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Preface

DRAWING A STRAIGHT LINE is not so easyasit seemsat rst. We

arecon dent that a straightedgeor even a simpleruler is all we
need.Thisis truefor possiblyevery practicalapplicationsput from the
theoreticaboint of view straightlinesarenoteasyto attain.

Of course whenwe speakof straightlines we areimplicitly assuming
linesonanidealtruly at Euclidearplane.But, evenunderthosesimple

restrictionsgdrawing atruly straightline is almostimpossibleio achieve,

for how canwe prove thataline is “straight™?

Contraryto what dictatesour intuition, makinga circle is easierthan
makinga straightline. This is sobecausavith the compassewe ordi-
narily useto make acircle, it is nodif cult to maintaina constantwidth
radius. Hard materialsin the constructiornof the compasss all it takes
to achieve thetask.

On the otherhand,to make a straightedgeor a ruler, hardenednate-
rials are not sufcient, for “straightness’is not a propertyof common
constructiommaterials.Sowe mustacceptsomekind of tolerancan the
deviation from a hypotheticaltruly straightline.

In thisbook,Alfred Bray Kempeshavs usotheralternatvesbesideghe
straightedgehatcanproducestraightlines.

Nice to know thatto make circlesthereis only oneway, but to make
straightlinestherearemary avenues.

E.Pérez
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How to Draw a Straight Line:
A Lectureon Linkages

The greatgeometriciarEuclid, beforedemonstratindo us the various
propositionscontainedin his Elementsof Geometry requiresthat we
shouldbe ableto effect certainprocessesThesePostulatesasthe re-
guirementsaretermed,may roughly be saidto demandhatwe should
be ableto describestraightlinesandcircles. And sogreatis the vener

ationthatis paidto this mastergeometricianthatthereare mary who
wouldrefusethedesignatiorof “geometrical’to ademonstrationvhich
requiresary other constructionthan can be effectedby straightlines
andcircles.Hencemary problems—suclas,for example thetrisection
of anangle—whichcanreadily be effectedby emplgying othersimple
means.are saidto have no geometricalsolution, sincethey cannotbe
solvedby straightlinesandcirclesonly.

It becomegheninterestingto inquire how we caneffect theseprelimi-
naryrequirementshow we candescribehesecirclesandthesestraight
lines,with asmuchaccurag asthe physical circumstancesf the prob-
lemswill admitof.

As regardsthe circle we encountemo dif culty . Taking Euclid's de -

nition, andassumingasof coursewe must,that our surfaceon which
we wish to describethe circle is a plane,(1)! we seethatwe have only
to make our tracingpointpresere a distancefrom the given centreof
thecircle constantandequalto therequiredradius. This canreadily be
effectedby takinga at pieceof ary form, suchasthe pieceof card-
boardl have here,andpassingapivot whichis x edto thegivensurface
at the given centrethrougha hole in the piece,anda traceror pencil
throughanotherhole in it whosedistancefrom the rst is equalto the

1Thesegures referto Notesat the endof thelecture.
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2 A.B. KEMPE

givenradius;we shallthen,by moving thepencil,beable,evenwith this
rudeapparatuso describeacircle with considerablaccurag andease;
andwhenwe cometo employ very smallholesandpivots,or evenlarge
ones,turnedwith all that manelloustruth which the lathe affords, we
shall get a resultunequalledoerhapsamongmechanicabpparatugor
thesmoothnesandaccurag of its movement.Theapparatus$ have just
describeds of coursenothingbut a simpleform of a pair of compasses,
andit is usualto saythatthethird Postulatgpostulateshe compasses.

But the straightline, how arewe goingto describethat? Euclid de nes

it as“lying evenly betweenits extremepoints? This doesnot help us
much. Our text-bookssaythatthe rst andsecondPostulatepostulate
aruler (2). But surelythatis begging the question. If we areto draw

a straightline with a ruler, the ruler mustitself have a straightedge;
andhow arewe goingto make the edgestraight?We comebackto our

starting-point.

Now | wishyou clearlyto understandhedifferencebetweerthemethod
| just now employed for describinga circle, and the ruler methodof

describingastraightline. If | appliedtheruler methodto thedescription
of acircle,| shouldtake acircularlamina,suchasa penry, andtracemy

circle by passinghe pencilroundthe edge,andl shouldhave thesame
dif culty thatl hadwith thestraight-edgefor | should rst haveto make

the laminaitself circular But the other methodl employed involves
no begging the question.| do not rst assumehat! have a circle and
thenuseit to traceone, but simply requirethat the distancebetween
two pointsshallbeinvariable.| amof courseawarethatwe do employ

circlesin oursimplecompassthe pivot andtheholein themoving piece
whichit ts aresuch;but they areusednot becausehey arethe curves
we wantto describe(they arenot so, but are of a differentsize),asis

the casewith the straight-edgebut becausethroughthe impossibility
of constructingpivots or holesof no nite dimensionswe are forced
to adoptthe bestsubstitutewe canfor makingonepointin the moving

pieceremainat the samespot. If we employ a very small pivot and
hole, thoughthey be not truly circular, the errorin the descriptionof

a circle of moderatedimensionswill be practically in nitesimal, not

perhapsvarying beyond the width of the thinnestline which the tracer
canbe madeto describe;and even whenwe employ large pivots and
holeswe shall get resultsas accurate pecausehosepivots and holes
may be madeby the employment of very small onesin the machine
which makesthem.

http://ADLab.info
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How to Draw a StraightLine: A Lectureon Linkages 3

It appearghen,thatalthoughwe have an easyandaccuratemethodof
describinga circle, we have at rst sight no correspondingneansof
describingastraightline; andtherewould seemo bea substantiadif -
culty in producingwhat mathematiciansall the simplestcurve, sothat
the questionhow to get over that dif culty becomesne of a decided
theoreticainterest.

Nor is the interesttheoreticalonly, for the questionis oneof directim-
portanceto the practicalmechanician.In a large numberof machines
andscienti ¢ apparatust is requisitethat somepoint or pointsshould
move accuratelyn astraightline with aslittle friction aspossible If the
ruler principleis adoptedandthe pointis keptin its pathby guides,we
have, besidegheinitial dif culty of makingtheguidestruly straightthe
wearandtearproducedby the friction of the sliding surfaces,andthe
deformationproducedby changesf temperatureand varying strains.
It becomeghereforeof real consequencéo obtain, if possible,some
methodwhich shallnotinvolve theseobjectionabldeaturesput possess
theaccurag andeaseof movementwhichcharacteriseur circleproduc-
ing apparatus.

