-
imal life consists of actions which are those natural to thssgbilities
of space of that world; the moral life (viewed as exhibitegphysical
arrangements) lies in the striving, by modi cation and rastt of the
natural actions, towards those actions and modes of existghich are
natural in a higher space world.

It has been shown how plane beings could only pass each otlvein-

tesy and mutual forbearance. And the great effort wheresnhigher
spirit most plainly shows itself, apart from convenienagp t, or any

obvious physical good, is in one very simple and obvious ¢ecy to-

wards a higher-dimensional existence. For, as to a higlaeespeing no
secrets of ours are hidden—nothing is unknown, so, in matawagrds
one another our limited lives open and manifest, we treat eder in

the service of truth, as if we were each members of that higloeld.

It is often said and felt, that all our actions do in the coun¢ime
impress their effect on the world. Nothing is lost. And if weeing
limited, know that this is so, how much the more apparentwhién we
realize our higher being. We know that, as animal frames ngpand
acting in the world, the effect of every movement passes droan

And with this effort corruption and evil fall. Space is sodarthat no
interior can be hidden from the vivifying breath of the umse no
part can be cut off, however foul, from direct contact witle tburify-
ing winds which traverse space higher than itself.

As conscious minds, we realize the oneness of past and firturer
open communication one with another. We attain a mentalaious-
ness of the higher fact. Whether we represent it to ourselvesday
wherein all that ever has been done will be told, or as an oresgnt
and all-knowing mind, it is the same.

Truth is nothing but an aspiration to our higher being. And fttst
sign of love towards individuals, as towards the world asmigsiished
from the easy and yielding good nature which always triedg¢age that
which is nearest at the moment—is veracity. This is the $exfréhe
mysterious effect of science on our emotions—the simplergesn

http://ADLab.info



Selected Papers
44 About the Fourth Dimension

of fact, apart from our own conditions and prejudices. Argbah the
material world around us, this is the secret of the beauthefcrystal
and of still water. For in them the near and the far are brotagether;
in their translucency they give an emblem of the one visioenem a
higher being grasps every part of the solid matter, of whietcan only
see outside and surface.

The acceptance of the rule of the great master of empirigioslj Comte—
“Live openly"—is really to imitate in our world, and make @#lves
conscious of our true existence in a higher world.

There are two sides of religion—the inductive and the dedectTo
the realm of deduction belongs theology, with its centraksason and
its manifold consequences. But inductive religion consisigrasping,
amidst the puzzling facts of life, those greater existenceashich the
individual organizations are bound up, and which they sgrassing, as
in every science, from the details to the whole. And the coting link
between materialism and the conduct of life, lies in the dioetof the
limited nature of our present space perceptions. For, wighelevation
of our notion of space to its true place, the antagonism betwair
present materialistic and our present idealistic viewsfeffalls away.

http://ADLab.info



45



46

Selected Papers
About the Fourth Dimension

http://ADLab.info



The Fourth Dimension

1904

Chapter |
Four-Dimensional Space

THERE IS NOTHING MORE INDEFINITE and at the same time more
real, than that which we indicate when we speak of the “hijher
In our social life we see it evidenced in a greater complexitelations.
But this complexity is not all. There is, at the same time, aa&ctnwith,

an apprehension of, something more fundamental, more real.

With the greater development of man there comes a cons@esf
something more than all the forms in which it shows itself.ef&his
a readiness to give up all the visible and tangible for thes s#fkkhose
principles and values of which the visible and tangible & repre-
sentation. The physical life of civilized man and of a mereag® are
practically the same, but the civilized man has discovergéh in his
existence, which makes him feel that that which appears #i& savage
is a mere externality and appurtenage to his true being.

Now, this higher—how shall we apprehend it? It is generathbeaced
by our religious faculties, by our idealizing tendency. Bu thigher
existence has two sides. It has a being as well as qualitied inAtrying
to realize it through our emotions we are always taking tHgestive
view. Our attention is always xed on what we feel, what wenthi
Is there any way of apprehending the higher after the purejgative
method of a natural science? | think that there is.
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Plato, in a wonderful allegory, speaks of some men livinguichsa con-
dition that they were practically reduced to be the denizdrmsshadow
world. They were chained, and perceived but the shadowsaisklves
and all real objects projected on a wall, towards which tfeies were
turned. All movements to them were but movements on the ceirtl

shapes but the shapes of outlines with no substantiality.

Plato uses this illustration to portray the relation betwtae being and
the illusions of the sense world. He says that just as a mamnalibd
from his chains could learn and discover that the world waisl smd

real, and could go back and tell his bound companions of tleatgr
higher reality, so the philosopher who has been liberatéa, as gone
into the thought of the ideal world, into the world of ideagager and
more real than the things of sense, can come and tell hiss@llen of

that which is more true than the visible sun—more noble thdreAs,
the visible state.

Now, | take Plato's suggestion; but literally, not metapbally. He
imagines a world which is lower than this world, in that shadgures
and shadow motions are its constituents; and to it he cdattias real
world. As the real world is to this shadow world, so is the egtvorld
to our world. I accept his analogy. As our world in three disiens is to
a shadow or plane world, so is the higher world to our threeedisional
world. Thatis, the higher world is four-dimensional; thglmer being is,
so far as its existence is concerned apart from its qualitielse sought
through the conception of an actual existence spatiallizdnghan that
which we realize with our senses.

Here you will observe | necessarily leave out all that givesharm and
interest to Plato's writings. All those conceptions of threabtiful and
good which live immortally in his pages.

All that | keep from his great storehouse of wealth is this ¢meag
simply—a world spatially higher than this world, a world whican
only be approached through the stocks and stones of it, alwdrich
must be apprehended laboriously, patiently, through theemadthings
of it, the shapes, the movements, the gures of it.

We must learn to realize the shapes of objects in this wortdehigher
man; we must become familiar with the movements that objectise
in his world, so that we can learn something about his daipee®nce,
his thoughts of material objects, his machinery.
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The means for the prosecution of this enquiry are given ictimeeption
of space itself.

It often happens that that which we consider to be unique anelated
gives us, within itself, those relations by means of whichareable to
see it as related to others, determining and determineddry.th

Thus, on the earth is given that phenomenon of weight by means
which Newton brought the earth into its true relation to the sind
other planets. Our terrestrial globe was determined inrcetaother
bodies of the solar system by means of a relation which siglolso the
earth itself.

And so space itself bears within it relations of which we catedmine
it as related to other space. For within space are given thesgtions of
point and line, line and plane, which really involve the tiela of space
to a higher space.

Where one segment of a straight line leaves off and anothéndega
point, and the straight line itself can be generated by theamaf the
point.

One portion of a plane is bounded from another by a straigat &nd the
plane itself can be generated by the straight line movingdirection
not contained in itself.

Again, two portions of solid space are limited with regareészh other
by a plane; and the plane, moving in a direction not containetself,
can generate solid space.

Thus, going on, we may say that space is that which limits tartigns
of higher space from each other, and that our space will géadhe
higher space by moving in a direction not contained in itself

Another indication of the nature of four-dimensional spe&e be gained
by considering the problem of the arrangement of objects.

If I have a number of swords of varying degrees of brightnlesan rep-
resent them in respect of this quality by points arrangedgdostraight
line.

If | place a sword at A, gure 1, and regard it as having a certaight-
ness, then the other swords can be arranged in a series hihigd, as
at A, B, C, etc., according to their degrees of brightness.

If now | take account of another quality, say length, theyloamarranged
in a plane. Starting from A, B, C, | can nd points to represerftedtent

http://ADLab.info



Selected Papers

50 About the Fourth Dimension
a
e F
A ° |4£/L
B _C A B _ Jc A B €

Figure | Figure 2 Figure 3

degrees of length along such lines as AF, BD, CE, drawn from A and
B and C (see g. 2). Points on these lines represent diffetegrees

of length with the same degree of brightness. Thus the wHhalgeps
occupied by points representing all conceivable variagiesrightness
and length.

Bringing in a third quality, say sharpness, | can draw, as ioregy3,
any number of upright lines. Let distances along these bpiliges
represent degrees of sharpness, thus the points F and Geprilsent
swords of certain de nite degrees of the three qualities toeed, and
the whole of space will serve to represent all conceivablgreks of
these three qualities.

If now | bring in a fourth quality, such as weight, and try todm means
of representing it as | did the other three qualities, | ndiacdilty.
Every point in space is taken up by some conceivable combmaff
the three qualities already taken.

To represent four qualities in the same way as that in whicivehep-
resented three, | should need another dimension of space.

Thus we may indicate the nature of four-dimensional spacsayyng
that it is a kind of space which would give positions représtve of
four qualities, as three-dimensional space gives positiepresentative
of three qualities.
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A Chapter in the History of Four Space

P‘-\RMENIDES, AND THE ASIATIC THINKERSWith whom heis in close
af nity, propound a theory of existence which is in close at
with a conception of a possible relation between a higheralwver
dimensional space. This theory, prior and in marked cotitoake main
stream of thought, which we shall afterwards describe, $oantlosed
circle by itself. It is one which in all ages has had a strorigaation
for pure intellect, and is the natural mode of thought forshavho re-
frain from projecting their own volition into nature unddret guise of
causality.

