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Preface

DRAWING A STRAIGHT LINE is not soeasyasit seemsat �rst. We
arecon�dent that a straightedgeor even a simpleruler is all we

need.This is truefor possiblyeverypracticalapplications,but from the
theoreticalpointof view straightlinesarenoteasyto attain.

Of course,whenwe speakof straightlineswe areimplicitly assuming
linesonanidealtruly �at Euclideanplane.But,evenunderthosesimple
restrictions,drawing atruly straightline is almostimpossibleto achieve,
for how canweprove thata line is “straight”?

Contraryto what dictatesour intuition, makinga circle is easierthan
makinga straightline. This is sobecausewith thecompasseswe ordi-
narily useto makeacircle, it is nodif�cult to maintainaconstantwidth
radius.Hardmaterialsin theconstructionof thecompassis all it takes
to achieve thetask.

On the otherhand,to make a straightedge,or a ruler, hardenedmate-
rials arenot suf�cient, for “straightness”is not a propertyof common
constructionmaterials.Sowemustacceptsomekind of tolerancein the
deviation from ahypotheticaltruly straightline.

In thisbook,Alfred BrayKempeshowsusotheralternativesbesidesthe
straightedgethatcanproducestraightlines.

Nice to know that to make circles thereis only oneway, but to make
straightlinestherearemany avenues.

E. Pérez
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How to Draw a Straight Line:
A Lectureon Linkages

The greatgeometricianEuclid, beforedemonstratingto us the various
propositionscontainedin his Elementsof Geometry, requiresthat we
shouldbe ableto effect certainprocesses.ThesePostulates,asthe re-
quirementsaretermed,mayroughlybesaidto demandthatwe should
beableto describestraightlinesandcircles.And sogreatis thevener-
ation that is paid to this master-geometrician,that therearemany who
wouldrefusethedesignationof “geometrical”to ademonstrationwhich
requiresany other constructionthan can be effectedby straight lines
andcircles.Hencemany problems—suchas,for example,thetrisection
of anangle—whichcanreadilybeeffectedby employing othersimple
means,aresaid to have no geometricalsolution,sincethey cannotbe
solvedby straightlinesandcirclesonly.

It becomestheninterestingto inquirehow we caneffect theseprelimi-
naryrequirements,how we candescribethesecirclesandthesestraight
lines,with asmuchaccuracy asthephysicalcircumstancesof theprob-
lemswill admitof.

As regardsthe circle we encounterno dif�culty . Taking Euclid's de�-
nition, andassuming,asof coursewe must,that our surfaceon which
we wish to describethecircle is a plane,(1)1 we seethatwe have only
to make our tracingpointpreserve a distancefrom the given centreof
thecircle constantandequalto therequiredradius.This canreadilybe
effectedby taking a �at pieceof any form, suchasthe pieceof card-
boardI havehere,andpassingapivot whichis �x edto thegivensurface
at the given centrethrougha hole in the piece,anda traceror pencil
throughanotherhole in it whosedistancefrom the �rst is equalto the

1These�gures referto Notesat theendof thelecture.

1



2 A. B. K EM PE

givenradius;weshallthen,by moving thepencil,beable,evenwith this
rudeapparatus,to describeacirclewith considerableaccuracy andease;
andwhenwecometo employ verysmallholesandpivots,or evenlarge
ones,turnedwith all that marvelloustruth which the latheaffords,we
shall get a resultunequalledperhapsamongmechanicalapparatusfor
thesmoothnessandaccuracy of its movement.TheapparatusI havejust
describedis of coursenothingbut asimpleform of apairof compasses,
andit is usualto saythatthethird Postulatepostulatesthecompasses.

But thestraightline, how arewe goingto describethat?Euclid de�nes
it as“lying evenly betweenits extremepoints.” This doesnot help us
much.Our text-bookssaythat the�rst andsecondPostulatespostulate
a ruler (2). But surelythat is begging the question. If we areto draw
a straightline with a ruler, the ruler must itself have a straightedge;
andhow arewe goingto make theedgestraight?We comebackto our
starting-point.