Turning to that ap-
paratus,we notice
that all thatis reg-
uisite to draw with
accuray acircle of 5
ary givenradiusis i
tohavethedistance L -
betweenthe pivot
andthetracerprop-
erly determinedand
if | pivot asecond‘piece” to the x edsurfaceat a secondpoint having
atracerasthe rst piecehas,by properlydeterminingthe distancebe-
tweenthe secondracerandpivot, | candescribea seconccircle whose
radiusbearsary proportionl pleaseto thatof the rst circle. Now, re-
moving thetracers)et me pivot athird pieceto thesetwo radial pieces,
asl may call them,atthe pointswherethetracerswere,andletme x a
traceratarny pointonthisthird or traversingpiece.Youwill atoncesee
thatif theradialpiecesnverebig enoughthetracerwoulddescribecircles
or portionsof circlesonthem,thoughthey arein motion,with thesame
easeandaccuray asin the caseof the simplecircle-draving apparatus;

Fic. 1
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4 A.B. KEMPE

the tracerwill not however describea circle on the x edsurface,but a
complicateccurve.

This curve will, however, be describedwith all the easeandaccurag
of movementwith which the circlesweredescribedandif | wishto re-
producein a secondapparatughe curveswhich | producewith this, |
have only to getthe distancedbetweerthe pivotsandtracersaccurately
the samein bothcasesandthe curveswill alsobeaccuratelythe same.
| could of coursego on addingfresh piecesad libitum, and| should
getpointsonthestructureproduceddescribingn generalvery compli-
catedcurves, but with the sameresultsasto accurag andsmoothness,
thereproductiorof ary particularcurve dependingsolelyonthe correct
determinatiorof a certainde nite numberof distances.

Thesesystemshuilt up of piecespointedor pivotedtogetheyandturn-
ing aboutpivots attachedo a x ed base,sothatthe variouspointson
the piecesall describede nite curves,| shallterm “link-motions; the
piecesbeingtermed”links.” As, however, it sometimedacilitatesthe
consideratiorof the propertiesof thesestructurego regard themapart
from thebaseto whichthey arepivoted,theword “linkage” is emplo/ed
to denoteary combinationof piecespivoted together When sucha
combinationis pivotedin any way to a x edbasethe motionof points
on it not beingnecessarilycon ned to x ed paths,the link-structureis
calleda“linkw ork:” a“linkw ork” in which the motionof every pointis
in somede nite pathbeing,asbeforestated termeda “linkmotion.” |

shallonly addto theseexpressiongwo more:the point of alink-motion
which describesary curwe is calleda “graph; the curve beingcalleda
“gram” (3).

Theconsideratiomf thevariouspropertieof theselinkages”hasoccu-
piedmuchattentionof lateyearsamongmathematiciangndis asubject
of muchcompleity anddif culty . With thepurelymathematicasideof
thequestionl do not, however, proposeto dealto-day aswe shallhave
quite enoughto do if we con ne our attentionto the practicalresults
which mathematiciangave obtained,andwhich | believe only mathe-
maticianscould have obtained. That theseresultsare valuablecannot
| think be doubted,thoughit may well be that their greatbeautyhas
led someto attribute to them an importancewhich they do not really
possessandit maybethat fty yearsagothey would have hadavalue
which, throughthe greatimprovementghatmodernmechanicianbave
effectedin the productionof true planesyulersandotherexactmechan-
ical structurescannotnow beascribedo them.But linkageshave not at
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How to Draw a StraightLine: A Lectureon Linkages 5

present] think, beensufciently put beforethe mechaniciarto enable
usto saywhatvalueshouldreally be setuponthem.

Thepracticalresultsobtainedby the useof linkagesarebut few in num-
ber, and are closely connectedwith the problemof “straight-line mo-

tion,” having in fact beendiscovered during the investigation of that
problem.andl shallbenaturallyledto considethemif | make “straight-
line motion” the backboneof my lecture. Before, however, plunging
into the midst of theselinkagesit will be usefulto knonv how we can
practicallyconstructsuchmodelsaswe require;andhereis oneof the
greatadvantagesof our subject—wecanget our resultsvisibly before
ussovery easily Pinsfor x ed pivots, cardsfor links, stringor cotton
for the otherpivots, anda dining-roomtable,or a drawving-boardif the

former be thoughtobjectionable for a x ed base,are all we require.
If somethingmoreartistic be preferredthe planadoptedn the models
exhibited by mein the Loan Collectioncanbe emplo/ed. The models
were constructedby my brother Mr. H. R. Kempe,in the following

way. The basesarethin dealboardspaintedblack;the links areneatly
shapedaut of thick cardboardit is hardwork makingthem,you have to

sharperyour knife aboutevery ten minutes,asthe cardboardurnsthe

edgevery rapidly); the pivots arelittle rivetsmadeof catgut,the heads
beingformedby pressinghefaceof a heatedsteelchiselon theendsof

thegutafterit is passedhroughthe holesin thelinks; this givesavery

rm andsmoothly-working joint. More durablelinks may be madeof

tin-plate; the pivot-holesmustin this casebe punchedandthe eyelets
usedby bootmalersfor lacedbootsemplo/edaspivots; you cangetthe

propertoolsatatriing expenseatary largetool shop.

Now, as | have

said,the curvesde-

scribedby the vari-

ouspointson these

link-motionsarein

Y generalvery com-
) plex. But they
are not necessarily
so. By properly
choosing the dis-
tancesat our dis-
posalwe canmake
themvery simple. But canwe go to the fullest extent of simplicity and

FiG. 2
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6 A.B. KEMPE

geta pointon oneof themmoving accuratelyin a straightline? Thatis
whatwe aregoingto investigate.

To solve the problemwith our singlelink is clearlyimpossible:all the
pointson it describecircles. We mustthereforego to the next simple
case—ourthree—linkmotion. In this caseyou will seethatwe have
at our disposalthe distancebetweenrthe x ed pivots, the distancese-
tweenthe pivots on the radiallinks, the distancebetweerthe pivotson
thetraversinglink, andthe distance®f the tracerfrom thosepivots;in
all six differentdistances.Canwe choosethosedistancesso that our
tracing-pointshallmove in a straightline?

The rst personwho investigatedthis wasthat greatman James/att.
“Watt's Parallel Motion” (4), inventedin 1784,is well known to every
engineerandis emplg/edin nearlyevery beam-engineTheapparatus,
reducedo its simplestform, is shovn in Fig. 2.

The radial bars are of equal
length,—lemploy theword*“length”
for brevity, to denotethe distance
betweenthe pivots; the links of
coursemay be of ary length or
shape,—anthedistancebetween
the pivots or the traversing link
is suchthat whenthe radial bars
are parallelthe line joining those
pivots is perpendiculato the ra-
dial bars. Thetracing-points sit-
uatehalf-way betweenthe pivots
onthetraversingpiece.Thecurve FIG. 3

describedby the traceris, if the
apparatusloesnot deviate muchfrom its meanposition,approximately
astraightline. Thereasorof thisis thatthe circlesdescribedy the ex-
tremitiesof the radial barshave their concaities turnedin oppositedi-
rections andthetracerbeinghalf-way betweendescribes curve which
is concae neitheroneway northe other andis thereforea straightline.
The curwe is not, however, accuratelystraight,for if 1 allow the tracer
to describethe whole pathit is capableof describing,it will, whenit
getssomedistancefrom its meanposition, deviate considerablyfrom
the straightline, andwill be foundto describea gure 8, the portions
at the crossingbeingnearly straight. We know thatthey arenot quite
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How to Draw a StraightLine: A Lectureon Linkages 7

straight,becausét is impossibleto have sucha cune partly straightand
partly curved.