According to Parmenides of the school of Flea, the all is anejoving
and unchanging. The permanent amid the transient—thatdtmbtor
thought, that solid ground for feeling, on the discovery biet depends
all our life—is no phantom; it is the image amidst deceptidrirae
being, the eternal, the unmoved, the one. Thus says Paresenid

But how explain the shifting scene, these mutations of things

“lllusion,” answers Parmenides. Distinguishing betweeithtand error,
he tells of the true doctrine of the one—the false opinion ofianging
world. He is no less memorable for the manner of his advocaag t
for the cause he advocates. It is as if from his rm footholdeing he
could play with the thoughts under the burden of which otledosred,
for from him springs that uency of supposition and hypotiseshich
forms the texture of Plato's dialectic.

Can the mind conceive a more delightful intellectual pictiran that
of Parmenides, pointing to the one, the true, the unchangimgjyet on
the other hand ready to discuss all manner of false opinmmihg a
cosmogony too, false “but mine own” after the fashion of iheef?
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In support of the true opinion he proceeded by the negatiyeofishow-
ing the self-contradictions in the ideas of change and motias doubt-
ful if his criticism, save in minor points, has ever been ssstully re-
futed. To express his doctrine in the ponderous modern waynust
make the statement that motion is phenomenal not real.

Let us represent his doctrine.

Imagine a sheet of still water into which a slanting stick ésng low-
ered with a motion vertically downwards. Let 1, 2, 3 (g. 4k three
consecutive positions of the stick. A, B, C, will be three cantize
positions of the meeting of the stick with the surface of treex As
the stick passes down, the meeting will move from A on to B and C.

L
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Figure 4 Figure 5

Suppose now all the water to be removed except a Im. At thetinge
of the Im and the stick there will be an interruption of theml. If
we suppose the Im to have a property, like that of a soap beibbt
closing up round any penetrating object then as the stick gesically
downwards the interruption in the Im will move on.

If we pass a spiral through the Im, the intersection will gia point
moving in a circle shown by the dotted lines (g. 5). Suppos®vn
the spiral to be still and the Im to move vertically upwardsetwhole
spiral will be represented in the Im of the consecutive piasis of the
point of intersection. In the Im the permanent existencelod spiral
is experienced as a time series—the record of traversingginal is a
point moving in a circle. If now we suppose a consciousnessecied
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with the Im in such a way that the intersection of the spiratiwthe
Im gives rise to a conscious experience, we see that we $faaie in
the Im a point moving in a circle, conscious of its motion, dming
nothing of that real spiral the record of the successiversetdions of
which by the Im is the motion of the point.

It is easy to imagine complicated structures of the naturhefspiral,
structures consisting of laments, and to suppose alsottiede struc-
tures are distinguishable from each other at every sedfiare consider
the intersections of these laments with the Im as it pastede the
atoms constituting a Imar universe, we shall have in the #&mvorld of
apparent motion; we shall have bodies corresponding tolmentary
structure, and the positions of these structures with ceigaone another
will give rise to bodies in the Im moving amongst one anoth&his
mutual motion is apparent merely. The reality is of permarstnc-
tures stationary, and all the relative motions accountebymne steady
movement of the Im as a whole.

Thus we can imagine a plane world, in which all the variety otion is
the phenomenon of structures consisting of lamentary attraversed
by a plane of consciousness. Passing to four dimensionswargpace,
we can conceive that all things and movements in our worltherecad-
ing off of a permanent reality by a space of consciousnessh Beom
at every moment is not what it was, but a new part of that esdiee
which is itself. And all this system successively revealedhe time
which is but the succession of consciousness, separatésas iparts,
in its entirety is one vast unity. Representing Parmenidestrihe thus,
we gain a rmer hold on it than if we merely let his words restugd and
massive, in our minds. And we have gained the means also i&Esept-
ing phases of that Eastern thought to which Parmenides wsisarmer.
Modifying his uncompromising doctrine, let us suppose, adxgck to
the plane of consciousness and the structure of lamentinms, that
these structures are themselves moving—are acting, liiihgn, in the
transverse motion of the Im, there would be two phenomenaofion,
one due to the reading off in the Im of the permanent existsnas they
are in themselves, and another phenomenon of motion due tmdlal-
i cation of the record of the things themselves, by their peo motion
during the process of traversing them.

Thus a conscious being in the plane would have, as it werepfolv
experience. In the complete traversing of the structuee]ritersection
of which with the Im gives his conscious all, the main andmripal
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movements and actions which he went through would be thedexfo
his higher self as it existed unmoved and unacting. Slighdiroations

and deviations from these movements and actions would septe¢he
activity and self-determination of the complete being, isftiigher self.

Itis admissible to suppose that the consciousness in the plas a share
in that volition by which the complete existence determimesf. Thus
the motive and will, the initiative and life, of the higheribg, would be
represented in the case of the being in the Im by an initeawd a will
capable, not of determining any great things or importanteneents in
his existence, but only of small and relatively insigni ¢activities. In
all the main features of his life his experience would be @spntative
of one state of the higher being whose existence determiseastthe
Im passes on. But in his minute and apparently unimportatibas he
would share in that will and determination by which the whotfehe
being he really is acts and lives.

An alteration of the higher being would correspond to a déife life
history for him. Let us now make the supposition that Im aften
traverses these higher structures, that the life of thebeay is read off
again and again in successive waves of consciousness. Whate be
a succession of lives in the different advancing planes n§cimusness,
each differing from the preceding, and differing in virtuelmat will and
activity which in the preceding had not been devoted to tleaigr and
apparently most signi cant things in life, but the minutedeappparently
unimportant. In all great things the being of the Im shareghe exis-
tence of his higher self as it is at any one time. In the smaligs he
shares in that volition by which the higher being alters amahges, acts
and lives.

Thus we gain the conception of a life changing and developing
whole, a life in which our separation and cessation and iftegiess are
merely apparent, but which in its events and course altbes)ges, de-
velops; and the power of altering and changing this wholdieeé
the will and power the limited being has of directing, guglirltering
himself in the minute things of his existence.

Transferring our conceptions to those of an existence igladnidimen-
sionality traversed by a space of consciousness, we havkisination
of a thought which has found frequent and varied expresswhen,
however, we ask ourselves what degree of truth there ligsuwei must
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admit that, as far as we can see, it is merely symbolical. e iath
in the investigation of a higher dimensionality lies in ametdirection.

The signi cance of the Parmenidean doctrine lies in thisat there, as
again and again, we nd that those conceptions which mawduices
of himself, which he does not derive from the mere record sfduit-
ward experience, have a striking and signi cant corresjgoce to the
conception of a physical existence in a world of a higher spat¢ow
close we come to Parmenides' thought by this manner of reptason
it is impossible to say. What | want to point out is the adequess of
the illustration, not only to give a static model of his dawty; but one
capable as it were, of a plastic modi cation into a correggence into
kindred forms of thought. Either one of two things must bes{tiat
four-dimensional conceptions give a wonderful power ofrespnting
the thought of the East, or that the thinkers of the East mast been
looking at and regarding four-dimensional existence.

And from the numerical idealism of Pythagoras there is biep ® the
more rich and full idealism of Plato. That which is appreheshdy the
sense of touch we put as primary and real, and the other seesesy
are merely concerned with appearances. But Plato took tHexs \adlid,

as giving qualities of existence. That the qualities werepgmmanent
in the world as given to the senses forced him to attributéhémt a
different kind of permanence. He formed the conception obadvof

ideas, in which all that really is, all that affects us andegithe rich and
wonderful wealth of our experience, is not eeting and tigoy, but

eternal. And of this real and eternal we see in the things absthe
eeting and transient images.

And this world of ideas was no exclusive one, wherein was aogfor
the innermost convictions of the soul and its most authtréaasser-
tions. Therein existed justice beauty-the one, the goddhai the soul
demanded to be. The world of ideas, Plato's wonderful coeapre-
served for man, for his deliberate investigation and thete slevelop-
ment, all that the rude incomprehensible changes of a hapsrience
scatters and destroys.

Plato believed in the reality of ideas. He meets us fairly sgdarely.

Divide a line into two parts, he says (g. 6); one to represis real

objects in the world, the other to represent the transitppearances,
such as the image in still water, the glitter of the sun on ghirsurface,
the shadows on the clouds.
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A | B
Real things: ‘ Appearances:
e.g., the sun. e.g., the re ection of the sun.
Figure 6

Take another line and divide it into two parts ( g. 7), one megenting

our ideas, the ordinary occupants of our minds, such as méste equal-
ity, and the other representing our true knowledge, whiabf isternal

principles, such as beauty, goodness.

AO ‘ B 0
Eternal principles ‘ Appearances in the mind
as beauty. as whiteness, equality
Figure 7

Thenas Aisto B, sois A to B'.

That is, the soul can proceed, going away from real thingségimn of
perfect certainty, where it beholds what is, not the scadtee ections;
beholds the sun, not the glitter on the sands; true beingcinance
opinion.

Now, this is to us, as it was to Aristotle, absolutely incamable from
a scienti ¢ point of view. We can understand that a being iswn in
the fullness of his relations; it is in his relations to hiscamstances
that a man's character is known; it is in his acts under higdtmmns
that his character exists. We cannot grasp or conceive angiple of
individuation apart from the fullness of the relations te furroundings.

