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Preface

DRAWING A STRAIGHT LINE iS not so easy as it seems at rst. We
are con dent that a straightedge or even a simple ruler isvall
need. This is true for possibly every practical applicagidsut from the
theoretical point of view straight lines are not easy toiatta

Of course, when we speak of straight lines we are impliciigueming
lines on an ideal truly at Euclidean plane. But, even undesthsimple
restrictions, drawing a truly straight line is almost impitée to achieve,
for how can we prove that a line is “straight”?

Contrary to what dictates our intuition, making a circle isieathan
making a straight line. This is so because with the compassexdi-
narily use to make a circle, it is no dif cult to maintain a ciant width
radius. Hard materials in the construction of the compasdl istakes
to achieve the task.

On the other hand, to make a straightedge, or a ruler, hasdeae-
rials are not suf cient, for “straightness” is not a propedf common
construction materials. So we must accept some kind ofdotsr in the
deviation from a hypothetical truly straight line.

In this book, Alfred Bray Kempe shows us other alternativesdes the
straightedge that can produce straight lines.

Nice to know that to make circles there is only one way, but aken
straight lines there are many avenues.

E. Pérez
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How to Draw a Straight Line:
A Lecture on Linkages

The great geometrician Euclid, before demonstrating tchasvarious
propositions contained in his Elements of Geometry, reguthat we
should be able to effect certain processes. These Postutaste¢he re-
quirements are termed, may roughly be said to demand thahowdds
be able to describe straight lines and circles. And so gsethiei vener-
ation that is paid to this master-geometrician, that theeenaany who
would refuse the designation of “geometrical”’ to a demat&in which
requires any other construction than can be effected byghtréines
and circles. Hence many problems—such as, for examplerisieetion
of an angle—which can readily be effected by employing o#eple
means, are said to have no geometrical solution, since theyot be
solved by straight lines and circles only.

It becomes then interesting to inquire how we can effectahpgslimi-

nary requirements, how we can describe these circles arsd gtmight
lines, with as much accuracy as the physical circumstance @rob-

lems will admit of.

As regards the circle we encounter no dif culty. Taking Hdsl de -
nition, and assuming, as of course we must, that our surfaceghich
we wish to describe the circle is a plane, (e see that we have only
to make our tracingpoint preserve a distance from the giwstire of
the circle constant and equal to the required radius. Thigeadily be
effected by taking a at piece of any form, such as the pieceati-
board | have here, and passing a pivot which is xed to thergaarface
at the given centre through a hole in the piece, and a tracpeicil
through another hole in it whose distance from the rst isado the

1These gures refer to Notes at the end of the lecture.
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2 A. B. KEMPE

given radius; we shall then, by moving the pencil, be ablepevith this
rude apparatus, to describe a circle with considerableracgand ease;
and when we come to employ very small holes and pivots, or kwrge
ones, turned with all that marvellous truth which the latFerds, we
shall get a result unequalled perhaps among mechanicatappdor
the smoothness and accuracy of its movement. The appataus Just
described is of course nothing but a simple form of a pair ofijgasses,
and it is usual to say that the third Postulate postulatesdhgasses.

But the straight line, how are we going to describe that? Huwidines

it as “lying evenly between its extreme points.” This does malp us
much. Our text-books say that the rst and second Postufadstilate

a ruler (2). But surely that is begging the question. If we ardraw

a straight line with a ruler, the ruler must itself have aigttedge;
and how are we going to make the edge straight? We come back to o
starting-point.

Now | wish you clearly to understand the difference betwéembethod

| just now employed for describing a circle, and the ruler moelt of
describing a straight line. If | applied the ruler methodrte tescription
of a circle, | should take a circular lamina, such as a pemrmyt@ce my
circle by passing the pencil round the edge, and | should the/eame
dif culty that I had with the straight-edge, for | should t&ave to make
the lamina itself circular. But the other method | employedblnes
no begging the question. | do not rst assume that | have decaind
then use it to trace one, but simply require that the distdreteveen
two points shall be invariable. | am of course aware that wermdploy
circles in our simple compass, the pivot and the hole in theingopiece
which it ts are such; but they are used not because they &reuhves
we want to describe (they are not so, but are of a differem) ses is
the case with the straight-edge, but because, through thesiibility
of constructing pivots or holes of no nite dimensions, we d&orced
to adopt the best substitute we can for making one point imtbeng
piece remain at the same spot. If we employ a very small piadt a
hole, though they be not truly circular, the error in the dggion of

a circle of moderate dimensions will be practically in rstenal, not
perhaps varying beyond the width of the thinnest line whiahtracer
can be made to describe; and even when we employ large pirdts a
holes we shall get results as accurate, because those pivbtkoles
may be made by the employment of very small ones in the machine
which makes them.
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How to Draw a Straight Line: A Lecture on Linkages 3

It appears then, that although we have an easy and accur#tiedref
describing a circle, we have at rst sight no correspondingans of
describing a straight line; and there would seem to be a autist dif -
culty in producing what mathematicians call the simplestveuso that
the question how to get over that dif culty becomes one of aidied
theoretical interest.

Nor is the interest theoretical only, for the question is ohdirect im-
portance to the practical mechanician. In a large numberaxfthimes
and scienti c apparatus it is requisite that some point anfgoshould
move accurately in a straight line with as little friction@sssible. If the
ruler principle is adopted, and the point is kept in its patlgbides, we
have, besides the initial dif culty of making the guideslyrstraight, the
wear and tear produced by the friction of the sliding surda@ad the
deformation produced by changes of temperature and vastiagns.
It becomes therefore of real consequence to obtain, if plesssome
method which shall not involve these objectionable featusat possess
the accuracy and ease of movement which characterise oleprioduc-
ing apparatus.