For mary purposeshe straightline describedby Watt's apparatuss

sufciently accuratebutif werequireanexactoneit will, of coursenot

do,andwe musttry again. Now it is capableof proofthatit isimpossible
to solve the problemwith threemoving links; closerapproximationgo

the truth than that given by Watt can be obtained,but still not actual
truth.

| have heresomeexamplesof thesecloserapproximationsThe rst of
theseshavnin Fig. 3, is dueto RichardRobertsof Manchester

The radial bars are of equal
length, the distancebetweenthe

x ed pivots is twice that of the

pivotsonthetraversingpiece,and

thetraceris situateon thetravers-
ing piece, at a distancefrom the

pivots on it equalto the lengths
of the radial bars. The tracerin

consequenceoincideswith the
straightline joining the x edpiv-

ots at thosepivots and half-way

betweenthem. It doesnot, how-

ever, coincideat ary otherpoints,
but deviatesvery slightly between
the x edpivots. The pathdescribedy thetracerwhenit passeshe piv-

otsaltogethedeviatesfrom the straightline.

The otherapparatusvasinventedby ProfessofTchebicheff of St. Pe-
tershurg. It is shavnin Fig. 4. Theradialbarsareequalin length,being
eachin my little model veincheslong. Thedistancebetweerthe x ed
pivots mustthenbe four inches,andthe distancebetweerthe pivots or
thetraversingbartwo inches.Thetraceris takenhalf-way betweerthese
last. If now we draw a straightline—I hadforgottenthatwe cannotdo
thatyet, well, if we draw a straightline, popularly so called—through
the tracerin its meanposition,asshawvn in the gure, parallelto that
forming the x ed pivots, it will be found that the tracerwill coincide
with thatline atthe pointswhereverticalsthroughthe x edpivotscutit
aswell asatthe meanposition,but, asin the caseof Robertss parallel

FiGc. 4
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8 A.B. KEMPE

motion, it coincidesnowhereelse,thoughits deviation is very smallas
long asit remainsbetweertheverticals.

We have failed then with threelinks, and we mustgo on to the next
casea ve-link motion—foryouwill obsene thatwe musthave anodd
numberof links if we wantanapparatusiescribingde nite curves.Can
we solve the problemwith ve? Well, we can;but this wasnot the rst

accurateparallelmotiondiscovered,andwe mustgive the rst inventor
his due(althoughhedid not nd thesimplestway)andproceedn strict
chronologicabrder

In 1864, eighty yearsafter Watt's
discovery, the problemwas rst
solved by M. Peaucellieran of-
cer of Engineersin the French
army His discovery was not at
rst estimatedat its true value,
fell almostinto oblivion, andwas
rediscoweredby a Russiarstudent
namedLipkin, who gotasubstan-
tial rewardfrom theRussiarGov-
ernmentfor his supposedorigi-
nality. However, M. Peaucellies merit hasat last beenrecognized,
andhe hasbeenawardedthe greatmechanicaprize of the Institute of
Francethe“Prix Montyon”

Fic. 5

M. Peaucellies apparatuss shavn in Fig. 5. It has,asyou see,seven

piecesor links. Thereare rst of all two long links of equallength.
Theseare both pivoted at the same x ed point; their other extremities
are pivoted to oppositeanglesof a rhomhus composedf four equal
shorterlinks. The portion of the apparatud have thusfar described,
consideredhpartfrom the x edbase|s alinkagetermeda “Peaucellier
cell” We thentake an extra link, and pivot it to a x ed point whose
distancefrom the rst x ed point, thatto which the cell is pivoted, is

the sameasthe lengthof the extra link; the otherendof the extra link

is thenpivotedto oneof the free anglesof the rhomlus; the otherfree

angleof therhomhushasapencilatits pivot. Thatpencilwill accurately
describea straightline.

| mustnow indulgein alittle simplegeometry |t is absolutelynecessary
thatl shoulddo soin orderthatyou mayunderstandhe principle of our
apparatus.

http://ADLab.info
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How to Draw a StraightLine: A Lectureon Linkages 9

In Fig. 6, QC is the extra link pivotedto the x ed point Q, the other
pivotonit C, describinghecircle OCR. ThestraightinesPM andPM°
aresupposedo be perpendiculato MRQOM

Now the angleOCR, beingthe anglein a semicircle,is a right angle.
ThereforethetrianglesOCR, OMP aresimilar.

Therefore,

OC: OR:: OM: OP.

_p

J % ¥ 7
N //
FiGc. 6

Therefore,
OC-OP=0OM -0OR

wherever C maybeonthe
circle. Thatis, sinceOM
and OR areboth constant,
if while C movesin acir-
cle P movessothatO, C,
P are alwaysin the same
straight line, and so that
OC - OP is always con-
stant;thenP will describe
the straightline PM per
pendicularto theline OQ.

It is also clearthat if we

take the point P° on the other side of O, andif OC -OF°is constant
POwill describethestraightline PM® Thiswill beseenpresentlyto be

important.

Now, turning to Fig. 7,
which is a skeletondraw-
ing of the Peaucelliecell,
we seethatfrom the sym-

metry of the construction O ee

of thecell, O, C, P, all lie
in the samestraightline,
andif the straightline A
n be dravn perpendicular
to CP—it muststill be an

Fic.7
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10 A.B. KEMPE

imaginaryone,aswe have
not provedyetthatour apparatusloesdrav a straightline—C,, is equal
tonP.

Now,

OA? = O’ + A
AP? = Pré+ Ar?

therefore,

OA? AP’= Or? Pr?
= [On Pn] [On+ Pn]
= OC OP

Thus since OA and AP

arebothconstanOCOP s

always constant,however
, farornearC andP maybe
’to O. If thenthe pivot O
be x edto the point O in
Fig. 6, andthe pivot C be
madeto describehecircle
in the gure by beingpiv-
otedto theendof theextra
link, the pivot P will sat-
isfy all theconditionsnec-
essarnto makeit movein a
straightline, andif a pen-
cil be x edatPit will draw astraightline. Thedistanceof theline from
the x edpivotswill of coursedependon the magnitudeof the quantity
OA?  OP? whichmaybevariedat pleasure.