But suppose now that Plato is talking about the higher man-fethie
dimensional being that is limited in our external expereehz a three-
dimensional world. Do not his words begin to have a meaningéh&
being would have a consciousness of motion which is not asthte®n

he can see with the eyes of the body. He, in his own being, knows
a reality to which the outward matter of this too solid eaghimsy
super ciality. He too knows a mode of being, the fullness elations,

in which can only be represented in the limited world of semsethe
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painter unsubstantially portrays the depths of woodlatadng, and air.
Thinking of such a being in man, was not Plato's line well dedl?

It is noteworthy that, if Plato omitted his doctrine of thel@pendent ori-
gin of ideas, he would present exactly the four-dimensiamglment;
a real thing as we think it is an idea. A plane being's idea ofjaase
object is the idea of an abstraction, namely, a geometriqpare. Sim-
ilarly our idea of a solid thing is an abstraction, for in odea there is
not the four-dimensional thickness which is necessary,egvewslight,
to give reality. The argument would then run, as a shadow &dolid

object, so is the solid object to the reality. Thus A and B' wbbk

identi ed.

In the allegory which | have already alluded to, Plato in adtrecs many
words shows forth the relation between existence in a sgpEs and
in solid space. And he uses this relation to point to the dmrd of a
higher being.

He imagines a number of men prisoners, chained so that tlokydb
the wall of a cavern in which they are con ned, with their bac¢k the
road and the light. Over the road pass men and women, gurds an
processions, but of all this pageant all that the prisonet®ldl is the
shadow of it on the wall whereon they gaze. Their own shadowiglze
shadows of the things in the world are all that they see, a@qtifying
themselves with their shadows related as shadows to a wicstthdows,
they live in a kind of dream.

Plato imagines one of their number to pass out from amongst thto
the real space world, and then returning to tell them of tbeidition.

Here he presents most plainly the relation between existena plane
world and existence in a three-dimensional world. And hesubeés
illustration as a type of the manner in which we are to proceed
higher state from the three-dimensional life we know.

It must have hung upon the weight of a shadow which path he! took
Whether the one we shall follow toward the higher solid andftius-
dimensional existence, or the one which makes ideas thehighlities,
and the direct perception of them the contact with the truzntdy
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Chapter Il
Metageometry

THE THEORIES WHICH ARE GENERALLY CONNECTEMWith the names
of Lobatchewsky and Bolyai bear a singular and curious el
the subject of higher space.

In order to show what this relation is, | must ask the readdretat the
pains to count carefully the sets of points by which | shdiineste the
volumes of certain gures.

No mathematical processes beyond this simple one of cauniiihbe
necessary.

Let us suppose we have before usin gure 8 a plane coveredowitits
at regular intervals, so placed that every four determirguare.

Now it is evident that as four points determine a square, sogquares
meet in a point.

Thus, considering a point inside a square as belongingweitmay say
that a point on the corner of a square belongs to it and to fthers
equally: belongs a quarter of it to each square.

[ ] * [ - L] [] D - -
[ » ] . EQC. "
] L) L] [ * + L] =
L . LA .
R R I [ T - - dom oy s L

Figure 8 Figure 9 Figure 10 Figure 11

Thus the square ACDE ( g. 10) contains one point, and has foiumtp
at the four corners. Since one-fourth of each of these folanigs to the
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square, the four together count as one point, and the poiu vd the
square is two points—the one inside and the four at the cona&e two
points belonging to it exclusively.

Now the area of this square is two unit squares, as can be garaw-
ing two diagonals in gure 11.

We also notice that the square in question is equal to the duitmeo
squares on the sides AB, BC, of the right-angled triangle ABC. T¥aus
recognize the proposition that the square on the hypoteswesual to
the sum of the squares on the two sides of a right-angledjigan

Now suppose we set ourselves the question of determiningeaheuts,
in the ordered system of points, the end of a line would comenah
turned about a point keeping one extremity xed at the point.

We can solve this problem in a particular case. If we can ndjaase
lying slantwise amongst the dots which is equal to one whadsgeg-
ularly, we shall know that the two sides are equal, and thastanting
side is equal to the straight-way side. Thus the volume aagesbf a
gure remaining unchanged will be the test of its having tethabout
the point, so that we can say that its side in its rst positeould turn
into its side in the second position.

Now, such a square can be found in the one whose side is ve umit
length.

In gure 12, in the square on AB, there are

9 points interior
4 at the corners
4 sides with 3 on each side,
considered as%l, on each
side, because belonging
equally to two squares

| ©

2}

The total is 16. There are 9 points in the square on BC. In therequm
AC there are—

24 points inside 24
4 at the corners 1
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Figure 12

or 25 altogether.

Hence we see again that the square on the hypotenuse is eghal t
squares on the sides.

Now take the square AFHC, which is larger than the square on AB. |
contains 25 points.

16 inside 16
16 on the sides, counting a8
4 on the corners 1

making 25 altogether.

If two squares are equal we conclude the sides are equal eHenadine
AF turning round A would move so that it would after a certaiming
coincide with AC.

This is preliminary, but it involves all the mathematical clilties that
will present themselves.

There are two alterations of a body by which its volume is matnged.
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One is the one we have just considered, rotation, the otheh# is
called shear.

Consider a book, or heap of loose pages. They can be slid sedbhat
one slips over the preceding one, and the whole assumesape bhn
gure 13.

Figure 13.

The deformation is not shear alone, but shear accompanieatdayon.
Shear can be considered as produced in another way.

D C C

Figure 14 Figure 15

Take the square ABCD ( g. 14), and suppose that it is pulled ourf
along one of its diagonals both ways, and proportionateiypressed
along the other diagonal. It will assume the shape in gure 15

This compression and expansion along two lines at rightesniglwhat
is called shear; it is equivalent to the sliding illustrasdmbve combined
with a turning round.

In pure shear a body is compressed and extended in two dinscht
right angles to each other, so that its volume remains urggtan
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Now we know that our material bodies resist shear—sheardolsnce
to the internal arrangement of their particles, but they s wholes
without such internal resistance.

But there is an exception. In a liquid shear and rotation tdkeep
equally easily, there is no more resistance against a shaarthere
is against a rotation.

Now, suppose all bodies were to be reduced to the liquid,statehich
they yield to shear and to rotation equally easily, and therewio be
reconstructed as solids, but in such a way that shear antrotzad
interchanged places.

That is to say, let us suppose that when they had become sqjais
they would shear without offering any internal resistarizé,a rotation
would do violence to their internal arrangement.

That is, we should have a world in which shear would have tdaken
place of rotation.

A shear does not alter the volume of a body: thus an inhablitang

in such a world would look on a body sheared as we look on a body
rotated. He would say that it was of the same shape, but haddu bit
round.

Let us imagine a Pythagoras in this world going to work to stigate,
as is his wont.

=
i
L
[ ]

Figure 16 Figure 1/
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Figure 16 represents a square unsheared. Figure 17 rejsrassguare
sheared. It is not the gure into which the square in gure 16u\d
turn, but the result of shear on some square not drawn. It imple
slanting placed gure, taken now as we took a simple slangitzged
square before. Now, since bodies in this world of shear ofteinternal
resistance to shearing, and keep their volume when sheamedhabi-
tant accustomed to them would not consider that they althezdshape
under shear. He would call ACDE as much a square as the squgre in
ure 16. We will call such gures shear squares. Counting this do
ACDF, we nd

N

2 inside
4 at corners 1

or a total of 3.

Now, the square on the side AB has 4 points, that on BC has 1.point
Here the shear square on the hypotenuse has not 5 pointsibisgt 3ot
the sum of the squares on the sides, but the difference.

This relation always holds. Look at gure 18.

Figure 18

Shear square on hypotenuse

7 internal 7
4 atcorners 1
8

http://ADLab.info



The Fourth Dimension 65

Square on one side—which the reader can draw for himself—

4 internal
8 on sides
4 at corners

(o]l ol I SN N

The square on the other side is 1. Hence in this case agaiiffiéredce
is equal to the shear square on the hypotenuse, 9 -1 =8.

Thus in a world of shear the square on the hypotenuse wouldjbe e
to the difference of the squares on the sides of a right-drigkengle.

.+ . _sD-
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Figure 19 Figure 20

In gure 19 another shear square is drawn on which the abdetioa
can be tested.

What now would be the position a line on turning by shear woalkaet
up?

We must settle this in the same way as previously with ouriigrn
Since a body sheared remains the same, we must nd two eqdas)o
one in the straight way, one in the slanting way, which haeeséime
volume. Then the side of one will by turning become the sidéhef

other, for the two gures are each what the other becomes byears
turning.
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We can solve the problem in a particular case—
In the gure ACDE ( g. 20) there are

15 inside 15
4 at the corners 1
a total of 16

Now in the square ABCF, there are 16—

9 inside
12 on sides
4 at corners

el K2l e]

Hence the square on AB would, by the shear turning, becomshidsar
square ACDE.

And hence the inhabitant of this world would say that the Aeturned
into the line AC. These two lines would be to him two lines of aqu
length, one turned a little way round from the other.

That is, putting shear in place of rotation, we get a diffeddnd of
gure, as the result of the shear rotation, from what we gahvaur
ordinary rotation. And as a consequence we get a positicinéoend of
a line of invariable length when it turns by the shear rotatifferent
from the position which it would assume on turning by our tioia

A real material rod in the shear world would, on turning ab&Appass
from the position AB to the position AC. We say that its lenglers

when it becomes AC, but this transformation of AB would seerarto
inhabitant of the shear world like a turning of AB withoutealhg in

length.