Now I wishyouclearlyto understandthedifferencebetweenthemethod
I just now employed for describinga circle, and the ruler methodof
describingastraightline. If I appliedtherulermethodto thedescription
of acircle,I shouldtakeacircularlamina,suchasapenny, andtracemy
circle by passingthepencilroundtheedge,andI shouldhave thesame
dif�culty thatI hadwith thestraight-edge,for I should�rst haveto make
the lamina itself circular. But the other methodI employed involves
no begging the question.I do not �rst assumethat I have a circle and
then useit to traceone, but simply requirethat the distancebetween
two pointsshallbeinvariable.I amof courseawarethatwe do employ
circlesin oursimplecompass,thepivot andtheholein themoving piece
which it �ts aresuch;but they areusednot becausethey arethecurves
we want to describe(they arenot so, but areof a differentsize),asis
the casewith the straight-edge,but because,throughthe impossibility
of constructingpivots or holesof no �nite dimensions,we are forced
to adoptthebestsubstitutewe canfor makingonepoint in themoving
pieceremainat the samespot. If we employ a very small pivot and
hole, thoughthey be not truly circular, the error in the descriptionof
a circle of moderatedimensionswill be practically in�nitesimal, not
perhapsvaryingbeyond thewidth of the thinnestline which the tracer
canbe madeto describe;andeven whenwe employ large pivots and
holeswe shall get resultsasaccurate,becausethosepivots andholes
may be madeby the employment of very small onesin the machine
whichmakesthem.

http://4DLab.info

http://4DLab.info


How to Draw aStraightLine: A LectureonLinkages 3

It appearsthen,thatalthoughwe have aneasyandaccuratemethodof
describinga circle, we have at �rst sight no correspondingmeansof
describingastraightline; andtherewouldseemto beasubstantialdif�-
culty in producingwhatmathematicianscall thesimplestcurve, sothat
the questionhow to get over that dif�culty becomesoneof a decided
theoreticalinterest.

Nor is the interesttheoreticalonly, for thequestionis oneof direct im-
portanceto the practicalmechanician.In a large numberof machines
andscienti�c apparatusit is requisitethat somepoint or pointsshould
moveaccuratelyin astraightline with aslittle friction aspossible.If the
rulerprincipleis adopted,andthepoint is keptin its pathby guides,we
have,besidestheinitial dif�culty of makingtheguidestruly straight,the
wearandtearproducedby the friction of the sliding surfaces,andthe
deformationproducedby changesof temperatureandvarying strains.
It becomesthereforeof real consequenceto obtain, if possible,some
methodwhichshallnot involvetheseobjectionablefeatures,but possess
theaccuracy andeaseof movementwhichcharacteriseourcircleproduc-
ing apparatus.

FIG. 1

Turning to that ap-
paratus,we notice
that all that is req-
uisite to draw with
accuracy acircleof
any given radiusis
to havethedistance
between the pivot
andthetracerprop-
erlydetermined,and
if I pivot a second“piece” to the�x edsurfaceat a secondpoint having
a tracerasthe �rst piecehas,by properlydeterminingthedistancebe-
tweenthesecondtracerandpivot, I candescribea secondcircle whose
radiusbearsany proportionI pleaseto thatof the �rst circle. Now, re-
moving thetracers,let mepivot a third pieceto thesetwo radialpieces,
asI maycall them,at thepointswherethetracerswere,andlet me�x a
traceratany pointon this third or traversingpiece.Youwill at oncesee
thatif theradialpieceswerebig enoughthetracerwoulddescribecircles
or portionsof circleson them,thoughthey arein motion,with thesame
easeandaccuracy asin thecaseof thesimplecircle-drawing apparatus;
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4 A. B. K EM PE

the tracerwill not however describea circle on the �x edsurface,but a
complicatedcurve.

This curve will, however, be describedwith all the easeandaccuracy
of movementwith which thecirclesweredescribed,andif I wish to re-
producein a secondapparatusthe curveswhich I producewith this, I
have only to getthedistancesbetweenthepivotsandtracersaccurately
thesamein bothcases,andthecurveswill alsobeaccuratelythesame.
I could of coursego on addingfresh piecesad libitum, and I should
getpointson thestructureproduced,describingin generalverycompli-
catedcurves,but with thesameresultsasto accuracy andsmoothness,
thereproductionof any particularcurvedependingsolelyon thecorrect
determinationof acertainde�nite numberof distances.