FiGc. 8

| hopeyou clearly understandhe two elementscomposinghe appara-
tus, the extra link andthe cell, andthe parteachplays,as!| nowv wish
to describeto you somemaodi cations of the cell. The extra link will

http://ADLab.info
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How to Draw a StraightLine: A Lectureon Linkages 11

remainthe sameas before,andit is only the cell which will undego
alteration.

If 1 take the two linkagesin Fig. 8, which are known as the “kite”
andthe “spearhead;, andplaceoneon the othersothatthelong links
of the one coincidewith thoseof the other andthenamalgmatethe
coincidentlong links togetheyr we shall getthe original cell of Figs. 5
and?. If thenwe keeptheanglesetweerthelonglinks, or thatbetween
the shortlinks, the samein the“kite” and“spearhead, we seethatthe
heightof the“kite” multiplied by thatof the“spearhead”is constant.

Let usnow, insteadof amalgmatingthelong links of thetwo linkages,
amalgamatethe shortones. We thenget the linkage of Fig. 9; andif
the pivot wherethe shortlinks meetis x ed,andoneof the otherfree
pivotsbemadeto move in thecircle of Fig. 6 by theextralink, theother
will describe notthe straightline P M, but the straightline POMO. In
this form, which is a very compactone,the motion hasbeenappliedin
a beautifulmannerto the air engineswhich are employed to ventilate
the Housesof Parliament. The easeof working andabsencef friction
and noiseis very remarkable. The engineswere constructedand the
Peaucellieapparatusadaptedo themby Mr. Prim, the engineetto the
Housespy whosecourtesyl have beenenabledo seethem,andl| can
assureyouthatthey arewell worth avisit.

Anothermodi cation of thecell is shavn in Fig. 10. If insteadof em-
ploying a “kite” and“spearhead” of the samedimensions|] take the
same'kite” asbefore,but usea “spearhead’df half the sizeof thefor-
mer one, the anglesbeing however kept the same,the productof the
heightsof thetwo gures will be half whatit wasbefore,but still con-
stant.Now insteadof superimposinghelinks of one gure ontheother
it will be seenthatin Fig. 10| fastenthe shorterlinks of each gure
togetherendto end. Then,asin the formercasesjf | x the pivot at
the point wherethe links are x edtogethey| geta cell which may be

http://ADLab.info
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used,by theemploymentof anextralink, to describea straightline. A
modelemploying this form of cell is exhibited in the Loan Collection
by the Conseratoire desArts et Métiers of Paris, andis of exquisite
workmanshipthe pencilseemso swim alongthe straightline.

M. Peaucellies discovery was introducedinto Englandby Professor
Sylvesterin a lecturehe deliveredat the Royal Institutionin January
1874(5), which excited very greatinterestandwasthe commencement
of the consideratiorof the subjectof linkagesin this country

In Augustof the sameyear Mr. Hart of Woolwich Academyreada
paperat the British Associationmeeting(6), in which he shaved that
M. Peaucellies cell couldbereplacedy anapparatugontainingonly
four links insteadof six. Thenew linkageis arrivedatthus.

If to the ordinaryPeaucel-
lier cell I add two fresh
links of thesamedengthas
thelongoned getthedou-
ble, or rather quadruple
cell, for it may be usedin
four differentways,shovn
in Fig. 11. Now Mr. Hart
foundthatif hetookanor-
dinary parallelogrammatic
linkwork, in which theadjacensidesareunequalandcrossedhelinks
so asto form whatis calleda contra-parallelograntig. 12, andthen
took four pointson the four links dividing the distancesetweenthe
pivots in the sameproportion,thosefour points had exactly the same
propertiesas the four points of the doublecell. That the four points
alwayslie in a straightline is seenthus: consideringthe triangle abd,
sinceaO: Ob: : aP: PdthereforeOP is parallelto bd, andthe perpen-
diculardistancebetweerthe parallelsis to the heightof thetriangleabd
asObis to ab; the samereasoningappliesto the straightline CO® and
sinceab: Ob: : cd: O% andthe heightsof thetrianglesabd, cbd, are
clearlythesamethereforethe distance®f OP andO% from bd arethe
sameandO C P Q°lie in the samestraightline.

ThattheproductOC OPis constantppearstoncewhenit is seerthat
ORC is half a “spearhead”and OaP half a “kite;” similarly it may be
shavn thatO® O is constantasalsoOCCO%andOP POP Employ-
ing thenthe Hart's cell aswe employed Peaucellies, we geta ve-link

http://ADLab.info


http://4DLab.info

How to Draw a StraightLine: A Lectureon Linkages 13

Fic. 12 Fic. 13

straightline motion. A modelof thisis exhibitedin the LoanCollection
by M. Breguet.

| now wish to call your attentionto an extensionof Mr. Hart's appa-
ratus,which wasdiscoveredsimultaneoushpy ProfessoiSylvesterand
myself. In Mr. Hart's apparatusve wereonly concernedvith barsand
pointson thosebars,but in the apparatus wish to bring beforeyou we
have piecesinsteadof bars. | think it will be moreinterestingf | lead
up to this apparatudy detailingto you its history, especiallyas! shall
therebybe enabledto bring beforeyou anothervery elegant andvery
importantlinkage—thediscovery of ProfessoSylvester

Whenconsideringhe problempresentedby the ordinarythree-bamo-
tion consistingof two radial barsand a traversingbar, it occurredto
me—I do not know how or why, it is often very dif cult to go back
and nd whenceone'sideasoriginate—toconsidettherelationbetween
the curves describedby the points on the traversingbar in any given
three-bamotion, andthosedescribedoy the pointson a similar three-
bar motion, but in which the traversingbar and one of the radial bars
hadbeenmadeto changeplaces.The propositionwasno soonerstated
thanthe solutionbecameobvious; the curveswerepreciselysimilar. In
Fig. 13 let CD andBA be the two radial barsturning aboutthe x ed
centre<C andB, andlet DA bethetraversingbar, andlet P beary point
on it describinga curve dependingon the lengthsof AB, BC, CD, and
DA. Now addto thethree-bamotionthe barsCE andEAP®, CE being
equalto DA, andEA equalto CD. CDAE is thena parallelogramandif
animaginaryline CPP° be drawn, cutting EA producedn P? it will at
oncebeseenthatPYis a x ed pointon EA producedandCP°bearsal-
waysa x edproportionto CP, viz., CD : CE. Thusthecurve described
by PCis preciselythe sameasthat describedby P, only it is largerin

http://ADLab.info


http://4DLab.info

14 A.B. KEMPE

the proportionCE : CD. Thusif we take away the barsCD and DA,
we shallgetathree-batinkwork, describingoreciselythe samecurves,
only of differentmagnitudeasour rst three-bamotiondescribedand
this new three-bardinkwork is the sameasthe old with the radial link
CD andthetraversinglink DA interchanged7).