Turning to that ap-
paratus, we notice
that all that is reg-
uisite to draw with
accuracy a circle of

any given radius is -
to have the distance !
between the pivot
and the tracer prop- Fic. 1

erly determined, and

if | pivot a second “piece” to the xed surface at a second pbiaving
a tracer as the rst piece has, by properly determining tlstadice be-
tween the second tracer and pivot, | can describe a secarld wihose
radius bears any proportion | please to that of the rst eirdNow, re-
moving the tracers, let me pivot a third piece to these twaatgueces,
as | may call them, at the points where the tracers were, amadex a
tracer at any point on this third or traversing piece. Yol aitilonce see
that if the radial pieces were big enough the tracer wouldrilas circles
or portions of circles on them, though they are in motionhwlite same
ease and accuracy as in the case of the simple circle-drapipayatus;

http://ADLab.info



4 A. B. KEMPE

the tracer will not however describe a circle on the xed agd, but a
complicated curve.

This curve will, however, be described with all the ease arwlieacy
of movement with which the circles were described, and ifdtwio re-
produce in a second apparatus the curves which | producethvghl

have only to get the distances between the pivots and tracetsately
the same in both cases, and the curves will also be accutheekame.
| could of course go on adding fresh pieces ad libitum, andoukh
get points on the structure produced, describing in gewerglcompli-
cated curves, but with the same results as to accuracy anctisness,
the reproduction of any particular curve depending solelyhe correct
determination of a certain de nite number of distances.

These systems, built up of pieces pointed or pivoted togesimel turn-
ing about pivots attached to a xed base, so that the vari@istp on
the pieces all describe de nite curves, | shall term “linlotions,” the
pieces being termed “links.” As, however, it sometimeslitades the
consideration of the properties of these structures tordetheem apart
from the base to which they are pivoted, the word “linkagegnployed
to denote any combination of pieces pivoted together. Wheh su
combination is pivoted in any way to a xed base, the motiopoints
on it not being necessarily con ned to xed paths, the linkusture is
called a “linkwork:” a “linkwork” in which the motion of everpoint is
in some de nite path being, as before stated, termed a “lotkom.” |
shall only add to these expressions two more: the point efkarfiotion
which describes any curve is called a “graph,” the curve deslled a
“gram” (3).

The consideration of the various properties of these “ljg&d has occu-
pied much attention of late years among mathematicianssansubject
of much complexity and dif culty. With the purely mathemesi side of
the question | do not, however, propose to deal to-day, asaisave
quite enough to do if we con ne our attention to the practiczgults
which mathematicians have obtained, and which | believg ordthe-
maticians could have obtained. That these results are blalcannot
| think be doubted, though it may well be that their great begduas
led some to attribute to them an importance which they do eaally
possess; and it may be that fty years ago they would have hadue
which, through the great improvements that modern meclarsthave
effected in the production of true planes, rulers and otkacemechan-
ical structures, cannot now be ascribed to them. But linkhges not at
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How to Draw a Straight Line: A Lecture on Linkages 5

present, | think, been suf ciently put before the mechaancio enable
us to say what value should really be set upon them.

The practical results obtained by the use of linkages aréeluin num-
ber, and are closely connected with the problem of “straligiet mo-
tion,” having in fact been discovered during the investmatof that
problem, and I shall be naturally led to consider them if | mm&kraight-
line motion” the backbone of my lecture. Before, howevernging
into the midst of these linkages it will be useful to know how wan
practically construct such models as we require; and hevaasof the
great advantages of our subject—we can get our resultdyiséjore
us so very easily. Pins for xed pivots, cards for links, strior cotton
for the other pivots, and a dining-room table, or a drawiogsd if the
former be thought objectionable, for a xed base, are all waquire.
If something more artistic be preferred, the plan adoptetiénmodels
exhibited by me in the Loan Collection can be employed. Theetsod
were constructed by my brother, Mr. H. R. Kempe, in the follogvi
way. The bases are thin deal boards painted black; the Imkaeatly
shaped out of thick cardboard (it is hard work making thenuo, lyave to
sharpen your knife about every ten minutes, as the cardlioard the
edge very rapidly); the pivots are little rivets made of catghe heads
being formed by pressing the face of a heated steel chiséleoartds of
the gut after it is passed through the holes in the links;divies a very
rm and smoothly-working joint. More durable links may be deof
tin-plate; the pivot-holes must in this case be punched,thacyelets
used by bootmakers for laced boots employed as pivots; yogeitthe
proper tools at a tri ing expense at any large tool shop.

Now, as | have
said, the curves de-
scribed by the vari-
ous points on these
link-motions are in
general very com-
plex. But they
are not necessarily
so. By properly
choosing the dis-
FIG. 2 tances at our dis-
posal we can make
them very simple. But can we go to the fullest extent of simfyliand

http://ADLab.info



6 A. B. KEMPE

get a point on one of them moving accurately in a straigh®limeat is
what we are going to investigate.

To solve the problem with our single link is clearly impogdsiball the
points on it describe circles. We must therefore go to the semple
case—our three—link motion. In this case you will see thathaee
at our disposal the distance between the xed pivots, thieadees be
tween the pivots on the radial links, the distance betweerpivots on
the traversing link, and the distances of the tracer fronsehmivots; in
all six different distances. Can we choose those distancéisas@mur
tracing-point shall move in a straight line?

The rst person who investigated this was that great man 3aviatt.
“Watt's Parallel Motion” (4), invented in 1784, is well knawto every
engineer, and is employed in nearly every beam-engine. pparatus,
reduced to its simplest form, is shown in Fig. 2.

The radial bars are of equal
length,—I employ the word “length”
for brevity, to denote the distance
between the pivots; the links of
course may be of any length or
shape,—and the distance between
the pivots or the traversing link
is such that when the radial bars
are parallel the line joining those
pivots is perpendicular to the ra-
dial bars. The tracing-point is sit-
uate half-way between the pivots
on the traversing piece. The curve Fic. 3

described by the tracer is, if the

apparatus does not deviate much from its mean positionpappately
a straight line. The reason of this is that the circles dbsdby the ex-
tremities of the radial bars have their concavities turmedgposite di-
rections, and the tracer being half-way between, descailoesve which
is concave neither one way nor the other, and is thereforaigist line.
The curve is not, however, accurately straight, for if | adlthe tracer
to describe the whole path it is capable of describing, it,when it
gets some distance from its mean position, deviate coraitiefrom
the straight line, and will be found to describe a gure 8, gations
at the crossing being nearly straight. We know that they ategnite
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How to Draw a Straight Line: A Lecture on Linkages 7

straight, because it is impossible to have such a curveysrdight and
partly curved.