Thesesystems,built up of piecespointedor pivotedtogether, andturn-
ing aboutpivots attachedto a �x ed base,so that the variouspointson
the piecesall describede�nite curves,I shall term “link-motions,” the
piecesbeingtermed“links.” As, however, it sometimesfacilitatesthe
considerationof thepropertiesof thesestructuresto regard themapart
from thebaseto whichthey arepivoted,theword“linkage” is employed
to denoteany combinationof piecespivoted together. When sucha
combinationis pivotedin any way to a �x edbase,themotionof points
on it not beingnecessarilycon�ned to �x edpaths,the link-structureis
calleda “linkw ork:” a “linkw ork” in which themotionof everypoint is
in somede�nite pathbeing,asbeforestated,termeda “linkmotion.” I
shallonly addto theseexpressionstwo more:thepointof a link-motion
which describesany curve is calleda “graph,” thecurve beingcalleda
“gram” (3).

Theconsiderationof thevariouspropertiesof these“linkages”hasoccu-
piedmuchattentionof lateyearsamongmathematicians,andisasubject
of muchcomplexity anddif�culty . With thepurelymathematicalsideof
thequestionI do not,however, proposeto dealto-day, aswe shallhave
quite enoughto do if we con�ne our attentionto the practicalresults
which mathematicianshave obtained,andwhich I believe only mathe-
maticianscould have obtained. That theseresultsarevaluablecannot
I think be doubted,thoughit may well be that their greatbeautyhas
led someto attribute to theman importancewhich they do not really
possess;andit maybethat �fty yearsagothey would have hada value
which, throughthegreatimprovementsthatmodernmechanicianshave
effectedin theproductionof trueplanes,rulersandotherexactmechan-
ical structures,cannotnow beascribedto them.But linkageshavenotat
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How to Draw aStraightLine: A LectureonLinkages 5

present,I think, beensuf�ciently put beforethemechanicianto enable
usto saywhatvalueshouldreallybesetuponthem.

Thepracticalresultsobtainedby theuseof linkagesarebut few in num-
ber, andarecloselyconnectedwith the problemof “straight-linemo-
tion,” having in fact beendiscoveredduring the investigation of that
problem,andI shallbenaturallyledto considerthemif I make“straight-
line motion” the backboneof my lecture. Before,however, plunging
into the midst of theselinkagesit will be useful to know how we can
practicallyconstructsuchmodelsaswe require;andhereis oneof the
greatadvantagesof our subject—wecanget our resultsvisibly before
ussovery easily. Pinsfor �x edpivots,cardsfor links, stringor cotton
for theotherpivots,anda dining-roomtable,or a drawing-boardif the
former be thoughtobjectionable,for a �x ed base,are all we require.
If somethingmoreartisticbepreferred,theplanadoptedin themodels
exhibitedby me in theLoanCollectioncanbeemployed. Themodels
were constructedby my brother, Mr. H. R. Kempe,in the following
way. Thebasesarethin dealboardspaintedblack; the links areneatly
shapedoutof thick cardboard(it is hardwork makingthem,youhaveto
sharpenyour knife aboutevery tenminutes,asthecardboardturnsthe
edgevery rapidly); thepivotsarelittle rivetsmadeof catgut,theheads
beingformedby pressingthefaceof aheatedsteelchiselon theendsof
thegut after it is passedthroughtheholesin thelinks; this givesa very
�rm andsmoothly-working joint. More durablelinks may bemadeof
tin-plate; thepivot-holesmustin this casebepunched,andtheeyelets
usedby bootmakersfor lacedbootsemployedaspivots;youcangetthe
propertoolsata tri�ing expenseatany largetool shop.

FIG. 2

Now, as I have
said,thecurvesde-
scribedby thevari-
ouspointson these
link-motionsarein
generalvery com-
plex. But they
are not necessarily
so. By properly
choosing the dis-
tancesat our dis-
posalwe canmake

themvery simple.But canwe go to thefullest extentof simplicity and
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6 A. B. K EM PE

geta point on oneof themmoving accuratelyin a straightline? Thatis
whatwearegoingto investigate.