Onmy communicatinghis
resultto ProfessoBylvester
he at once sav that the
propertywasonenot con-
ned to the particularcase
of points lying on the
traversing bar, in fact to
threebar motion, but was
possessedyy threepiece
motion. In Fig. 14 CDAB
is a three-barmotion, as
FiG. 14 in Fig. 13, but the tracing
point or “graph” doesnot
lie ontheline joining the joints AD, but is anywhereelseon a “piece”
onwhichthejoints AD lie. Now, asbefore,addthe barCE, CE being
equalto AD, andthe pieceAEP, makingAE equalto CD, andthetrian-
gle AEP?similar to thetrianglePDA; sothatthe anglesAEP® ADP are
equal,andPE : EA: : AD: DP. It follows easilyfrom this—youcan
work it out for yourseheswithout dif culty—that theratio PC : PCis
constanandthe anglePCPPis constantthusthe pathsof P andP° or
the “grams” describedby the “graphs; P andP® aresimilar, only they
areof differentsizes,andoneis turnedthroughananglewith respecto
theother

Now you will obsene thatthe two proofsl have given are quite inde-
pendenbf thebarAB, which only affectsthe particularcurve described
by P andP® If we getrid of AB, in both caseswve shallgetin the rst
gure theordinarypantagraphandin the seconda beautifulextension
of it, calledby ProfessoSylvesterits inventor the Plagiographor Skew
Pantagraph LikethePantagraphit will enlageorreducegures, butit
will domore,it will turnthemthroughary requiredangle,for by prop-
erly choosingthe positionof P and P® the ratio of CP to CP° canbe
madewhatwe pleaseandalsothe anglePCP°canbe madeto have ary
requiredvalue. If the anglePCP?is madeequalto 0 or 180 , we get
the two forms of the pantagrapmow in commonuse;if it be madeto
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assumesuccessiely arny valuewhich is a submultipleof 360 , we can,
by passinghepoint P eachtime overthesamepatternmake the point P°
reproducet roundthe x edcentreC afterthefashionof akaleidoscope.
| think you will seefrom this thatthe instrumentwhich has,asfar as
| know, never beenpractically constructeddeseresto be put into the
handsof thedesigner | give herea pictureof alittle modelof a possi-
ble form for the instrumentfurnishedby meto the Loan Collectionby
requesbf ProfessoSylvester(8).

After this discovery of ProfessorSylvester it occurredto him andto
me simultaneously—oulettersannouncingour discovery to eachother
crossingn the post—thathe principle of the plagiographmight be ex-
tendedto Mr. Hart's contra-parallelogramand this discovery | shall
now proceedo explainto you. | shall,however, be moreeasilyableto
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dosoby approachingt in adifferentmanneto thatin which| did when
| discoveredit.

If we take the contra-parallelogramof Mr. Hart, andbendthe links at
the four pointswhich lie on the samestraightline, or foci asthey are
sometimedermed,throughthe sameangle,the four points, insteadof
lying in the samestraightline, will lie at the four angularpoints of a
parallelogranof constantangles,—tw the anglethatthe barsarebent
through,andthe othertwo their supplements—andf constantarea,so
thatthe productof two adjacensidesis constant.

In Fig. 16 the letteringis presered asin Fig. 12, sothatthe way in
whichtheapparatuss formedmaybeatonceseen.Theholesaretaken
in the middle of the links, and the bendingis througha right angle.
Thefour holesOPOT lie atthefour cornersof aright-angledparallelo-
gram,andtheproductof any two adjacensidesasfor exampleOC OP,
is constant.lIt follows thatif O be pivotedto the x ed point O in Fig.
6, and C be pivotedto the extremity of the extra link, P will describe
a straightline, not PM, but oneinclined to PM at an anglethe same
asthe barsarebentthrough,i.e. aright angle. Thusthe straightline
will be parallelto theline joining the x edpivots O andQ. This appa-
ratus,which for simplicity | have describedasformedof four straight
links which areafterwardsbent,is of coursestrictly speakingormedof
four planelinks, suchasthoseemplo/edin Fig. 1, on which the var
ious pointsaretaken. This explainsthe namegivento it by Professor
Sylvester the “Quadruplané. Its propertiesarenot dif cult to investi-
gate,andwhenl pointoutto youthatin Fig. 16, asin Fig. 12, Ob, bC
form half a “spearhead, andOa, aP half a “kite,” you will very soon
getto thebottomof it.

| cannotleave this apparatusin which my nameis associateavith that
of ProfessorSylvester without expressingmy deepgratitudefor the
kind interestwhich hetookin my researchegndmy regretthathis de-
parturefor Americato undertale the postof Professoin the nev Johns
HopkinsUniversity hasdeprived me of onewhosevaluablesuggestions
andencouragemeritelpedme muchin my investigations.

Beforeleaving the Peaucelliercell andits modi cations, | mustpoint
outanotheimportantpropertythey possesbesideghatof furnishingus
with exactrectilinearmotion. We have seenthat our simplestlinkwork
enablesusto describeacircle of ary radius,andif wewishedto describe
oneof tenmiles' radiusthe propercoursewould be to have a ten-mile
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link, but asthatwould be, to saythe least,cumbrousijt is satishctory
to know thatwe caneffect our purposewith a muchsmallerapparatus.
Whenthe Peaucelliercell is mountedfor the purposeof describinga
straightline, as| told you, the distancebetweenthe x ed pivots must
bethe sameasthelengthof the “extra” link. If this distancebe notthe
samewe shallnot getstraightlines describedy the pencil, but circles.
If thedifferencebeslightthecirclesdescribedvill beof enormousnag-
nitude,decreasingn sizeasthe differenceincreaseslf the distanceQ
O, Fig. 6, bemadegreaterthanQC, the corvexity of the portion of the
circledescribedy thepencil(for if thecirclesarelargeit will of course
beonly aportionwhichis describedwill betowardsO, if lessthe con-
cavity. To a mathematicianwho knows that the inverseof a circle is
acircle, thiswill be clear but it may not be amissto give herea short
proof of the proposition.

In Fig. 17 let the centresQ, QP of the two circlesbe at distancedrom
O proportionalto theradii of thecircles.If thenODCPSbeary straight
line throughO; DQ will beparallelto PQ°, andCQ to SQ° andOD will
bearthe sameproportionto OP thatOQ doesto OQ°. Now considering
the proof we gave in connectionwith Fig. 7, it will be clearthatthe
productOD OC is constant,andthereforesince OP bearsa constant
ratio to OD, OP OC is constant.Thatis if OC OP is constantandC
describes circle aboutQ, P will describeoneaboutQ® TakingthenO,
C andP asthe O, C andP of the Peaucelliecell in Fig. 7, we seehow
P comesto describeacircle.

It is hardly necessaryor me to statethe importanceof the Peaucellier
compassn the mechanicahrtsfor drawing circlesof large radius. Of
coursethe variousmodi cations of the “cell” | have describedmay all
be employed for the purpose. The modelsexhibited by the Consera-
toireandM. Breguetarefurnishedwith sliding pivotsfor the purposeof
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varying the distancebetweenO and Q, andthusgettingcirclesof ary
radius.