For many purposes the straight line described by Watt's ia@ps: is
suf ciently accurate, but if we require an exact one it waf,course, not
do, and we must try again. Now it is capable of proof that impossible
to solve the problem with three moving links; closer appnaaiions to
the truth than that given by Watt can be obtained, but stitl axiual
truth.

| have here some examples of these closer approximatiores.r3tof
these, shown in Fig. 3, is due to Richard Roberts of Manchester.

The radial bars are of equal
length, the distance between the
xed pivots is twice that of the
pivots on the traversing piece, and
the tracer is situate on the travers-
ing piece, at a distance from the
pivots on it equal to the lengths
of the radial bars. The tracer in
consequence coincides with the
straight line joining the xed piv-
ots at those pivots and half-way
between them. It does not, how-
Fic. 4 ever, coincide at any other points,
but deviates very slightly between
the xed pivots. The path described by the tracer when it pagise piv-
ots altogether deviates from the straight line.

The other apparatus was invented by Professor Tchebich&if. dPe-
tersburg. Itis shown in Fig. 4. The radial bars are equalngtle, being
each in my little model ve inches long. The distance betw#en xed
pivots must then be four inches, and the distance betweepitbes or
the traversing bar two inches. The tracer is taken half-vedyben these
last. If now we draw a straight line—I had forgotten that weareat do
that yet, well, if we draw a straight line, popularly so cdlethrough
the tracer in its mean position, as shown in the gure, pafat that
forming the xed pivots, it will be found that the tracer witloincide
with that line at the points where verticals through the >adots cut it
as well as at the mean position, but, as in the case of Robpasdlel

http://ADLab.info



8 A. B. KEMPE

motion, it coincides nowhere else, though its deviationeis/\small as
long as it remains between the verticals.

We have failed then with three links, and we must go on to thé& ne
case, a ve-link motion—for you will observe that we must kaan odd
number of links if we want an apparatus describing de niteves. Can
we solve the problem with ve? Well, we can; but this was nat trst
accurate parallel motion discovered, and we must give teeinventor
his due (although he did not nd the simplest way) and prodeesdrict
chronological order.

In 1864, eighty years after Watt's
discovery, the problem was rst
solved by M. Peaucellier, an of-
cer of Engineers in the French
army. His discovery was not at
rst estimated at its true value,
fell almost into oblivion, and was g
rediscovered by a Russian student=
named Lipkin, who got a substan-
tial reward from the Russian Gov- FIG. 5

ernment for his supposed origi-

nality. However, M. Peaucellier's merit has at last beerogeized,
and he has been awarded the great mechanical prize of tlie tiestf
France, the “Prix Montyon.”

M. Peaucellier's apparatus is shown in Fig. 5. It has, as y&) seven
pieces or links. There are rst of all two long links of equahgth.
These are both pivoted at the same xed point; their othereaxities
are pivoted to opposite angles of a rhombus composed of fguale
shorter links. The portion of the apparatus | have thus facdleed,
considered apart from the xed base, is a linkage termed auPellier
cell.” We then take an extra link, and pivot it to a xed poinhase
distance from the rst xed point, that to which the cell isvoited, is
the same as the length of the extra link; the other end of ttra érk
is then pivoted to one of the free angles of the rhombus; therdtee
angle of the rhombus has a pencil at its pivot. That pencilagturately
describe a straight line.

| must now indulge in a little simple geometry. It is absolyteecessary
that | should do so in order that you may understand the mi@acif our
apparatus.

http://ADLab.info



How to Draw a Straight Line: A Lecture on Linkages 9

In Fig. 6, QC is the extra link pivoted to the xed poin®, the other
pivot on itC, describing the circl©CR The straight line®M andPM°
are supposed to be perpendiculaMBQOM’

Now the angleOCR being the angle in a semicircle, is a right angle.
Therefore the triangle®CR OMP are similar.

Therefore,
OC: OR:: OM: OP.
Therefore,

b OC-OP=0M -OR

. C/
/://\ whereverC may be on the

M—~§9L~ 4 T}R y circle. Thatis, sinceOM
L 0 ) / andOR are both constant,
Pr " A if while C moves in a cir-

— cle P moves so thaO, C,
P are always in the same
_ straight line, and so that

OC - OP is always con-

FiG. 6 stant; therP will describe

the straight linePM per-

pendicular to the lin©Q.

It is also clear that if we
take the pointP? on the other side 00, and if OC -OPY is constant
POwill describe the straight lin@MC This will be seen presently to be
important.

Now, turning to Fig. 7,

which is a skeleton draw- A

ing of the Peaucellier cell,

we see that from the sym-

metry of the construction Of e P
of the cell,O, C, P, all lie

in the same straight line,

and if the straight line A B

n be drawn perpendicular

to CP—it must still be an FiG. 7

http://ADLab.info



10 A. B. KEMPE

imaginary one, as we have
not proved yet that our apparatus does draw a straight IQgis-equal
to nP.

Now,

OA° = O’ + A
AP? = Pré+ Ar?

therefore,

OA?> AP’= Or? Pr?
=[On Pn] [On+ Pn]
= OC OP

Thus since OA and AP
are both constar®@COPis
always constant, however
., far or neaiIC andP may be
P to O. If then the pivotO
be xed to the pointO in
Fig. 6, and the pivo€ be
made to describe the circle
in the gure by being piv-
oted to the end of the extra
link, the pivot P will sat-
isfy all the conditions nec-
FiG. 8 essary to make itmove in a
straight line, and if a pen-
cil be xed at P it will draw a straight line. The distance otthne from
the xed pivots will of course depend on the magnitude of theuatity
OA? OP? which may be varied at pleasure.

| hope you clearly understand the two elements composingpara-
tus, the extra link and the cell, and the part each plays, @sviwish
to describe to you some modi cations of the cell. The extre hwill
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How to Draw a Straight Line: A Lecture on Linkages 11

remain the same as before, and it is only the cell which wilargo
alteration.