To solve theproblemwith our singlelink is clearly impossible:all the
pointson it describecircles. We must thereforego to the next simple
case—ourthree–linkmotion. In this caseyou will seethat we have
at our disposalthe distancebetweenthe �x ed pivots, the distancesbe-
tweenthepivotson theradial links, thedistancebetweenthepivotson
thetraversinglink, andthedistancesof thetracerfrom thosepivots; in
all six differentdistances.Canwe choosethosedistancesso that our
tracing-pointshallmove in astraightline?

The �rst personwho investigatedthis wasthat greatmanJamesWatt.
“Watt's ParallelMotion” (4), inventedin 1784,is well known to every
engineer, andis employedin nearlyevery beam-engine.Theapparatus,
reducedto its simplestform, is shown in Fig. 2.

FIG. 3

The radial bars are of equal
length,—Iemploy theword“length”
for brevity, to denotethedistance
betweenthe pivots; the links of
coursemay be of any length or
shape,—andthedistancebetween
the pivots or the traversing link
is suchthat when the radial bars
areparallelthe line joining those
pivots is perpendicularto the ra-
dial bars.Thetracing-pointis sit-
uatehalf-way betweenthe pivots
onthetraversingpiece.Thecurve
describedby the tracer is, if the
apparatusdoesnotdeviatemuchfrom its meanposition,approximately
a straightline. Thereasonof this is thatthecirclesdescribedby theex-
tremitiesof theradialbarshave their concavities turnedin oppositedi-
rections,andthetracerbeinghalf-waybetween,describesacurvewhich
is concaveneitheronewaynor theother, andis thereforeastraightline.
The curve is not, however, accuratelystraight,for if I allow the tracer
to describethe whole path it is capableof describing,it will, whenit
getssomedistancefrom its meanposition,deviate considerablyfrom
the straightline, andwill be found to describea �gure 8, the portions
at the crossingbeingnearlystraight. We know that they arenot quite
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How to Draw aStraightLine: A LectureonLinkages 7

straight,becauseit is impossibleto havesuchacurvepartlystraightand
partlycurved.

For many purposesthe straight line describedby Watt's apparatusis
suf�ciently accurate,but if werequireanexactoneit will, of course,not
do,andwemusttry again. Now it is capableof proofthatit is impossible
to solve theproblemwith threemoving links; closerapproximationsto
the truth than that given by Watt can be obtained,but still not actual
truth.

I have heresomeexamplesof thesecloserapproximations.The�rst of
these,shown in Fig. 3, is dueto RichardRobertsof Manchester.

FIG. 4

The radial bars are of equal
length, the distancebetweenthe
�x ed pivots is twice that of the
pivotsonthetraversingpiece,and
thetraceris situateon thetravers-
ing piece,at a distancefrom the
pivots on it equal to the lengths
of the radial bars. The tracer in
consequencecoincideswith the
straightline joining the�x edpiv-
ots at thosepivots and half-way
betweenthem. It doesnot, how-
ever, coincideat any otherpoints,
but deviatesveryslightly between

the�x edpivots.Thepathdescribedby thetracerwhenit passesthepiv-
otsaltogetherdeviatesfrom thestraightline.

The otherapparatuswasinventedby ProfessorTchebicheff of St. Pe-
tersburg. It is shown in Fig. 4. Theradialbarsareequalin length,being
eachin my little model� ve incheslong. Thedistancebetweenthe�x ed
pivotsmustthenbefour inches,andthedistancebetweenthepivotsor
thetraversingbartwo inches.Thetraceris takenhalf-waybetweenthese
last. If now we draw a straightline—I hadforgottenthatwe cannotdo
that yet, well, if we draw a straightline, popularlyso called—through
the tracerin its meanposition,asshown in the �gure, parallel to that
forming the �x ed pivots, it will be found that the tracerwill coincide
with thatline at thepointswhereverticalsthroughthe�x edpivotscut it
aswell asat themeanposition,but, asin thecaseof Roberts's parallel
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8 A. B. K EM PE

motion,it coincidesnowhereelse,thoughits deviation is very smallas
longasit remainsbetweentheverticals.