My attentionwas rst called to
theselinkworks by the lectureof
ProfessorSylvester to which |
have referred. A passagen that
lecturein which it wasstatedthat
therewere probably other forms
of seven-link parallelmotionsbe-
sides M. Peaucellies, then the
only oneknown, led meto inves-
tigatethesubjectandl succeeded
in obtaining some newv parallel
motions of an entirely different
FIG. 20 characterto that of M. Peaucel-
lier (9). | shallbring two of these
to yournotice,astheinvestigation
of themwill leadusto considersomeotherlinkworksof importance.

If | take two kites,onetwice asbig asthe other suchthatthelonglinks
of eacharetwice thelengthof theshortones,andmake onelonglink of
thesmallkite lie onashortoneof thelarge,anda shortoneof thesmall
on along oneof thelarge, andthenamalgmatethe coincidentlinks, |
shallgetthelinkageshavn in Fig. 18.

The importantpropertyof
this linkage is that, al-
though we can by mov-
ing the links about, make
the points P and P° ap-
proachto or recedefrom
eachother the imaginary
line joining themis always
perpendiculato thatdravn throughthe pivots on the bottomlink LM.
It follows thatif eitherof the pivots P or P°be x ed, andthelink LM
be madeto move so as alwaysto remainparallelto a x ed line, the
otherpoint will describea straightline perpendiculato the x edline.
Fig. 19 shaws you the parallelmotionmadeby xing PC It is unnec-
essaryfor me to point out how the parallelismof LM is presered by
addingthelink 9., it is obviousfrom the gure. Thestraightline which
is describedoy the point P is perpendiculato the line joining the two

Fic. 21

http://ADLab.info



How to Draw a StraightLine: A Lectureon Linkages 19

FiG. 22 FiG. 23

X ed pivots; we can,however, without increasinghe numberof links,
make a pointonthelinkwork describea straightline inclinedto theline
SP at ary angle,or ratherwe can, by substitutingfor the straightlink
PC aplanepiece,geta numberof pointson that piecemoving in every
direction.

In Fig. 20, for simplicity, only thelink CP%andthenew piecesubstituted
for the link P C areshavn. The new pieceis circular and hasholes
piercedin it all at the samedistance—thesameasthe lengthsPC and
P —from C. Now we have seerfrom Fig. 19thatP movesin avertical
straightline, thedistancePC in Fig. 20 beingthe sameasit wasin Fig.
19; but from a well-known propertyof a circle, if H be ary oneof the
holespiercedin the piece,the angleHP® is constantthusthe straight
line HP%is x ed in position,andH movesalongit; similarly all the
otherholesmove alongin straightlines passinghroughthe x ed pivot
P® andwe get straightline motion distributedin all directions. This
specieof motionis calledby ProfessoiSylvester‘tram-motion” It is
worthnoticingthatthemotionof thecirculardiscis thesameasit would
have beenif the dottedcircle onit rolled insidethe large dottedcircle;
we have, in fact, White's parallelmotion reproducedy linkwork. Of
coursejf we only requiremotionin onedirection,we may cut away all
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the disc excepta portion forming a bentarm containingC, P, andthe
pointwhich movesin therequireddirection.

The doublekite of Fig. 18 may be employed to form someotheruse-
ful linkworks. It is often necessaryo have, not a single point, but a
whole piecemoving sothatall pointsonit move in straightlines.| may
instancehesliderestsin lathes traversingtables punchesdrills, drav-
bridges,etc. The doublekite enablesus to producelinkworks having
this property In thelinkwork of Fig. 21, the constructiorof which will

be at onceappreciatedf you understandhe doublekite, the horizontal
link movesto andfro asif sliding in a x ed horizontalstraighttube.
This form would possiblybe usefulasagirderfor adravbridge.

In the linkwork of Fig. 22, whichis anothercombinationof two double
kites, the vertical link moves so that all its points move in horizontal
straightlines. Thereis a modi cation of this linkwork which will, 1

think, be found interesting. In the linkagein Fig. 23, which, if the
thin links areremoved, is asleletondrawving of Fig. 22, let the dotted
links be takenaway andthethin onesbeinsertedwe thengetalinkage
which hasthe samepropertyasthatin Fig. 22, but it is seenin its
new form to betheordinarydoubleparallelruler with threeaddedinks.
Fig. 24 is a gure of adoubleparallelruler madeon this planwith a
slight modi cation. If thebottomruler be heldhorizontalthetop moves
vertically up anddown theboard,having no lateralmovement.

While | am uponthis sort of movementl may point out an apparatus
exhibitedin theLoan Collectionby ProfessoiT chebicheff, which bears
a stronglikenessto a complicatedcamp-stoolthe seatof which has
horizontalmotion. The motionis not strictly rectilinear;the apparatus
being—aswill be seenby observingthat the thin line in the gure is
of invariablelength, and a link might thereforebe put whereit is—
a combinationof two of the parallelmotionsof ProfessofTchebicheff
givenin Fig. 4, with somelinks addedto keepthe seatparallelwith
the base. The variation of the upperplanefrom a strictly horizontal
movementis thereforedoublethat of the tracerin the simple parallel
motion.

Fig. 26 shavs how a similar apparatuf much simpler construction,
employing the Tchebicheff approximateparallelmotion, canbe made.
The lengthsof the links forming the parallel motion have beengiven
before(Fig. 4). Thedistancebetweenthe pivots on the moving seatis
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half thatbetweenthe x ed pivots, andthe lengthof the remaininglink
is one-halfthatof theradiallinks.

An exactmotion of the samedescriptionis shovn in Fig. 27. O, C, O°
P arethe four foci of the quadriplaneshavn in the gure in which the
links arebentthrougharightangle sothatOC OPis constantandCOP
aright angle. ThefocusO is pivotedto a x edpoint,andC is madeby
meansof the extra link QC to move in a circle of which the radiusQC
is equalto the pivot distanceOP consequentlynovesin a straightline
parallelto OQ, the ve moving pieceghusfardescribedonstitutingthe
SylvesterKempeparallelmotion. To thisareaddedhemoving seatand
the remaininglink ROY, the pivot distancesof which, PR and RO®, are
equalto OQ. Theseatin consequencalwaysremainsparallelto QO,
andasP movesaccuratelyin a horizontalstraightline, every pointonit
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will do soalso. This apparatusnight be usedwith advantagewherea
very smoothly-vworking traversingtableis required.

| now cometo the secondof the parallelmotions| saidl would shov
you. If | take a kite andpivot the bluntendto the x edbase andmalke
the sharpendmove up anddown in a straightline, passinghroughthe
x ed pivot, the shortlinks will rotateaboutthe x ed pivot with equal
velocitiesin oppositedirections;and,corversely if thelinks rotatewith
equalvelocity in oppositedirections,the pathof the sharpendwill be
a straightline, andthe samewill hold goodif insteadof the shortlinks
beingpivotedto the samepointthey arepivotedto differentones.