If now we suppose a communication of ideas that takes plaiveckea
one of ourselves and an inhabitant of the shear world, therddrevi-
dently be a difference between his views of distance and ours

We should say that his line AB increased in length in turnm@€. He
would say that our IineAF ( g . 33) decreased in length in
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turning to AC. He would think that what we called an equal lingsvin
reality a shorter one.

We should say that a rod turning round would have its extiesin
the positions we call at equal distances. So would he—bytadlséions
would be different. He could, like us, appeal to the projgsrtf matter.
His rod to him alters as little as ours does to us.

Now, is there any standard to which we could appeal, to sagwbi
the two is right in this argument? There is no standard.

We should say that, with a change of position, the con garatand
shape of his objects altered. He would say that the con gomaand
shape of our objects altered in what we called merely a chahgesi-
tion. Hence distance independent of position is incontdéyaor prac-
tically, distance is solely a property of matter.

There is no principle to which either party in this contrayecould ap-
peal. There is nothing to connect the de nition of distandénwur ideas
rather than with his, except the behavior of an actual pi¢éocgatter. For
the study of the processes which go on in our world the deonitf dis-

tance given by taking the sum of the squares is of paramoupritance
to us. But as a question of pure space without making any useane
assumptions, the shear world is just as possible and justexgsting as
our world.

It was the geometry of such conceivable worlds that Lobatskg and
Bolyai studied.

This kind of geometry has evidently nothing to do directiytiwiour-
dimensional space.

But a connection arises in this way. It is evident that, indtehtak-
ing a simple shear as | have done, and de ning it as that chahges
arrangement of the particles of a solid which they will urgewithout
offering any resistance due to their mutual action, | migtkieta com-
plex motion, composed of a shear and a rotation togethegre ®ther
kind of deformation.

Let us suppose such an alteration picked out and de ned asribe
which means simple rotation; then the type, according tahvhil bod-
ies will alter by this rotation, is xed.

Looking at the movements of this kind, we should say that thjeats
were altering their shape as well as rotating. But to the iithats of

http://ADLab.info



Selected Papers
68 About the Fourth Dimension

that world they would seem to be unaltered, and our guresheirt
motions would seem to them to alter.

In such a world the features of geometry are different. Weehseen
one such difference in the case of our illustration of thelevof shear,
where the square on the hypotenuse was equal to the difigreatthe
sum, of the squares on the sides.

In our illustration we have the same laws of parallel linegasur ordi-
nary rotation world, but in general the laws of parallel §raze different.

In one of these worlds of a different constitution of matterough one
point there can be two parallels to a given line, in anothéhein there
can be none; that is, although a line be drawn parallel toremat will
meet it after a time.

Now it was precisely in this respect of parallels that Lobatesky and
Bolyai discovered these different worlds. They did not thaikhem

as worlds of matter, but they discovered that space did nodgsarily
mean that our law of parallels is true. They made the distindietween
laws of space and laws of matter, although that is not the forwhich

they stated their results.

The way in which they were led to these results was the foligwi
Euclid had stated the existence of parallel lines as a pisteputting
frankly this unproved proposition—that one line and onlg parallel to
a given straight line can be drawn, as a demand, as somettahmust
be assumed. The words of his ninth postulate are these: tiayht

line meeting two other straight lines makes the interiorles@n the
same side of it equal to two right angles, the two straigtadiwill never
meet.”

The mathematicians of later ages did not like this bald apsiom, and
not being able to prove the proposition they called it an exiethe
eleventh axiom.

Many attempts were made to prove the axiom; no one doubtets of i
truth, but no means could be found to demonstrate it. At lagtadian,
Sacchieri, unable to nd a proof, said: “Let us suppose ittno¢.” He
deduced the results of there being possibly two parallesn® given
line through a given point, but feeling the waters too deepife human
reason, he devoted the latter half of his book to disprovihgtie had
assumed in the rst part.
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Then Bolyai and Lobatchewsky with rm step entered on the iddien
path. There can be no greater evidence of the indomitableenat the
human spirit, or of its manifest destiny to conquer all thiwsgtations
which bind it down within the sphere of sense than this grassgdion
of Bolyai and Lobatchewsky.

E

D

A B A B
Figure 21 Figure 22

Take a line AB and a point C. We say and see and know that through C
can only be drawn one line parallel to AB.

But Bolyai said: “l will draw two.” Let CD be parallel to AB, that isiot
meet AB however far produced, and let lines beyond CD also msa&tm
AB; let there be a certain region between CD and CE, in which re lin
drawn meets AB. CE and CD produced backwards through C will give
a similar region on the other side of C.

Nothing so triumphantly, one may almost say so insolengyoring
of sense had ever been written before. Men had struggledsigaie
limitations of the body, fought them, despised them, conggi¢hem.
But no one had ever thought simply as if the body, the bodilysetree
organs of vision, all this vast experience of space, hadrmetsted. The
age-long contest of the soul with the body, the struggle fastery, had
come to a culmination. Bolyai and Lobatchewsky simply thaughif
the body was not. The struggle for dominion, the strife anthloat of
the soul were over; they had mastered, and the Hungarianhisdime.

Can we point out any connection, as in the case of Parmenidigebén
these speculations and higher space? Can we suppose it was any
ner perception by the soul of a motion not known to the sengkigh
resulted in this theory so free from the bonds of sense? No swgpo-
sition appears to be possible.

Practically, however, metageometry had a great in uendwimging the
higher space to the front as a working hypothesis. This careloed to
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the tendency the mind has to move in the direction of leastteexe.
The results of the new geometry could not be neglected, thielgm

of parallels had occupied a place too prominent in the deveént of
mathematical thought for its nal solution to be neglect8di this utter
independence of all mechanical considerations, this pectéting loose
from the familiar intuitions, was so dif cult that almost wmther hy-

pothesis was more easy of acceptance, and when Beltrami dhbete
the geometry of Lobatchewsky and Bolyai was the geometry aftekt

lines drawn on certain curved surfaces, the ordinary deng of mea-
surement being retained, attention was drawn to the thefomyhagher

space. An illustration of Beltrami's theory is furnished thetsimple
consideration of hypothetical beings living on a sphergaface ( g.

23).

P

P
Figure 23

Let ABCD be the equator of a globe, and AP, BP, meridian lines draw
to the pole, P. The lines AB, AP, BP would seem to be perfectyjicti

to a person moving on the surface of the sphere, and uncassoio
its curvature. Now AP and BP both make right angles with AB. Henc
they satisfy the de nition of parallels. Yet they meet in RRite a being
living on a spherical surface, and unconscious of its cureatwould

nd that parallel lines would meet. He would also nd that thagles

in a triangle were greater than two right angles. In the giaf®AB, for
instance, the angles at A and B are right angles, so the timglesaof
the triangle PAB are greater than two right angles.

Now in one of the systems of metageometry (for after Lobatshkg
had shown the way it was found that other systems were pedsisides
his), the angles of a triangle are greater than two rightesngl|

Thus a being on a sphere would form conclusions about higsphich
are the same as he would form if he lived on a plane, the matter i
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which had such properties as are presupposed by one of tysteens
of geometry. Beltrami also discovered a certain surface aclwihere
could be drawn more than one “straight” line through a poihicl
would not meet another given line. | use the word straightasvalent
to the line having the property of giving the shortest pattwieen any
two points on it. Hence, without giving up the ordinary methoof
measurement, it was possible to nd conditions in which anplaeing
would necessarily have an experience corresponding tottbheasky's
geometry. And by the consideration of a higher space, anlicacsoved
in such a higher space, it was possible to account for a siexjaerience
in a space of three dimensions.

Now, it is far more easy to conceive of a higher dimensiopatitspace
than to imagine that a rod in rotating does not move so thantsde-

scribes a circle. Hence, a logical conception having beanddarder
than that of a four-dimensional space, thought turned tolatter as

a simple explanation of the possibilities to which Lobatebley had

awakened it. Thinkers became accustomed to deal with thengtep

of higher space—it was Kant, says Veronese, who rst usectipees-

sion of “different spaces”—and with familiarity the ineafileness of the
conception made itself felt.

From this point it is but a small step to adapt the ordinary maadcal

conceptions to a higher spatial existence, and then thgné&gm of its

objective existence could be delayed no longer. Here, ®m s0 many
cases, it turns out that the order and connection of our idgag order
and connection of things.

What is the signi cance of Lobatchewsky's and Bolyai's work?

It must be recognized as something totally different froen¢bnception
of a higher space,; itis applicable to spaces of any numbeanwdrkions.
By immersing the conception of distance in matter to whichraierly
belongs, it promises to be of the greatest aid in analysisthi® effec-
tive distance of any two patrticles is the product of compleatenal
conditions and cannot be measured by hard and fast rulesltiiteate
signi cance is altogether unknown. It is a cutting loosenfrthe bonds
of sense, not coincident with the recognition of a higheratisionality,
but indirectly contributory thereto.

Thus, nally, we have come to accept what Plato held in thédwobf
his hand; what Aristotle's doctrine of the relativity of siance implies.
The vast universe, too, has its higher, and in recognizimgeitnd that
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the directing being within us no longer stands inevitablysale our
systematic knowledge.
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The Recognition of the Fourth
Dimension
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THERE are two directions of inquiry in which the research far physi-
cal reality of a fourth dimension can be prosecuted. Onesigivestiga-
tion of the in nitely great, the other is the investigatiohtbe in nitely
small.