If 1 take the two linkages in Fig. 8, which are known as the ékit
and the “spear-head,” and place one on the other so that nigditks

of the one coincide with those of the other, and then amalganhe

coincident long links together, we shall get the origindl oéFigs. 5

and 7. If then we keep the angles between the long links, bbttaeen
the short links, the same in the “kite” and “spear-head,” e that the
height of the “kite” multiplied by that of the “spear-head’¢onstant.

Let us now, instead of amalgamating the long links of the twkeges,
amalgamate the short ones. We then get the linkage of Fign®jfa
the pivot where the short links meet is xed, and one of thesotiee
pivots be made to move in the circle of Fig. 6 by the extra lthke, other
will describe, not the straight line P M, but the straighelirO MO. In
this form, which is a very compact one, the motion has beefhexpm
a beautiful manner to the air engines which are employed mtilate
the Houses of Parliament. The ease of working and absencetdr
and noise is very remarkable. The engines were construcigdhe
Peaucellier apparatus adapted to them by Mr. Prim, the eagio the
Houses, by whose courtesy | have been enabled to see therhcand
assure you that they are well worth a visit.

Another modi cation of the cell is shown in Fig. 10. If ins@af em-
ploying a “kite” and “spear-head” of the same dimensionsaketthe
same “kite” as before, but use a “spearhead” of half the dizkeofor-
mer one, the angles being however kept the same, the protitioe o
heights of the two gures will be half what it was before, btitlson-
stant. Now instead of superimposing the links of one gurdlmother,
it will be seen that in Fig. 10 | fasten the shorter links of leagure
together, end to end. Then, as in the former cases, if | x tivetpat
the point where the links are xed together, | get a cell whinhy be

http://ADLab.info



12 A. B. KEMPE

used, by the employment of an extra link, to describe a gttdige. A
model employing this form of cell is exhibited in the Loan @allion
by the Conservatoire des Arts et Métiers of Paris, and is otiisie
workmanship; the pencil seems to swim along the straigkt lin

M. Peaucellier's discovery was introduced into England bgf&ssor
Sylvester in a lecture he delivered at the Royal Institutiodanuary,
1874 (5), which excited very great interest and was the comeer@ent
of the consideration of the subject of linkages in this count

In August of the same year Mr. Hart of Woolwich Academy read a
paper at the British Association meeting (6), in which he sidwhat

M. Peaucellier's cell could be replaced by an apparatusatoinig only
four links instead of six. The new linkage is arrived at thus.

If to the ordinary Peaucel-
lier cell | add two fresh
links of the same length as
the long ones | get the dou- g
ble, or rather quadruple ™=
cell, for it may be used in
four different ways, shown
in Fig. 11. Now Mr. Hart
found that if he took an or- FiGg. 11

dinary parallelogrammatic

linkwork, in which the adjacent sides are unequal, and ex$se links
so as to form what is called a contra-parallelogram, Fig. at2l then
took four points on the four links dividing the distancesvibetn the
pivots in the same proportion, those four points had exabiysame
properties as the four points of the double cell. That the fonints
always lie in a straight line is seen thus: considering tiangle abd,
sinceaO: Ob: : aP: PdthereforeOPis parallel tobd, and the perpen-
dicular distance between the parallels is to the heightefriangleabd
asObis to ab; the same reasoning applies to the straight @@, and
sinceab: Ob: : cd: OY and the heights of the triangledd, cbd, are
clearly the same, therefore the distance®BfandOT from bd are the
same, an® C P Plie in the same straight line.

That the producOC OPis constant appears at once when it is seen that
ObCis half a “spear-head” an@aP half a “kite;” similarly it may be
shown thaD® O is constant, as alsOCCO’andOP PO Employ-

ing then the Hart's cell as we employed Peaucellier's, weagee-link

http://ADLab.info



How to Draw a Straight Line: A Lecture on Linkages 13

Fic. 12 Fic. 13

straight line motion. A model of this is exhibited in the Lo@bollection
by M. Breguet.

| now wish to call your attention to an extension of Mr. Hamdppa-
ratus, which was discovered simultaneously by ProfesslweSker and
myself. In Mr. Hart's apparatus we were only concerned wabstand
points on those bars, but in the apparatus | wish to bringrbefou we
have pieces instead of bars. | think it will be more interesif | lead
up to this apparatus by detailing to you its history, esplces | shall
thereby be enabled to bring before you another very elegahivary
important linkage—the discovery of Professor Sylvester.

When considering the problem presented by the ordinary haeeno-
tion consisting of two radial bars and a traversing bar, tused to
me—I do not know how or why, it is often very dif cult to go back
and nd whence one's ideas originate—to consider the rehaietween
the curves described by the points on the traversing bar yngaren
three-bar motion, and those described by the points on dasithree-
bar motion, but in which the traversing bar and one of thealdatars
had been made to change places. The proposition was no ssiatest
than the solution became obvious; the curves were precsaijar. In
Fig. 13 letCD andBA be the two radial bars turning about the xed
centre<C andB, and letDA be the traversing bar, and [Btbe any point
on it describing a curve depending on the length&Bf BC, CD, and
DA. Now add to the three-bar motion the b&s andEAP°, CE being
equal toDA, andEA equal toCD. CDAE is then a parallelogram, and if
an imaginary lineCPP be drawn, cuttinge A produced inP°, it will at
once be seen th&is a xed point onEA produced, an€P°bears al-
ways a xed proportion t&CP, viz.,CD : CE. Thus the curve described
by PPis precisely the same as that describedPhynly it is larger in
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14 A. B. KEMPE

the proportionCE : CD. Thus if we take away the ba@D and DA,
we shall get a three-bar linkwork, describing preciselysame curves,
only of different magnitude, as our rst three-bar motiorsdebed, and
this new three-bar linkwork is the same as the old with theatdohk
CD and the traversing linBA interchanged (7).