To nd alinkwork which shouldmalke two links rotatewith equalve-
locities in oppositedirectionswas one of the rst problemsl setmy-
self to solve. Therewasno dif culty in makingtwo links rotatewith
equalvelocitiesin thesamedirection,—theordinaryparallelogrammatic
linkwork employedin locomotive enginescomposeaf theengine the
two cranks,andthe connectingod, furnishedthat; andtherewasnone
in makingtwo links rotatein oppositedirectionswith varyingvelocity;
the contra-parallelogrargave that; but the requiredlinkwork hadto be
discovered. After sometroublel succeedeth obtainingit by a combi-
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nationof alargeandsmallcontra-parallelogramuttogetherjust asthe
two kiteswerein thelinkageof Fig. 18. Onecontra-parallelograns
madetwice aslarge asthe other andthelong links of eacharetwice as
long asthe short(10).

The linkworks in Figs. 30 and 31 will, by consideringthe thin line
drawn throughthe x ed pivotsin eachasalink, be seento be formed
by xing differentlinks of the samesix-link linkage composef two
contra-parallelogramasjust stated.The pointedlinks rotatewith equal
velocity in oppositedirections,andthus,asshavn in Fig. 28, atonce
give parallelmotions. They canof course,however, be usefully em-
ployedfor the merepurposeof reversingangularvelocity (11).

An extensionof the linkageemplgyedin thesetwo last gures givesus
an apparatu®f considerablenterest. If | take anotherinkage contra-
parallelogranof half the sizeof thesmalleroneand t it to thesmaller
exactlyasl tted thesmallerto thelarger, | gettheeight-linkageof Fig.
32. It has,you see,four pointedlinks radiatingfrom a centreat equal
anglesjf | openoutthetwo extremeonesto ary desiredangle,youwill

seethatthe two intermediateoneswill exactly trisectthe angle. Thus
the power we have hadto call into operationin orderto effect Euclid's
rst Postulate—linkages—enablasto solve a problemwhich hasno
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“geometrical”solution. | could of coursego on extendingmy linkage
andget otherswhich would divide an angleinto any numberof equal
parts. It is obvious that thesesamelinkagescanalsobe emplo/ed as
linkworksfor doubling,trebling,etc.,angularvelocity (12).

Anotherform of “Isoklinostat”™—for sothe apparatuss termedby Pro-
fessorSylvester—wasdiscoveredby him. The constructions apparent
from Fig. 33. It hasthegreatadwantageof beingcomposeaf links hav-
ing only two pivot distancedearingary proportionto eachother but it
hasalargernumberof links thanthe other andastheopeningoutof the
links is limited, it cannotbe employedfor multiplying angularmotion.

Subsequentljo the publicationof thepapemwhich containedanaccount
of thesdinkworksof mine of which | have beenspeaking] pointedout
in a paperreadbeforethe Royal Society(13) thatthe parallelmotions
giventherewere,aswell asthoseof M. PeaucellieandMr. Hart, all
particularcasesof linkworks of a very generalcharacterall of which
dependedn theemplgymentof alinkagecomposeaf two similar g-
ures. | have not sufcient time, and| think the subjectwould not be
sufciently inviting on accountof its mathematicatharacterto dwell
onit here,sol will leave thosein whomaninterestin the questionhas
beenexcitedto considerthe original paper
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At this point the problemof the productionof straightlinemotion now
stands,and| think you will be of opinion that we hardly, for practi-
cal purposeswant to go muchfartherinto the theoreticalpart of the
guestion. The resultsthat have beenobtainedmustnow be left to the
mechaniciarto dealwith, if they areof ary practicalvalue. | have, as
far aswhat! have undertakento bring beforeyou to-dayis concerned,
cometo the endof my tether | have shavn you thatwe candescribea
straightline, andhowwe can,andthe consideratiorof the problemhas
led usto investigatesomeimportantpiecesof apparatusBut | hopethat
thisis notall. |1 hopethatl have shavn you (andyour attentionmakes
that hopea belief) that this nev eld of investigation is one possess-
ing greatinterestandimportance.Mathematicianiave no doubtdone
muchmorethanl| have beenableto showv you to-day(14), but the un-
explored elds arestill vast,andthe earnestnvestigator canhardlyfail
to make new discoveries. | hopethereforethat you whoseduty it is to
extendthe domainof sciencewill notlet the subjectdropwith theclose
of my lecture.
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Notes

(1) The hole throughwhich the pencil passesanbe madeto describe
acircle independentlyf ary surface(seethe latter partof Note 3), but

whenwe wish to describea circle or a given planesurfacethatsurface
mustof coursebeassumedo be plane.

(2) “But” (it is carefully added)‘not a graduatedne’ By the useof
a ruler with only two graduationsan anglecan, asis well known, be
readily trisected thus—LetRST betheangle,andlet PP°bethe points
wherethe graduationsut the edgeof theruler. Let 2RS= PP° Draw
RU parallelandRV perpendiculato ST. Thenif we t therulerto the
gure RSTUV sothatthe edgePPP passeshroughS, P lieson RU and
PO onRV , PPPtrisectsthe angleRST. For if Q bethe middle point of
PP° andRQbejoined,theangleT SP = theangleQPR= theangleQRP
= half theangleRQS thatis half theangleRQ.

This solutionis of coursenota“geometrical’onein thesensd havein-
dicated becausa graduateduler andthe tting processareemployed.
But doesEuclid con ne himselfto his threePostulate®f construction?
Doeshenotuseagraduatedulerandthis tting process?s nottheside
AB of thetriangle ABC in Book I. Propositiord, graduatedat A andB,
andarewe nottold to takeit upand t it onto DE?

It seemddif cult to seewhy Euclid employed the secondPostulate—
thatwhich requires‘that a terminatedstraightline may be producedo
ary lengthin astraightline,’—or rather why hedid notputit amongthe
propositionsn theFirstBookasaproblem.It is by nomeandglif cult by
arigid adherencéo Euclid'smethodg4o nd apointoutsideaterminated
straightline which is in the samestraightline with it, andto prove it
to be so, without the employmentof the secondPostulate. That point
canthen,by the rst Postulatepe joinedto the extremity of the given
straightline which is thusproducedandthe processcanbe continued
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inde nitely, sinceby the third Postulatecirclescanbe dravn with ary
centreandradius.