By the measurement of the angles of vast triangles whose aiddabe
distances between the stars, astronomers have soughtetondet if
there is any deviation from the values given by geometriealudtion.
If the angles of a celestial triangle do not together equalright angles,
there would be an evidence for the physical reality of a fodintnension.

This conclusion deserves a word of explanation. If spaceatiyr four
dimensional, certain conclusions follow which must be Igtaticlearly
into evidence if we are to frame the questions de nitely whwe put
to Nature. If space is four dimensional, there must be a sobterial
sheet against which we move. This sheet must stretch atimgsery
object in every direction in which it visibly moves. Every tedal body
must slip or slide along this sheet, not deviating from cotath it in

any motion which we can observe.

The necessity for this assumption is clearly apparent if aresicler the
analogous case of a suppositionary plane world. If there\any crea-
tures whose experience were con ned to a plane, we must atéou
their limitation. If they were free to move in every spaceediion they
would have a three-dimensional motion; hence they must bsiqdily
limited, and the only way in which we can conceive such a tnin
to exist is by means of a material surface against which theg.sThe
existence of this surface could only be known to them indiyett does
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not lie in any direction from them in which the kinds of motitmey
know of leads them. If it were perfectly smooth and alwaysantact
with every material object, there would be no differencénmiitrelations
to it which would direct their attention to it.

But if this surface were curved-if it were, say, in the form obast
sphere—the triangles they drew would really be trianglea sphere,
and when these triangles are large enough the angles difrergehe
magnitudes they would have for the same lengths of sidesg iftinface
were plane. Hence by the measurement of triangles of veat gnag-
nitude, a plane being might detect a difference from the lafngsplane
world in his physical world, and so be led to the conclusiaat there
was in reality another dimension to space a third dimenssowell as
the two which his ordinary experience made him familiar with

Now, astronomers have thought it worthwhile to examine tleasare-
ments of vast triangles drawn from one celestial body tolsrowith a
view to determine if there is anything like a curvature in epace—that
is to say, they have tried astronomical measurements to utdfdhe
vast solid sheet against which, on the supposition of alalihension,
everything slides is curved or not. These results have begative. The
solid sheet, if it exists, is not curved or, being curved, iatza suf cient
curvature to cause any observable deviation from the tkieateralue
of the angles calculated.

Hence the examination of the in nitely great leads to no d&ei crite-
rion. It neither proves nor disproves the existence of atfodimension.

Coming now to the prosecution of the inquiry in the directidntiee

in nitely small, we have to state the question thus: Our laisnove-

ment are derived from the examination of bodies which mowiee-

dimensional space. All our conceptions are founded on thpasition

of a space which is represented analytically by three indegpet axes
and variations along them—that is, it is a space in whichetlage three
independent movements. Any motion possible in it can be comged
out of these three movements, which we may call: up, righayaw

To examine the actions of the very small portions of mattéin e view
of ascertaining if there is any evidence in the phenomenthtosuppo-
sition of a fourth dimension of space, we must commence barigie
de ning what the laws of mechanics would be on the suppasitiba
fourth dimension. It is no use asking if the phenomena of thalest
particles of matter are like—we do not know what. We must fzade -
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nite conception of what the laws of motion would be on the sgftpn
of the fourth dimension, and then inquire if the phenomenhefctiv-
ity of the smaller particles of matter resemble the conosgtiwhich we
have elaborated.

Now, the task of forming these conceptions is by no means ot t
lightly dismissed. Movement in space has many features wtitfer
entirely from movement on a plane; and when we set about o the
conception of motion in four dimensions, we nd that theraigeast as
great a step as from the plane to three-dimensional space.

| do not say that the step is dif cult, but | want to point outtht must
be taken. When we have formed the conception of four-dimeasio
motion, we can ask a rational question of Nature. Before we ké&abo-
rated our conceptions we are asking if an unknown is like &movwn—a
futile inquiry.

As a matter of fact, four-dimensional movements are in eway sim-

ple and more easy to calculate than three-dimensional mentsnfor

four-dimensional movements are simply two sets of planeenmmnts

put together. It appears to me one of the most marvelous ciieara
istics of the power of the intellect to nd how, without any tfe fa-

miliarity derived from experience, it is possible to grase facts of

four-dimensional movement and apprehend the consequehdtlesse

conceptions.

Without the formation of an experience of four-dimensidmadies, their
shapes and motions, the subject can be but formal-logicaiiglusive,
not intuitively evident. It is to this logical apprehensitivat | must ap-
peal.

It is perfectly simple to form an experiential familiarityithy the facts of
four-dimensional movement. The method is analogous towhath a
plane being would have to adopt to form an experiential feamity with
three-dimensional movements, and may be brie y summed uihas
formation of a compound sense by means of which duratiorgerded
as equivalent to extension.

Consider a being con ned to a plane. A square enclosed by foes |
will be to him a solid, the interior of which can only be examhby
breaking through the lines. If such a square were to passvease to
his plane, it would immediately disappear. It would vanigbing in no
direction to which he could point.
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If, now, a cube be placed in contact with his plane, its serfafcy con-
tact would appear like the square which we have just mendioBet if

it were to pass transverse to his plane, breaking throughaguld ap-
pear as a lasting square. The three-dimensional mattegiwélia lasting
appearance in circumstances under which two-dimensioatemwill

at once disappear.

Similarly, a four-dimensional cube, or, as we may call iteaseract,
which is generated from a cube by a movement of every pareocfiibe
in a fourth direction at right angles to each of the threeblesdirections
in the cube, if it moved transverse to our space, would apgeatasting
cube.

A cube of three-dimensional matter, since it extends to stadce at
all in the fourth dimension, could instantly disappear ibjgcted to a
motion transverse to our space. It would disappear and be gih-

out it being possible to point to any direction in which it hawbved.
All attempts to visualize a fourth dimension are futile. st be 18
connected with a time experience in three space.

The most dif cult notion for a plane being to acquire would that of
rotation about a line. Consider a plane being facing a squidne:were
told that rotation about a line were possible, he would masesuare
this way and that. A square in a plane can rotate about a mibto
rotate about a line would seem to the plane being perfectbossible.
How could those parts of his square which were on one side etige
come to the other side without the edge moving? He could teks
their re ection in the edge. He could form an idea of the loa«glass
image of his square lying on the opposite side of the line acddge, but
by no motion that he knows of can he make the actual squarenassu
that position. The result of the rotation would be like retien in the
edge, but it would be a physical impossibility to producenithe plane.

The demonstration of rotation about a line must be to him lguce-

mal. If he conceived the notion of a cube stretching out in @mMown
direction away from his plane, then he can see the base af isguare
in the plane, rotating round a point. He can likewise appndhthat
every parallel section taken at successive intervals irutiigown di-
rection rotates in like manner round a point. Thus he woulthedo
conclude that the whole body rotates round a line—the limsisting of
the succession of points round which the plane sectionserofBhus,
given three axes, X, Y, z; if x rotates to take the place of ¢, yaturns
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S0 as to point to negative x — then the third axis remainindfecgd by
this turning is the axis about which the rotation takes plades, then,
would have to be his criterion of the axis of a rotation—th&ich re-
mains unchanged when a rotation of every plane section ofly tadkes
place.

There is another way in which a plane being can think abowgethr
dimensional movements; and, as it affords the type by whiehcan
most conveniently think about four-dimensional movemeitwill be
no loss of time to consider it in detail.

We can represent the plane being and his object by gures eubb
paper, which slip on a smooth surface. The thickness of thedees
must be taken as so minute that their extension in the thirgedsion
escapes the observation of the plane being, and he thinkg #giem

as if they were mathematical plane gures in a plane insteaokemg
material bodies capable of moving on a plane surface. LetAdhe

two axes and ABCD a square (g. 45). As far as movements in the
plane are concerned, the square can rotate about a poiot, é&xdmple.

It cannot rotate about a side such as AC.

But if the plane being is aware of the existence of a third dsmanhe
can study the movements possible in the ample space, talangune
portion by portion.

His plane can only hold two axes. But, since it can hold two sheile
to represent a turning into the third dimension if he negéet of his
axes and represent the third axis as lying in his plane. Haree a
drawing in his plane of what stands up perpendicularly frasnptane.
Let Az be the axis, which stands perpendicular to his plaie Bie can
draw in his plane two lines to represent the two axes, Ax and LAt
gure 46 be this drawing. Here the z axis has taken the pladbefy
axis, and the plane of A x A z is represented in his plane. & ture
all that exists of the square ABCD will be the line AB.

The square extends from this line in the V direction, but mafréhat
direction is represented in gure 46. The plane being caml\stilne
turning of the line AB in this diagram. It is simply a case oapé
turning around the point A. The line AB occupies intermeglipdrtions
like AB' and after half a revolution will lie on Ax produced thugh A.

Now, in the same way, the plane being can take another pdirand
another line, AB", in his square. He can make the drawing oftiine

http://ADLab.info



Selected Papers
80 About the Fourth Dimension

directions at A, one along AB", the other perpendicular ts lpiane.
He will obtain a gure precisely similar to gure 46, and widlee that,
as AB can turn around A, so AB" around A.