We have failed then with threelinks, and we must go on to the next
case,a � ve-link motion—foryouwill observe thatwemusthaveanodd
numberof links if wewantanapparatusdescribingde�nite curves.Can
we solve theproblemwith � ve?Well, we can;but this wasnot the�rst
accurateparallelmotiondiscovered,andwe mustgive the�rst inventor
hisdue(althoughhedid not �nd thesimplestway)andproceedin strict
chronologicalorder.

FIG. 5

In 1864,eightyyearsafterWatt's
discovery, the problem was �rst
solved by M. Peaucellier, an of-
�cer of Engineersin the French
army. His discovery was not at
�rst estimatedat its true value,
fell almostinto oblivion, andwas
rediscoveredby aRussianstudent
namedLipkin, whogotasubstan-
tial rewardfrom theRussianGov-
ernmentfor his supposedorigi-
nality. However, M. Peaucellier's merit hasat last beenrecognized,
andhehasbeenawardedthegreatmechanicalprizeof the Instituteof
France,the“Prix Montyon.”

M. Peaucellier's apparatusis shown in Fig. 5. It has,asyou see,seven
piecesor links. Thereare �rst of all two long links of equal length.
Theseareboth pivotedat the same�x ed point; their otherextremities
are pivoted to oppositeanglesof a rhombus composedof four equal
shorterlinks. The portion of the apparatusI have thus far described,
consideredapartfrom the�x edbase,is a linkagetermeda “Peaucellier
cell.” We then take an extra link, andpivot it to a �x ed point whose
distancefrom the �rst �x ed point, that to which the cell is pivoted, is
thesameasthe lengthof theextra link; theotherendof theextra link
is thenpivotedto oneof the freeanglesof the rhombus; theotherfree
angleof therhombushasapencilat its pivot. Thatpencilwill accurately
describeastraightline.

I mustnow indulgein alittle simplegeometry. It is absolutelynecessary
thatI shoulddosoin orderthatyoumayunderstandtheprincipleof our
apparatus.
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How to Draw aStraightLine: A LectureonLinkages 9

In Fig. 6, QC is the extra link pivotedto the �x ed point Q, the other
pivot onit C, describingthecircleOCR. ThestraightlinesPM andP0M0

aresupposedto beperpendicularto MRQOM0.

Now the angleOCR, beingthe anglein a semicircle,is a right angle.
ThereforethetrianglesOCR, OMP aresimilar.

Therefore,

OC : OR:: OM : OP.

FIG. 6

Therefore,

OC · OP= OM · OR,

whereverC maybeon the
circle. That is, sinceOM
andOR areboth constant,
if while C movesin a cir-
cle P movesso that O, C,
P are always in the same
straight line, and so that
OC · OP is always con-
stant;thenP will describe
the straight line PM per-
pendicularto theline OQ.

It is also clear that if we
take the point P0 on the other side of O, and if OC ·OP0 is constant
P0will describethestraightline P0M0. This will beseenpresentlyto be
important.

FIG. 7

Now, turning to Fig. 7,
which is a skeletondraw-
ing of thePeaucelliercell,
we seethat from thesym-
metry of the construction
of thecell, O, C, P, all lie
in the samestraight line,
and if the straight line A
n be drawn perpendicular
to CP—it muststill be an
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10 A. B. K EM PE

imaginaryone,aswehave
not provedyet thatour apparatusdoesdraw a straightline—Cn is equal
to nP.

Now,

OA2 = On2 + An2

AP2 = Pn2 + An2

therefore,

OA2 � AP2 = On2 � Pn2

= [On� Pn] � [On+ Pn]

= OC� OP:

FIG. 8

Thus since OA and AP
arebothconstantOCOPis
always constant,however
faror nearC andP maybe
to O. If then the pivot O
be �x ed to the point O in
Fig. 6, andthepivot C be
madeto describethecircle
in the �gure by beingpiv-
otedto theendof theextra
link, the pivot P will sat-
isfy all theconditionsnec-
essaryto makeit movein a
straightline, andif a pen-

cil be�x edatP it will draw astraightline. Thedistanceof theline from
the�x edpivotswill of coursedependon themagnitudeof thequantity
OA2 � OP2 whichmaybevariedatpleasure.