(3) It is importantto noticethatthe x ed baseto which the pivots are
attacheds really onelink in thesystem.lt would onthataccounbeper
hapsmorescienti c, in a generalconsideratiorof the subject,to com-
menceby calling ary combinationof pieces(whetherthosepiecesbe
cranks beamsconnecting-rodspr anything else)jointed or pivotedto-
gether a “linkage” Whenthe motion of the links is con ned to one
planeor to a numberof parallelplanes,the systemis calleda “plane
linkage.” (It will be seenthatthis lectureis con ned to planelinkages;
afew remarksaboutsolid linkageswill befoundattheendof thenote.)
Themotionof thelinks amongthemselesin alinkagemaybedetermi-
nateor not. Whenthe motionis determinatehe numberof links must
be even, andthe linkage is saidto be “complete’ Whenthe motion
is not determinatethe linkageis saidto have 1, 2, 3, etc. degreesof
freedom,accordingto the amountof liberty the links possessn their
relatve motion. Thesdinkagesmaybetermed*primary,” “secondary
etc. linkages. Thusif we take the linkage composeaf four links with
two pivots on each,the motion of eachlink asregardsthe othersis de-
terminateandthelinkageis a“completdinkage.” If onelink bejointed
in the middle the linkage hasone degreeof liberty andis a “primary
linkage”. Soby makingfreshjoints“secondary or “tertiary,” etc. link-
agesmay be formed. Theseprimary, etc. linkagesmay be formedin
variousotherways, but the examplegivenwill illustratethe reasorfor
thenomenclatureWhenonelink of alinkageis a x edbasethe struc-
tureis calleda“linkwork” Linkworks,likelinkages maybe*primary,”
“secondary etc. A “completdinkwork’, i.e. onein which the motion
of every pointon the moving partof the structureis de nite, is calleda
“link-motion” Thevarious‘grams”describedy thesdink-motionsare
very dif cult to dealwith. | have shavn, in a paperin the Proceedings
of the LondonMathematicalSociety 1876, that a link-motion canbe
foundto describeary givenalgebraiccurve, but the corverseproblem,
“Giventhelink-motion, whatis the curve?” is onetowardsthe solution
of which but little way hasbeenmade;andthe “tricircular trinodal sex-
tics; which arethe “grams” of the simplethree-piecemotion, arestill
underthe consideratiorof someof our mosteminentmathematicians.

Takingthemin their greatesgenerality the theoreticallysimplestform
of link-motionis notthe at circle-producindink, but a solid link piv-
otedto a x edcentre,andcapableof motionin all directionsaboutthat
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centre,sothatall pointson it describespheresn space;andthe most
generalform a numberof suchlinks pivotedtogetheyforming a struc-
ture the variouspointson which describesurfaces.If two simplesolid
links, turningabouttwo x edcentresarepivotedtogetheratacommon
point, that point will describea circle independentlyof any planesur

face,the otherpointson the links describingportionsof spheres.The
form of pivot which would have to be adoptedn solid linkageswould
betheball-and-sockt joint, sothatthelinks couldnot only move about
roundthe x edcentre but rotateaboutary imaginaryaxisthroughthat
centre. It is obviousthatit would be impossibleto constructary joint

which would give thelinks perfectfreedomof motion,asthe x edcen-
tre aboutwhich ary link turnedmustbefastenedo a x edbasein some
way, andwhatezer meanswvereadoptedvould interferewith thelink in

someportionof its path. Thisis notsoin planelink-motions. The sub-
ject of solid linkageshasbeenbut little consideredHooke's joint may
be mentionedasanexampleof a solid link-motion. (SeealsoNote 11.)

(4) 1 have beenmorethanonceasledto try andgetrid of the objection-
ableterm“parallelmotion’ | donotknow how it cameto beemployed,
andit certainlydoesnot expresswhatis intended. The apparatuslioes
not give “parallel motion; but approximatée‘rectilinear motion? The
expressionhowever, hasnow becomecrystallisedandl for onecannot
undertalketo nd asolvent.

(5) Seethe Proceedingsf the Royallnstitution, 1874.

(6) This paperis printedin extensoin the Cambridge Messengr of
Mathematics 1875, vol. iv., pp. 82-116,andcontainsmuchvaluable
matteraboutthe mathematicapartof the subject.

(7) Theinterchangeof a radial andtraversingbar corverts Watt's Par
allel Motion into the GrasshoppeParallel Motion. The samechange
shaws us that the curvestracedby the linkwork formedby xing one
barof a “kite” arethe sameasthosetracedby the linkwork formedby
xing onebarof a contra-parallelogramrhis is interestingasshawving
thatthereis really only onecasein which the sextic curwve, the “gram”
of three-bamotion,breaksupinto a circle anda quatrtic.

(8) For afull accountof this andthe pieceof apparatusext described,
seeNature, vol. xii., pp. 168and214.

(9) SeetheMessengr of Mathematics“On SomeNew Linkages;, 1875,
vol. iv., p. 121.
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(10) A referenceo the paperreferredto in the lastnotewill show that
it is not necessaryhatthe small kites andcontraparallelogramshould
behalf thesizeof thelarge ones,or thatthelong links shouldbedouble
the short; the particularlengthsare chosenfor easeof descriptionin
lecturing.

(11) By anarrangemendf Hooke's joints, puresolid linkages,we can
make two axesrotatewith equalvelocitiesin contrarydirections(See
Willis' s Principlesof Mechanism 2ndEd. sec.516,p. 456),andthere-
fore produceanexactparallelmotion.

(12) The “kite” and the “contra-parallelogram’are subjectto the in-
cornvenience(mathematicallwery important)of having “dead points’
Thesecanbe,however, readilygotrid of by emplgying pinsandgabsin
the mannerpointedout by ProfessoiReuleaux.(SeeReuleauxs Kine-
maticsof Machinery, translatecby ProfessoiKennedy Macmillan, pp.
290-294.)

(13) “Proceeding®f the Royal Society”,No. 163,1875,“On a General
Method of ObtainingExactRectilinearMotion by Linkwork?” | take
this opportunityof pointing out thatthe resultstherearrived at may be
greatlyextendedrom thefollowing simpleconsideration.

If thestraightlink OB makesary angleD

with the straightlink OA, andif instead
of employing the straightlinks we em-
ploy the piecesA®A, BB, andif the
angleADA equalsthe angleBOB, then
the angleBOA° equalsD. The recogni-
tion of this very obviousfactwill enable
usto derive the SylvesterKempeparallel
motionfrom thatof Mr. Hart.

FiG. 34 (14) In addition to the authorities al-
ready mentioned,the following may be
referredto by thosewho desireto know

more aboutthe mathematicapart of the subjectof “Linkages” *“Sur
les Systéemesde Tiges Articulées’ par M. V. Liguine, in the Nouvelles
Annales Decemberl875,pp. 520-560.

Two papers‘On Three-barMotion” by ProfessorCayley and Mr. S.
Robertsjn the Proceeding®f the LondonMathematicalSociety 1876,
vol. vii., pp. 14 and136. Othershortpapersn the Proceedingf the
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LondonMathematicalSociety vols. v., vi., vii., andthe Messengr of
Mathematicsvols. iv. andv.
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