In this turning AB and AB" would not interface with each othas they
would if they moved in the plane around the separate pointsdh

Hence the plane being would conclude that a rotation roumseanas
possible. He could see his square as it began to make thiagurde
could see it half way round when it came to lie on the opposite of
the line AC. But in intermediate portions he could not see itjtfouns
out of the plane.

Coming now to the question of a four-dimensional body, letarsceive
of it as a series of cubic sections, the rstin our space, &t at inter-
vals, stretching away from our space in the unknown directio

We must not think of a four-dimensional body as formed by mg\a
three-dimensional body in any direction which we can see.

Refer foramomentto gure 47. The point A, moving to the riginhces

out the line AC. The line AC, moving away in a new direction, &aout

the square ACEG at the base of the cube. The square AEGC, moving
in a new direction, will trace out the cube ACEGBDHF. The vaittic
direction of this last motion is not identical with any matipossible

in the plane of the base of the cube. It is an entirely new toecat

right angles to every line that can be drawn in the base. T toat

a tesseract the cube must move in a new direction—a direatioght
angles to any and every line that can be drawn in the space cltbe.

The cubic sections of the tesseract are related to the culsesyas the
square sections of the cube are related to the square ofsgsvidaich a
plane being sees.

Let us imagine the cube in our space, which is the base of ersegsto
turn about one of its edges. The rotation will carry the whamdy with
it, and each of the cubic sections will rotate. The axis warsear space
will remain unchanged, and likewise the series of axes |ehria it,
about which each of the parallel cubic sections rotates.aBsemblage
of all of these is a plane.

Hence in four dimensions a body rotates about a plane. Te&@such
thing as rotation round an axis.
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We may regard the rotation from a different point of view. ddas
four independent axes each at right angles to all the otheagn in a
four-dimensional body. Of these four axes we can see ang.thfae
fourth extends normal to our space.

Rotation is the turning of one axis into a second, and the sewoning
to take the place of the negative of the rst. It involves twesa. Thus,
in this rotation of a four-dimensional body, two axes chaagd two
remain at rest. Four-dimensional rotation is thereforeraitig about a
plane.

As in the case of a plane being the result of rotation abouteadould
appear as the production of a looking-glass image of thenaligbject
on the other side of the line, so to us the result of a four-dsranal
rotation would appear like the production of a looking-glasage of a
body on the other side of a plane. The plane would be the axiseof
rotation, and the path of the body between its two appeasancald be
unimaginable in three-dimensional space.

Let us now apply the method by which a plane being could examin
the nature of rotation about a line in our examination of rotaabout
a plane. Figure 47 represents a cube in our space, the thesexay,
z, denoting its three dimensions. Let w represent the fadirttension.
Now, since in our space we can represent any three dimensvercan,
if we choose, make a representation of what is in the spaesndeted
by three axes x, z, w. This is a three-dimensional spacerdated by
two of the axes we have drawn, x and z, and in place of y theliauxis,
w. We cannot, keeping x and z, have both V and w in our spacegeso w
will lety go and draw w in its place. What will be our view of thelme?

Evidently we shall have simply the square that is in the plainez, the
square ACDB. The rest of the cube stretches in the y directiuah, @s
we have none of the space so determined, we have only the fiéloe o
cube. This a represented in gure 48.

Now, suppose the whole cube to be turned from the x to the vetitire
Conformably with our method, we will not take the whole of thébe
into consideration at once, but will begin with the face ABCD.

Let this face begin to turn. Figure 49 represents one of ttstipos
it will occupy; the line AB remains on the z axis. The rest of flace
extends between the x and the w direction.
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Now, since we can take any three axes, let us look at whatridise
space of zyw, and examine the turning there. We must nowdet txis
disappear and let the w axis run in the direction in which z ran

Making this representation, what do we see of the cube? Qbljiave
see only the lower face. The rest of the cube lies in the splaxgzoIn
the space of xyw we have merely the base of the cube lying ipltdree
of Xy, as shown in gure 50.

Now let the x to w turning take place. The square ACEG will tuboat
the line AE ( g. 51). This edge will remain along they axis awdl be
stationary, however far the square turns.

Thus, if the tube be turned by an x to w turning, both the edgeaA8
the edge AC remain stationary; hence the whole face ABEF irythe
plane remains xed. The turning has taken place about the AREF.

Suppose this turning to continue till AC runs to the left frémrhe cube

will occupy the position shown in gure 52. This is the lookkglass

image of the cube in gure 47. By no rotation in three-dimensib

space can the cube be brought from the position in gure 4" t
shown in gure 52.

We can think of this turning as a turning of the face ABCD about AB,
and a turning of each section parallel to ABCD round the vdrliica in
which it intersects the face ABEF, the space in which the tyiakes
place being a different one from that in which the cube lies.

One of the conditions, then, of our inquiry in the directidrttee in -
nitely small is that we form the conception of a rotation ateplane.
The production of a body in a state in which it presents theeapgnce
of a looking-glass image of its former state is the criteriona four-
dimensional rotation.

There is some evidence for the occurrence of such transfamsaof
bodies in the change of bodies from those which produce &hghded
polarization of light to those which produce a left-handethpzation;
but this is not a point to which any very great importance carab
tached.

Still, in this connection, let me quote a remark from Prohd&. MeK-
endrick's address on physiology before the British Assomnaat Glas-
gow. Discussing the possibility of the hereditary productof charac-
teristics through the material structure of the ovum, hareges that
in it there exist 12,000,000,000 biophors, or ultimate ipke$ of living
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matter, a suf cient number to account for hereditary traission, and
observes: "Thus it is conceivable that vital activities mispde deter-
mined by the kind of motion that takes place in the moleculethat

which we speak of as living matter. It may be different in Kiindm

some of the motions known to physicists, and it is concee/aét life

may be the transmission to dead matter, the molecules ofrmirage
already a special kind of motion of a form of motion sui geseri

Now, in the realm of organic beings symmetrical structutiesse with a
right and left symmetry—are everywhere in evidence. Guhtitat four
dimensions exist, the simplest turning produces the mimage form,
and by a folding over, structures could be produced, duiglecceight and
left, just as in the case of a plane. A symmetrical and ligeldontour
is created by the child's amusement of folding an ink-spattepaper
along the line of blots.

Whether four-dimensional motions correspond to the phyggist's de-
mand for a special kind of motion or not, | do not know. Our besis
is with the evidence for its existence in physics. For thigopse it is
necessary to examine into the signi cance of rotation roarane in
the case of extensible and of uid matter.

Let us dwell a moment longer on the rotation of a rigid bodyokiog
at the cube in gure 47, which turns about the face of ABFE, wetbat
any line in the face can take the place of the vertical andzbatal lines
we have examined. Take the diagonal line AF and the sectioudgih
it to GH. The portions of matter which were on one side of AFhist
section in gure 47 are on the opposite side of itin gure 5héel have
gone round the line AF. Thus the rotation round a face can bsidered
as a number of rotations of sections round parallel linet in i

The turning about two different lines is impossible in thdémensional
space. To take another illustration (g. 53), suppose A anar® two
parallel lines in the xy plane, and let CD and EF be two rodssings
them. Now, in the space of xcz if the rods turn round the linend B
in the same direction they will make two independent circles

When the end F is going down the end C will be coming up. They will
meet and con ict.

But if we rotate the rods about the plane of AB by the z to w rotaig.
54), these movements will not con ict. Suppose all the guesnoved
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with the exception of the plane xz, and from this plane drasvakis of
w, so that we are looking at the space of xzw.

Here, gure 54, we cannot see the lines A and B. We see the pGints
and H, in which A and B intercept the x axis, but we cannot sedities
themselves, for they run in the y direction, and that is natindrawing.

Now, if the rods move with the z to w rotation, they will turnparallel
planes, keeping their relative positions. The point D, fatance, will
describe a circle. At one time it will be above the line A at thao time
below it. Hence it rotates round A.

Now only two rods, but any number of rods crossing the platlenwave

round it harmoniously. We can think of this rotation by sugipg the
rods standing up from one line to move round that line and rebeging

that it is not inconsistent with this rotation for the rodargling up along
another line also to move round it, the relative positionalbthe rods
being preserved. Now, if the rods are thick together, they rapresent
a disk of matter, and we see that a disk of matter can rotatedrau
central plane.

Rotation round a plane is exactly analogous to rotation r@amaxis in
three dimensions. If we want a rod to turn round, the ends beiftee;
so if we want a disk of matter to turn round its central planealdgur-
dimensional turning, all the contour must be free. The wialetour
corresponds to the ends of the rod. Each point of the contaurbe
looked on as the extremity of an axis in the body, round eadat @b
which there is a rotation of the matter in the disk.

If the one end of a rod be clamped, we can twist the rod, buturatit
round; so if any part of the contour of a disk is clamped we capairt
a twist to the disk, but not turn it round its central planetHa case of
extensible materials a long, thin rod will twist round itsseven when
the axis is curved; as, for instance, in the case of a ringdialrubber.

In an analogous manner, in four dimensions we can haveoatatund
a curved plane, if | may use the expression. A sphere can bedur
inside out in four dimensions.

Let gure 55 represent a spherical surface on each side oflwhiayer
of matter exists. The thickness of the matter is represdmgetie rods
CD and EF, extending equally without and within.