On my communicating this
result to Professor Sylvester,
he at once saw that the
property was one not con-
ned to the particular case
of points lying on the tra-
versing bar, in fact to
threebar motion, but was
possessed by thrgmece
motion. In Fig. 14CDAB
iIs a three-bar motion, as
Fic. 14 in Fig. 13, but the tracing
point or “graph” does not
lie on the line joining the
joints AD, but is anywhere else on a “piece” on which the joiAld
lie. Now, as before, add the b&E, CE being equal toAD, and the
piece AEP®, makingAE equal toCD, and the triangleéAE P° similar to
the trianglePDA; so that the angleAEP’, ADP are equal, andPE :
EA: : AD: DP. It follows easily from this—you can work it out for
yourselves without dif culty—that the ratiB®C : PCis constant and the
anglePCPis constant; thus the paths BfandP° or the “grams” de-
scribed by the “graphsP andP® are similar, only they are of different
sizes, and one is turned through an angle with respect taliee. o

Now you will observe that the two proofs | have given are quitde-
pendent of the bahB, which only affects the particular curve described
by P andPC If we get rid of AB, in both cases we shall get in the rst
gure the ordinary pantagraph, and in the second a beawdxténsion
of it, called by Professor Sylvester, its inventor, Blagiographor Skew
Pantagraph Like the Pantagraph, it will enlarge or reduce gures, lbut i
will do more, it will turn them through any required angley foy prop-
erly choosing the position d® and PP, the ratio ofCP to CP° can be
made what we please, and also the afflé®can be made to have any
required value. If the anglPBCP’is made equal to 0 or 18pwe get
the two forms of the pantagraph now in common use; if it be ntade
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assume successively any value which is a submultiple of,366 can,
by passing the poir® each time over the same pattern make the géfint
reproduce it round the xed centf@after the fashion of a kaleidoscope.
| think you will see from this that the instrument, which has,far as

| know, never been practically constructed, deserves toubéngo the
hands of the designer. | give here a picture of a little modiel possi-
ble form for the instrument furnished by me to the Loan Coitatby
request of Professor Sylvester (8).

After this discovery of Professor Sylvester, it occurrechim and to
me simultaneously—our letters announcing our discovesatth other
crossing in the post—that the principle of the plagiograpghhbe ex-
tended to Mr. Hart's contra-parallelogram; and this disggvl shall
now proceed to explain to you. | shall, however, be more gasile to
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do so by approaching it in a different manner to that in whididiwhen
| discovered it.

If we take the contra-parallelogram of Mr. Hart, and bendlihles at
the four points which lie on the same straight line, or foctlaesy are
sometimes termed, through the same angle, the four ponstgad of
lying in the same straight line, will lie at the four angulasipts of a
parallelogram of constant angles,—two the angle that the &@ bent
through, and the other two their supplements—and of cohataa, so
that the product of two adjacent sides is constant.

In Fig. 16 the lettering is preserved as in Fig. 12, so thatvwhg in
which the apparatus is formed may be at once seen. The heléskan
in the middle of the links, and the bending is through a righgle.
The four holeOPOT lie at the four corners of a right-angled parallelo-
gram, and the product of any two adjacent sides, as for exa@@IOP,

is constant. It follows that iD be pivoted to the xed poinD in Fig.
6, and C be pivoted to the extremity of the extra lilkkwill describe
a straight line, noPM, but one inclined tdPM at an angle the same
as the bars are bent through, i.e. a right angle. Thus thiglstidine
will be parallel to the line joining the xed pivot® andQ. This appa-
ratus, which for simplicity | have described as formed ofrfetraight
links which are afterwards bent, is of course strictly spegkormed of
four plane links, such as those employed in Fig. 1, on whiehvida-
ious points are taken. This explains the name given to it loye3s0r
Sylvester, the “Quadruplane.” Its properties are not diftdo investi-
gate, and when | point out to you that in Fig. 16, as in Fig. @B, bC
form half a “spear-head,” an@a, aP half a “kite,” you will very soon
get to the bottom of it.

| cannot leave this apparatus, in which my name is assocvatadhat
of Professor Sylvester, without expressing my deep gasitior the
kind interest which he took in my researches, and my regegtitis de-
parture for America to undertake the post of Professor imdve Johns
Hopkins University has deprived me of one whose valuablgssigpns
and encouragement helped me much in my investigations.

Before leaving the Peaucellier cell and its modi cations, ushpoint
out another important property they possess besides thata$hing us
with exact rectilinear motion. We have seen that our sinpiekswork
enables us to describe a circle of any radius, and if we wishddscribe
one of ten miles' radius the proper course would be to have-ariée
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link, but as that would be, to say the least, cumbrous, ittisfs&tory
to know that we can effect our purpose with a much smaller igps.
When the Peaucellier cell is mounted for the purpose of dasgria
straight line, as | told you, the distance between the xedbfs must
be the same as the length of the “extra” link. If this distabeenot the
same we shall not get straight lines described by the pdndikircles.
If the difference be slight the circles described will be mdemous mag-
nitude, decreasing in size as the difference increasehe Iflistance)
O, Fig. 6, be made greater th&C, the convexity of the portion of the
circle described by the pencil (for if the circles are largsill of course
be only a portion which is described) will be towar@sif less the con-
cavity. To a mathematician, who knows that the inverse ofreecis
a circle, this will be clear, but it may not be amiss to giveeharshort
proof of the proposition.

In Fig. 17 let the centre®, QP of the two circles be at distances from
O proportional to the radii of the circles. If th€@DCPSbe any straight
line throughO; DQ will be parallel toPQ, andCQ to SG andOD will
bear the same proportion @P thatOQ does toOQ’. Now considering
the proof we gave in connection with Fig. 7, it will be cleaathhe
productOD OC is constant, and therefore sin€d bears a constant
ratio to OD, OP OC is constant. That is iDC OP is constant an€
describes a circle abo@, P will describe one abou®® Taking thernO,

C andP as theO, C andP of the Peaucellier cell in Fig. 7, we see how
P comes to describe a circle.