Now, take the section of the sphere by the yz plane; we haveck ci
gure 56. Now, let the w axis be drawn in place of the x axis sattive

http://ADLab.info



The Recognition of the Fourth Dimension 85

have the space of yzw represented. In this space all that thidrbe
seen of the sphere is the circle drawn.

Here we see that there is no obstacle to prevent the rodsiguround.
If the matter is so elastic that it will give enough for the todes at E
and C to be separated as they are at F and D, they can rotatetmiline
position D and F, and a similar motion is possible for all oth&rticles.
There is no matter or obstacle to prevent them from movingrothe
w direction, and then on round the circumference as an axig;, What
will hold for one section will hold for all, as the fourth dimsion is at
right angles to all the sections which can be made of the spher

We have supposed the matter of which the sphere is compodael to
three dimensional. If the matter had a small thickness irfabeth di-
mension, there would be a slight thickness in gure 56 abtveplane
of the paper a thickness equal to the thickness of the mattaeifourth
dimension. The rods would have to be replaced by thin slabsiHsi
would make no difference as to the possibility of the rotatiorhis
motion is discussed by Newcomb in the rst volume of the Aroan
Journal of Mathematics.

Let us now consider, not a merely extensible body, but adiquie. A
mass of rotating liquid, a whirl, eddy, or vortex, has manynagkable
properties. On rst consideration we should expect a rotatnass of
liquid immediately to spread off and lose itself in the surrding liquid.
The water ies off a wheel whirled round, and we should expibet
rotating liquid to be dispersed. But we see the eddies in asivangely
persistent. The rings that occur in puffs of smoke and lasbsg are
whirls or vortices curved round so that their opposite endstpgether.
A cyclone will travel over great distances.

Helmholtz was the rst to investigate the properties of w®s. He stud-
ied them as they would occur in a perfect uid—that is, ondwiit fric-
tion of one moving portion or another. In such a medium vesiwould
be indestructible. They would go on forever, altering ttekiape, but
consisting always of the same portion of the uid. But a sthaigortex
could not exist surrounded entirely by the uid. The ends ofoatex
must reach to some boundary inside or outside the uid.

A vortex which is bent round so that its opposite ends joinapable
of existing, but no vortex has a free end in the uid. The uidund
a vortex is always in motion, and one produces a de nite manm
another.
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Lord Kelvin has proposed the hypothesis that portions of ia seg-
regated in vortices account for the origin of matter. Thepprties of
the aether in respect of its capacity of propagating distuces can be
explained by the assumption of vortices in it instead of byapprty of
rigidity. It is dif cult to conceive, however, of any arraegnent of the
vortex rings and endless vortex laments in the aether.

Now, the further consideration of four-dimensional raia shows the
existence of a kind of vortex which would make an aether leith a
homogeneous vortex motion easily thinkable.

To understand the nature of this vortex, we must go on anddaitep
by which we accept the full signi cance of the four-dimensib hy-
pothesis. Granted four-dimensional axes, we have seem ttaation
of one into another leaves two unaltered, and these two fbaraxial
plane about which the rotation takes place. But what abosethgo?
Do they necessarily remain motionless? There is nothingdoemt a
rotation of these two, one into the other, taking place comeuly with
the rst rotation. This possibility of a double rotation ad#ses the most
careful attention, for it is the kind of movement which istdistively
typical of four dimensions.

Rotation round a plane is analogous to rotation round an &g.in
three-dimensional space there is no motion analogous tdahbele ro-
tation, in which, while axis 1 changes into axis 2, axis 3 d&minto
axis 4.

Consider a four-dimensional body, with four independensaxgy,z,w.
A point in it can move in only one direction at a given momeifitthe
body has a velocity of rotation by which the x axis changes the y
axis and all parallel sections move in a similar manner, tihenpoint
will describe a circle. If, now, in addition to the rotatiog twvhich the x
axis changes into they axis the body has a rotation by whielz thxis
turns into the w axis, the point in question will have a douietion
in consequence of the two turnings. The motions will comgbuand
the point will describe a circle, but not the same circle Wahicwould
describe in virtue of either rotation separately.

We know that if a body in three-dimensional space is given rvave-
ments of rotation, they will combine into a single movementobation
round a de nite axis. It is in no different condition from thia which
it is subjected to one movement of rotation. The directiohef axis
changes; that is all. The same is not true about a four-dimealsbody.
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The two rotations x to y and z to w are independent. A body subje
to the two is in a totally different condition to that whichigtin when
subject to one only. When subject to a rotation such as thatofyxa
whole plane in the body, as we have seen, is stationary. WHgaciu
to the double rotation no part of the body is stationary ekt point
common to the two planes of rotation.

If the two rotations are equal in velocity, every point in thedy de-
scribes a circle. All points equally distant from the statioy point de-
scribe circles of equal size.

We can represent a four-dimensional sphere by means of twgpains,

in one of which we take the three axes X, y, and z; in the otrenies
x,w, and z. In gure 57 we have the view of a four-dimensionaihare

in the space of xyz. Figure 57 shows all that we can see of the fo
sphere in the space of xyz, for it represents all the pointeahspace,
which are at an equal distance from the center.

Let us now take the xz section, and let the axis of w take thespdthe
y axis. Here, in gure 58, we have the space of xzw. In this spae
have to take all the points which are at the same distancetfrercenter,
consequently we have another sphere. If we had a three-diore
sphere, as has been shown before, we should have merelyiainirc
the xzw space, the xz circle seen in the space of xzw. But n&imga
the view in the space of xzw, we have a sphere in that space lalso
similar manner, whichever set of three axes we take, wermbtaphere.

In gure 57, let us imagine the rotation in the direction xyhe taking
place. The point x will turntoy, and p to p'. The axis remaiteti®nary,
and this axis is all of the plane zw which we can see in the spacton
exhibited in the gure.

In gure 58, imagine the rotation from z to w to be taking pladde w
axis now occupies the position previously occupied by theig.arhis
does not mean that the w axis can coincide with the y axis.ditates
that we are looking at the four-dimensional sphere fromfaidht point
of view. Any three-space view will show us three axes, andgare 58
we are looking at xzw.

The only part that is identical in the two diagrams is theleiaf the x
and z axes, which axes are contained in both diagrams. Tkhyddhe
z, X, Z' is the same in both, and the point p represents the genims
in both diagrams. Now, in gure 58 let the zw rotation takeqaathe
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z axis will turn toward the point w of the w axis, and the poinivl
move in a circle about the point x.

Thus in gure 57 the point p moves in a circle parallel to theptgine;
in gure 58 it moves in a circle parallel to the zw plane, ingfied by the
arrow.

Now, suppose both of these independent rotations compduritie
point p will move in a circle, but this circle will coincide i neither
of the circles in which either one of the rotations will takeTihe circle
the point p will move in will depend on its position on the sa# of the
four sphere.

In this double rotation, possible in four-dimensional spaitere is a
kind of movement totally unlike any with which we are familia three-
dimensional space. It is a requisite preliminary to the uisen of the
behavior of the small particles of matter, with a view to det@ing

whether they show the characteristics of four-dimensiomavements,
to become familiar with the main characteristics of thislleuotation.
And here | must rely on a formal and logical assent rather trathe
intuitive apprehension which can only be obtained by a metait:d
study.

In the rst place this double rotation consists in two vaestor kinds,
which we will call the A and B kinds. Consider four axes, X, yaz,
The rotation of x to y can be accompanied with the rotation tf w.
Call this the A kind.

But also the rotation of x to y can be accompanied by the rotatfomot
z to w, but w to z. Call this the B kind.

They differ in only one of the component rotations. One isthetneg-
ative of the other. It is the semi-negative. The oppositenaf g0 y, z to
w rotation would be y to x, w to z. The semi-negative is x to y antb
z.

If four dimensions exist and we cannot perceive them becthesex-
tension of matter is so small in the fourth dimension thatredements
are withheld from direct observation except those whichtharee di-
mensional, we should not observe these double rotationgriy the

effects of them in three-dimensional movements of the tyjle which

we are familiar.

If matter in its small particles is four dimensional we shibeakpect this
double rotation to be a universal characteristic of the atamd mole-
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cules, for no portion of matter is at rest. The consequent#ssocor-
puscular motion can be perceived, but only under the fornradhary
rotation or displacement. Thus if the theory of four dimensiis true
we have in the corpuscles of matter a whole world of movemdnthv
we can never study directly, but only by means of inference.

The rotation A, as | have de ned it, consists of two equal tiotzs—one
about the plane of zw, the other about the plane of xy. It idevi that
these rotations are not necessarily equal. A body may bengavith

a double rotation in which these two independent comporeetsiot
equal; but in such a case we can consider the body to be movthg w
a composite rotation—a rotation of the A or B kind and, in &ddi a
rotation about a plane.

If we combine an A and a B movement, we obtain a rotation about a
plane; for, the rst being x to y and z to w, and the second beitg y

and w to z, when they are put together the z to w and w to z retsitio
neutralize each other, and we obtain an x to y rotation onlyclvis a
rotation about the plane of zw. Similarly. if we take a B raiat y to

x and z to w, we get, on combining this with the A rotation, aatmn

of z to w about the xy plane. In this case the plane of rotatsan the
three-dimensional space of xyz, and we have—what has beenitozd
before—a twisting about a plane in our space.