It is hardly necessary for me to state the importance of treu€&slier
compass in the mechanical arts for drawing circles of laggius. Of
course the various modi cations of the “cell” | have desedbmay all
be employed for the purpose. The models exhibited by the Camse
toire and M. Breguet are furnished with sliding pivots for thepose of
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varying the distance betwed&handQ, and thus getting circles of any
radius.

My attention was rst called to
these linkworks by the lecture of
Professor Sylvester, to which |
have referred. A passage in that
lecture in which it was stated that
there were probably other forms
of seven-link parallel motions be-
sides M. Peaucellier's, then the
only one known, led me to inves-
tigate the subject, and | succeeded
in obtaining some new parallel
motions of an entirely different
character to that of M. Peaucel-
Fic. 20 lier (9). | shall bring two of these
to your notice, as the investigation
of them will lead us to consider some other linkworks of intpace.

If | take two kites, one twice as big as the other, such thatdhg links
of each are twice the length of the short ones, and make ogditdnof
the small kite lie on a short one of the large, and a short otiesogmall
on a long one of the large, and then amalgamate the coindid&st |
shall get the linkage shown in Fig. 18.

The important property of

this linkage is that, al-

though we can by mov-

ing the links about, make

the pointsP and P° ap-

proach to or recede from

each other, the imaginary Fic. 21

line joining them is always

perpendicular to that drawn through the pivots on the botioknLM.

It follows that if either of the pivot$ or P°be xed, and the linkLM
be made to move so as always to remain parallel to a xed lihe, t
other point will describe a straight line perpendicularhe txed line.
Fig. 19 shows you the parallel motion made by xi®§ It is unnec-
essary for me to point out how the parallelismLdfl is preserved by
adding the linkSL, it is obvious from the gure. The straight line which
is described by the poirR is perpendicular to the line joining the two
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FIG. 22 FiG. 23

xed pivots; we can, however, without increasing the numbglinks,
make a point on the linkwork describe a straight line indine the line
SPat any angle, or rather we can, by substituting for the dttaigk
PC a plane piece, get a number of points on that piece movingeryev
direction.

In Fig. 20, for simplicity, only the linkCPPand the new piece substituted
for the link P C are shown. The new piece is circular and has holes
pierced in it all at the same distance—the same as the leR§ilend
PT—from C. Now we have seen from Fig. 19 ttRamoves in a vertical
straight line, the distandeC in Fig. 20 being the same as it was in Fig.
19; but from a well-known property of a circle, if be any one of the
holes pierced in the piece, the angi®P is constant, thus the straight
line HP%is xed in position, andH moves along it; similarly all the
other holes move along in straight lines passing throughxie pivot

PO and we get straight line motion distributed in all direoo This
species of motion is called by Professor Sylvester “trantiond’ It is
worth noticing that the motion of the circular disc is the geas it would
have been if the dotted circle on it rolled inside the largaedbcircle;
we have, in fact, White's parallel motion reproduced by limkiu Of
course, if we only require motion in one direction, we mayaway all
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the disc except a portion forming a bent arm contairyd®, and the
point which moves in the required direction.

The double kite of Fig. 18 may be employed to form some other us
ful linkworks. It is often necessary to have, not a singlenpobut a
whole piece moving so that all points on it move in straighe$. | may
instance the slide rests in lathes, traversing tables,imsdrills, draw-
bridges, etc. The double kite enables us to produce linksvbdving
this property. In the linkwork of Fig. 21, the constructioiwvhich will

be at once appreciated if you understand the double kitdhdaheontal
link moves to and fro as if sliding in a xed horizontal straigtube.
This form would possibly be useful as a girder for a drawbeidg

In the linkwork of Fig. 22, which is another combination ofdwdouble
kites, the vertical link moves so that all its points move orikontal
straight lines. There is a modi cation of this linkwork wihiaowill, |
think, be found interesting. In the linkage in Fig. 23, whichthe
thin links are removed, is askeleton drawing of Fig. 22, et dotted
links be taken away and the thin ones be inserted; we thenlgdege
which has the same property as that in Fig. 22, but it is sedtsin
new form to be the ordinary double parallel ruler with thrdded links.
Fig. 24 is a gure of a double parallel ruler made on this plaithva
slight modi cation. If the bottom ruler be held horizontélg top moves
vertically up and down the board, having no lateral movement

While | am upon this sort of movement | may point out an apparatu
exhibited in the Loan Collection by Professor Tchebichefijch bears
a strong likeness to a complicated camp-stool, the seat afhwias
horizontal motion. The motion is not strictly rectilinedine apparatus
being—as will be seen by observing that the thin line in thereis
of invariable length, and a link might therefore be put whigris—
a combination of two of the parallel motions of Professor dlmbheff
given in Fig. 4, with some links added to keep the seat panaiky
the base. The variation of the upper plane from a strictlyiZiooital
movement is therefore double that of the tracer in the sirpplallel
motion.

Fig. 26 shows how a similar apparatus of much simpler coattn,
employing the Tchebicheff approximate parallel motiom ba made.
The lengths of the links forming the parallel motion haverbges/en
before (Fig. 4). The distance between the pivots on the ngos@at is
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half that between the xed pivots, and the length of the rammay link
is one-half that of the radial links.

An exactmotion of the same description is shown in Fig. 2¥.C, O°

P are the four foci of the quadriplane shown in the gure in g¥hthe
links are bent through a right angle, so tb# OPis constant, an@OP
aright angle. The focu® is pivoted to a xed point, an€ is made by
means of the extra linkC to move in a circle of which the radiu@C

is equal to the pivot distand@P consequently moves in a straight line
parallel toOQ, the ve moving pieces thus far described constituting the
Sylvester-Kempe parallel motion. To this are added the ngpseat and
the remaining linkRQ’, the pivot distances of whiclPR andRCO’, are
equal toOQ. The seat in consequence always remains parall@Qp
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FiG. 28 Fic. 29

and as® moves accurately in a horizontal straight line, every poimit
will do so also. This apparatus might be used with advantdgereva
very smoothly-working traversing table is required.

| now come to the second of the parallel motions | said | wotlovs
you. If | take a kite and pivot the blunt end to the xed based amake
the sharp end move up and down in a straight line, passingghrthe
xed pivot, the short links will rotate about the xed pivot ith equal
velocities in opposite directions; and, conversely, iflihks rotate with
equal velocity in opposite directions, the path of the shearg will be
a straight line, and the same will hold good if instead of therslinks
being pivoted to the same point they are pivoted to diffeceras.

To nd a linkwork which should make two links rotate with equee-
locities in opposite directions was one of the rst problehrset my-
self to solve. There was no dif culty in making two links ragéawith
equal velocities in the same direction,—the ordinary pal@yrammatic
linkwork employed in locomotive engines, composed of thgies, the
two cranks, and the connecting rod, furnished that; anckthves none
in making two links rotate in opposite directions with vargivelocity;
the contra-parallelogram gave that; but the required lokwhad to be
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discovered. After some trouble | succeeded in obtaining & lsombi-
nation of a large and small contra-parallelogram put togygst as the
two kites were in the linkage of Fig. 18. One contra-paratighm is
made twice as large as the other, and the long links of eadiware as
long as the short (10).

The linkworks in Figs. 30 and 31 will, by considering the thime
drawn through the xed pivots in each as a link, be seen to bméal
by xing different links of the same six-link linkage comped of two
contra-parallelograms as just stated. The pointed linteeavith equal
velocity in opposite directions, and thus, as shown in Fig, & once
give parallel motions. They can of course, however, be Uigedun-
ployed for the mere purpose of reversing angular velocity.(1

An extension of the linkage employed in these two last guya®s us
an apparatus of considerable interest. If | take anothkag¢ie contra-
parallelogram of half the size of the smaller one and t ithe smaller
exactly as | tted the smaller to the larger, | get the eightage of Fig.
32. It has, you see, four pointed links radiating from a ceiatrequal
angles; if | open out the two extreme ones to any desired apglewill

see that the two intermediate ones vei{actly trisectthe angle. Thus
the power we have had to call into operation in order to efieatlid's
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rst Postulate—linkages—enables us to solve a problem whias no
“geometrical” solution. | could of course go on extending hmkage
and get others which would divide an angle into any numberoié
parts. It is obvious that these same linkages can also beogetphas
linkworks for doubling, trebling, etc., angular velociti).

Another form of “Isoklinostat”—for so the apparatus is tearby Pro-
fessor Sylvester—was discovered by him. The constructi@pparent
from Fig. 33. It has the great advantage of being composeadks hav-

ing only two pivot distances bearing any proportion to eattie but it

has a larger number of links than the other, and as the openingf the

links is limited, it cannot be employed for multiplying arlgumotion.

Subsequently to the publication of the paper which conthareaccount
of these linkworks of mine of which | have been speaking, hpsil out
in a paper read before the Royal Society (13) that the paraligions
given there were, as well as those of M. Peaucellier and Mrt, 4
particular cases of linkworks of a very general charactégfavhich
depended on the employment of a linkage composed of twoasingH
ures. | have not suf cient time, and | think the subject woulok be
suf ciently inviting on account of its mathematical chatag to dwell
on it here, so | will leave those in whom an interest in the tjoashas
been excited to consider the original paper.
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At this point the problem of the production of straightlin@ton now
stands, and | think you will be of opinion that we hardly, faagti-
cal purposes, want to go much farther into the theoreticel glathe
guestion. The results that have been obtained must now b ldfe
mechanician to deal with, if they are of any practical valubave, as
far as what | have undertaken to bring before you to-day iseored,
come to the end of my tether. | have shown you that we can desari
straight line, andhowwe can, and the consideration of the problem has
led us to investigate some important pieces of apparatud. ligytte that
this is not all. | hope that | have shown you (and your attentitakes
that hope a belief) that this new eld of investigation is opessess-
ing great interest and importance. Mathematicians haveonbtdione
much more than | have been able to show you to-day (14), buirthe
explored elds are still vast, and the earnest investigator hardly fail
to make new discoveries. | hope therefore that you whose itigyo
extend the domain of science will not let the subject drofhhe close
of my lecture.
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NOTES

(1) The hole through which the pencil passes can be made twildes
a circle independently of any surface (see the latter paxaté 3), but
when we wish to describe a circle or a given plane surfacestivdace
must of course be assumed to be plane.

(2) “But” (it is carefully added) “not a graduated one.” By thseuof

a ruler with only two graduations, an angle can, as is welvkmabe

readily trisected, thus—Ld®STbe the angle, and I&F°be the points
where the graduations cut the edge of the ruler. IR$2 PF°. Draw

RU parallel andRV perpendicular t&T. Then if we t the ruler to the
gure RSTUVso that the edgPP°passes throug, P lies onRU and

PO onRV , PPPtrisects the angl®ST. For if Q be the middle point of
PP° andRQbe joined, the angl& SP= the angleQPR= the angleQRP

= half the angldRQS that is half the angl®SQ

This solution is of course not a “geometrical” one in the sdrsave in-
dicated, because a graduated ruler and the tting processraployed.
But does Euclid con ne himself to his three Postulates of tmasion?
Does he not use a graduated ruler and this tting process@tlha side
AB of the triangleABCin Book I. Proposition 4, graduated AtandB,
and are we not told to take it up and tit on E?

It seems dif cult to see why Euclid employed the second Plastu—
that which requires “that a terminated straight line may tmepced to
any length in a straight line,”—or rather, why he did not g@mong the
propositions in the First Book as a problem. Itis by no meahsudi by
arigid adherence to Euclid's methods to nd a point outsidereninated
straight line which is in the same straight line with it, aldprove it
to be so, without the employment of the second Postulatet gtiat
can then, by the rst Postulate, be joined to the extremityhef given
straight line which is thus produced, and the process cambentied
inde nitely, since by the third Postulate circles can bevadnavith any
centre and radius.