Consider now a portion of a perfect liquid having an A motidrean be
proven that it possesses the properties of a vortex. It ferpermanent
individuality—a separated-out portion of the liquid—aegmanied by a
motion of the surrounding liquid. It has properties analogytw those of
a vortex lament. But it is not necessary for its existencet tkeends
should reach the boundary of the liquid. It is self-contdiaad, unless
disturbed, is circular in every section.

If we suppose the aether to have its properties of transmittibration
given it by such vortices, we must inquire how they lie togetin four-
dimensional space. Placing a circular disk on a plane andwwoaling it
by six others ( g. 59), we nd that if the central one is givemation of
rotation, it imparts to the others a rotation which is antagtic in every
two adjacent ones. If A goes round as shown by the arrow, B andl C
be moving in opposite ways, and each tends to destroy themetithe
other.

Now, if we suppose spheres to be arranged in a correspondingenin
three-dimensional space, they will be grouped in gureschihare for
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three-dimensional space what hexagons are for plane sipacaumber
of spheres of soft clay be pressed together, so as to Il ujnieestices,
each will assume the form of a 14-sided gure, called a tetidécagon.

Now, assuming space to be lled with such tetrakaidecagodsacing
a sphere in each, it will be found that one sphere is touchesiknthers.
The remaining eight spheres of the fourteen which surrobhadéntral
one will not touch it, but will touch three of those in contaath it.
Hence if the central sphere rotates it will not necessanilyedthose
around it so that their motions will be antagonistic to eattten but the
velocities will not arrange themselves in a systematic reann

In four-dimensional space the gure which forms the nextrtesf the

series hexagon, tetrakaidecagon, is a thirty-sided gutehas for its
faces ten solid tetrtkaidecagons and twenty hexagonahpriSuch g-

ures will exactly Il four-dimensional space, ve of them ra@éng at
every point. If, now, in each of these gures we suppose adslur-

dimensional sphere to be placed, any one sphere is surrdloydairty

others. Of these it touches ten, and, if it rotates, it driesrest by the
means of these. Now, it we imagine the central sphere to Engin
A or a B rotation, it will turn the whole mass of spheres roundisys-
tematic manner. Suppose four-dimensional space to be Vil such
spheres, each rotating with a double rotation, the wholesmamsuld

form one consistent system of motion, in which each one devesy

other one, with no friction or lagging behind.

Every sphere would have the same kind of rotation. In thigeedsional
space, if one body drives another round, the second bodiesotath

the opposite kind of rotation; but in four-dimensional spétese four-
dimensional spheres would each have the double negatitie obtation
of the one next it, and we have seen that the double negatare Afor B

rotation is still an A or B rotation. Thus four-dimensionpbge could be
lled with a system of self-preservative living energy. lewmagine the
four-dimensional spheres to be of liquid and not of solidterathen,

even if the liquid were not quite perfect and there were dsligtarding
effect of one vortex on another, the system would still memitself.

In this hypothesis we must look on the aether as possessargymand
its transmission of vibrations, not as the conveying of aiomimparted
from without, but as a modi cation of its own motion.

We are now in possession of some of the conceptions of fonewsional
mechanics, and will turn aside from the line of their develent to in-
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quire if there is any evidence of their applicability to thepesses of
nature.

Is there any mode of motion in the region of the minute whiahing
three-dimensional movements for its effect, still in ifsescapes the
grasp of our mechanical theories? | would point to eledtricihrough
the labors of Faraday and Maxwell we are convinced that tee@mena
of electricity are of the nature of the stress and strain ofediom; but
there is still a gap to be bridged over in their explanatibe-aws of
elasticity, which Maxwell assumes, are not those of ordimaatter.
And, to take another instance: a magnetic pole in the neigjidoa of
a current tends to move. Maxwell has shown that the pressurets
are analogous to the velocities in a liquid which would eKistvortex
took the place of the electric current; but we cannot poittiogide nite
mechanical explanation of these pressures. There mustbe s®de
of motion of a body or of the medium in virtue of which a body &ds
to be electri ed.

Take the ions which convey charges of electricity 500 timesatgr in
proportion to their mass than are carried by the moleculdg/dfogen
in electrolysis. In respect of what motion can these ionsdie ® be
electri ed? It can be shown that the energy they possesstiemergy
of rotation. Think of a short rod rotating. If it is turned oveis found
to be rotating in the opposite direction. Now, if rotationdne direc-
tion corresponds to positive electricity, rotation in thpposite direction
corresponds to negative electricity, and the smallestrekest particles
would have their charges reversed by being turned over-surdlisup-
position.

If we x on a mode of motion as a de nition of electricity, we rst
have two varieties of it, one for positive and one for neggtiand a
body possessing the one kind must not become possessedathére
by any change in its position.

All three-dimensional motions are compounded of rotatiang trans-
lations, and none of them satisfy this rst condition forweg as a
de nition of electricity.

But consider the double rotation of the A and B kinds. A bodwtiog
with the A motion cannot have its motion transformed into Ehkind
by being turned over in any way. Suppose a body has the rotatio y
and z to w. Turning it about the xy plane, we reverse the doeaif the
motion X to y. But we also reverse the z to w motion, for the patrthe
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extremity of the positive z axis is now at the extremity of thegative
z axis, and since we have not interfered with its motion, #gm the
direction of position w. Hence we have y to x and w to z, whickthis
same as x to y and z to w. Thus both components are reversethexed
is the A motion over again. The B kind is the semi-negativehwnly
one component reversed.

Hence a system of molecules with the A motion would not dgstrim
one another, and would impart it to a body in contact with th&inus
A and B motions possess the rst requisite which must be del@dim
any mode of motion representative of electricity.

Let us trace out the consequences of de ning positive atattras an
A motion and negative electricity as a B motion. The comborabf

positive and negative electricity produces a current. Imag@ vortex
in the aether of the A kind and unite with this one of the B kinkh

A motion and a B motion produce rotation round a plane, whschni
the aether a vortex round an axial surface. It is a vortex @kihd we
represent as a part of a sphere turning inside out. Now, swohtex
must have its rim on a boundary of the aether—on a body in ttheae

Let us suppose that a conductor is a body which has the pyopért
serving as the terminal abutment of such a vortex. Then theegion
we must form of a closed current is of a vortex sheet havingdige
along the circuit of the conducting wire. The whole wire wilen be
like the centers on which a spindle turns in three-dimeradispace, and
any interruption of the continuity of the wire will produceension in
place of a continuous revolution.

As the direction of the rotation of the vortex is from a thigeace direc-
tion into the fourth dimension and back again, there will balirection
of ow to the current; but it will have two sides, accordinguwether z
goes to w or z goes to negative w.

We can draw any line from one part of the circuit to anotheentkthe
aether along that line is rotating round its points.

This geometric image corresponds to the de nition of antelecircuit.
It is known that the action does not lie in the wire, but in thedwm,
and it is known that there is no direction of ow in the wire.

No explanation has been offered in three-dimensional nmecbaf how
an action can be impressed throughout a region and yet rzetesan
itself out along a closed boundary, as is the case in an electrrent.
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But this phenomenon corresponds exactly to the de nition dbu-
dimensional vortex.

If we take a very long magnet, so long that one of its polesastpally
isolated, and put this pole in the vicinity of an electriccciit, we nd
that it moves.

Now, assuming for the sake of simplicity that the wire whietetmines
the current is in the form of a circle, if we take a number of Bmeg-
nets and place them all pointing in the same direction notmahe
plane of the circle, so that they Il it and the wire binds theound,
we nd that this sheet of magnets has the same effect on thenetiag
pole that the current has. The sheet of magnets may be cluwethe
edge of it must coincide with the wire. The collection of matmis then
equivalent to the vortex sheet and an elementary magnet &ot afit.
Thus, we must think of a magnet as conditioning a rotatiohénaether
round the plane which bisects at right angles the line jgritis poles.

If a current is started in a circuit, we must imagine vortitke bowls
turning themselves inside out, starting from the contour.rdaching
a parallel circuit, if the vortex sheet were interrupted gmided mo-
mentarily to the second circuit by a free rim, the axis plari lie
between the two circuits, and a point on the second circipbsite a
point on the rst would correspond to a point opposite to ittbe rst;
hence we should expect a current in the opposite directitimeisecond
circuit. Thus the phenomena of induction are not inconstsigth the
hypothesis of a vortex about an axial plane.

In four-dimensional space in which all four dimensions wesenmen-
surable, the intensity of the action transmitted by the mmedwould

vary inversely as the cube of the distance. Now, the acti@vcofrent on
a magnetic pole varies inversely as the square of the disteace over
measurable distances the extension of the aether in thid fdiunension
cannot be assumed as other than small in comparison witle tthies
tances. This extension being small, the effect of a vorteestvould be
equivalent to a number of jets on one side and suctions orntlies. o

Such an arrangement in the case of a liquid would produceciiel®
in the liquid which coincide in direction with the tendenclraotion
of a magnetic pole. But analogies of this kind leave out of tsthk
fact that the action is a reciprocal one. Non-magnetic matiews no
tendency to move. To arrive at a de nite conclusion it will trecessary
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to investigate the resultant pressures which accompangathecation
of solid vortices with surface ones.

To recapitulate: The movements and mechanics of four-dsieal
space are de nite and intelligible. A vortex with a surfaceits axis
affords a geometric image of a closed circuit, and there at@ions
which by their polarity afford a possible de nition of stadil electricity.
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