(3) It is important to notice that the xed base to which theqis are
attached is really one link in the system. It would on thabaict be per-
haps more scienti c, in a general consideration of the sttbf@ com-
mence by calling any combination of pieces (whether thoseqs be
cranks, beams, connecting-rods, or anything else) jointgulvoted to-
gether, a linkage” When the motion of the links is con ned to one
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plane or to a number of parallel planes, the system is callgulame
linkage” (It will be seen that this lecture is con ned to plane lirdes;
a few remarks about solid linkages will be found at the endhefrtote.)
The motion of the links among themselves in a linkage may Iberoe-
nate or not. When the motion is determinate the number of Imust
be even, and the linkage is said to be “complete.” When theanoti
is not determinate the linkage is said to have 1, 2, 3, etc.regsgof
freedom, according to the amount of liberty the links possegheir
relative motion. These linkages may be termpdrhary,” “ secondary
etc. linkages. Thus if we take the linkage composed of fowsliwith
two pivots on each, the motion of each link as regards thergtisede-
terminate, and the linkage is admplete linkagé If one link be jointed
in the middle the linkage has one degree of liberty and iprinfary
linkag€'. So by making fresh jointssecondaryor “tertiary,” etc. link-
ages may be formed. These primary, etc. linkages may be tbrme
various other ways, but the example given will illustrate tkason for
the nomenclature. When one link of a linkage is a xed base thes
ture is called afinkwork” Linkworks, like linkages, may beprimary,”
“secondary etc. A “complete linkwork i.e. one in which the motion
of every point on the moving part of the structure is de nitecalled a
“link-motion” The various “grams” described by these link-motions are
very dif cult to deal with. | have shown, in a paper in tf¥oceedings
of the London Mathematical Society876, that a link-motion can be
found to describe any given algebraic curve, but the coeversblem,
“Given the link-motion, what is the curve?” is one towards #Holution
of which but little way has been made; and the “tricirculamadal sex-
tics,” which are the “grams” of the simple three-piece motiare still
under the consideration of some of our most eminent matheianad.

Taking them in their greatest generality, the theoretycsilnplest form
of link-motion is not the at circle-producing link, but a Bd link piv-

oted to a xed centre, and capable of motion in all directiabsut that
centre, so that all points on it describe spheres in spaackthenmost
general form a number of such links pivoted together, fograrstruc-
ture the various points on which describe surfaces. If twigpge solid
links, turning about two xed centres, are pivoted togethea common
point, that point will describe a circle independently ofygrlane sur-
face, the other points on the links describing portions dfesps. The
form of pivot which would have to be adopted in solid linkagesuld

be the ball-and-socket joint, so that the links could noyanbve about
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round the xed centre, but rotate about any imaginary axisugh that
centre. It is obvious that it would be impossible to condtarty joint
which would give the links perfect freedom of motion, as tlxed cen-
tre about which any link turned must be fastened to a xed liseme
way, and whatever means were adopted would interfere wathink in

some portion of its path. This is not so in plane link-motiomke sub-
ject of solid linkages has been but little considered. Hé&okent may
be mentioned as an example of a solid link-motion. (See atse M1.)

(4) I have been more than once asked to try and get rid of thexctibn-
able term “parallel motion.” I do not know how it came to be doyed,
and it certainly does not express what is intended. The apgadoes
not give “parallel motion,” but approximate “rectilinearoton.” The
expression, however, has now become crystallised, andon@icannot
undertake to nd a solvent.

(5) See the Proceedings of tReyal Institution 1874.

(6) This paper is printedn extensoin the Cambridge Messenger of
Mathematics 1875, vol. iv., pp. 82-116, and contains much valuable
matter about the mathematical part of the subject.

(7) The interchange of a radial and traversing bar convedt's\Par-
allel Motion into the Grasshopper Parallel Motion. The sathange
shows us that the curves traced by the linkwork formed by gxone
bar of a “kite” are the same as those traced by the linkworinéat by
xing one bar of a contra-parallelogram. This is interegtas showing
that there is really only one case in which the sextic cutve,“gram”
of three-bar motion, breaks up into a circle and a quartic.

(8) For a full account of this and the piece of apparatus negtdbed,
seeNature vol. xii., pp. 168 and 214.

(9) See théMlessenger of Mathematic©n Some New Linkages,” 1875,
vol. iv., p. 121.

(10) A reference to the paper referred to in the last note shidiw that
it is not necessary that the small kites and contrapargitalos should
be half the size of the large ones, or that the long links shbaldouble
the short; the particular lengths are chosen for ease ofigésea in
lecturing.

(11) By an arrangement of Hooke's joints, pure solid linkages can
make two axes rotate with equal velocities in contrary dioes (See
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Willis's Principles of Mechanisp2nd Ed. sec. 516, p. 456), and there-
fore produce an exact parallel motion.

(12) The “kite” and the “contra-parallelogram” are subjéztthe in-
convenience (mathematically very important) of havingddeoints.”
These can be, however, readily got rid of by employing pirdsgabs in
the manner pointed out by Professor Reuleaux. (See Reulegimes
matics of Machinerytranslated by Professor Kennedy, Macmillan, pp.
290-294.)

(13) “Proceedings of the Royal Society”, No. 163, 1875, “Onem&al
Method of Obtaining Exact Rectilinear Motion by Linkwork.” thke
this opportunity of pointing out that the results there\ad at may be
greatly extended from the following simple consideration.

If the straight linkOB makes any anglB
with the straight linkOA, and if instead
of employing the straight links we em-
ploy the piecesA®OA, BB, and if the
angleA%OA equals the anglBOB, then
the angleBOAC equalsD. The recogni-
tion of this very obvious fact will enable
us to derive the Sylvester-Kempe parallel
motion from that of Mr. Hart.

Fic. 34 (14) In addition to the authorities al-
ready mentioned, the following may be
referred to by those who desire to know

more about the mathematical part of the subject of “LinkdgésSur
les Systémes de Tiges Articul@gmar M. V. Liguine, in theNouvelles
Annales December, 1875, pp. 520-560.

Two papers On Three-bar Motioh by Professor Cayley and Mr. S.
Roberts, in thé’roceedings of the London Mathematical Soci&g/76,
vol. vii., pp. 14 and 136. Other short papers in Breceedings of the
London Mathematical Societyols. v., vi., vii., and theMessenger of
Mathematicsvols. iv. and v.
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