I hopeyou clearlyunderstandthetwo elementscomposingtheappara-
tus, the extra link andthe cell, andthe part eachplays,asI now wish
to describeto you somemodi�cations of the cell. The extra link will
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How to Draw aStraightLine: A LectureonLinkages 11

FIG. 9 FIG. 10

remainthe sameasbefore,and it is only the cell which will undergo
alteration.

If I take the two linkagesin Fig. 8, which are known as the “kite”
andthe “spear-head,” andplaceoneon theotherso that the long links
of the onecoincidewith thoseof the other, and thenamalgamatethe
coincidentlong links together, we shall get theoriginal cell of Figs. 5
and7. If thenwekeeptheanglesbetweenthelonglinks,or thatbetween
theshortlinks, thesamein the“kite” and“spear-head,” we seethatthe
heightof the“kite” multipliedby thatof the“spear-head”is constant.

Let usnow, insteadof amalgamatingthelong links of thetwo linkages,
amalgamatethe shortones. We thenget the linkageof Fig. 9; andif
the pivot wherethe shortlinks meetis �x ed,andoneof the otherfree
pivotsbemadeto movein thecircleof Fig. 6 by theextra link, theother
will describe,not thestraightline P M, but thestraightline P0M0. In
this form, which is a very compactone,themotionhasbeenappliedin
a beautifulmannerto the air engineswhich areemployed to ventilate
theHousesof Parliament.Theeaseof working andabsenceof friction
and noiseis very remarkable. The engineswere constructedand the
Peaucellierapparatusadaptedto themby Mr. Prim, theengineerto the
Houses,by whosecourtesyI have beenenabledto seethem,andI can
assureyou thatthey arewell worthavisit.

Anothermodi�cation of thecell is shown in Fig. 10. If insteadof em-
ploying a “kite” and “spear-head”of the samedimensions,I take the
same“kite” asbefore,but usea “spearhead”of half thesizeof thefor-
mer one, the anglesbeinghowever kept the same,the productof the
heightsof thetwo �gures will behalf what it wasbefore,but still con-
stant.Now insteadof superimposingthelinks of one�gure ontheother,
it will be seenthat in Fig. 10 I fastenthe shorterlinks of each�gure
together, endto end. Then,asin the former cases,if I �x the pivot at
the point wherethe links are�x ed together, I get a cell which may be
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12 A. B. K EM PE

used,by theemploymentof anextra link, to describea straightline. A
modelemploying this form of cell is exhibited in the Loan Collection
by the ConservatoiredesArts et Métiersof Paris, and is of exquisite
workmanship;thepencilseemsto swimalongthestraightline.

M. Peaucellier's discovery was introducedinto Englandby Professor
Sylvesterin a lecturehe deliveredat the Royal Institution in January,
1874(5), which excitedvery greatinterestandwasthecommencement
of theconsiderationof thesubjectof linkagesin thiscountry.

In August of the sameyear Mr. Hart of Woolwich Academyreada
paperat the British Associationmeeting(6), in which he showed that
M. Peaucellier's cell couldbereplacedby anapparatuscontainingonly
four links insteadof six. Thenew linkageis arrivedat thus.

FIG. 11

If to theordinaryPeaucel-
lier cell I add two fresh
links of thesamelengthas
thelongonesI getthedou-
ble, or rather quadruple
cell, for it may be usedin
four differentways,shown
in Fig. 11. Now Mr. Hart
foundthatif hetookanor-
dinaryparallelogrammatic
linkwork, in which theadjacentsidesareunequal,andcrossedthelinks
so asto form what is calleda contra-parallelogram,Fig. 12, andthen
took four points on the four links dividing the distancesbetweenthe
pivots in the sameproportion,thosefour pointshadexactly the same
propertiesas the four points of the doublecell. That the four points
alwayslie in a straightline is seenthus: consideringthe triangleabd,
sinceaO: Ob : : aP: Pd thereforeOP is parallelto bd, andtheperpen-
diculardistancebetweentheparallelsis to theheightof thetriangleabd
asOb is to ab; thesamereasoningappliesto thestraightline CO0, and
sinceab : Ob : : cd : O0d andtheheightsof thetrianglesabd, cbd, are
clearlythesame,thereforethedistancesof OPandO0C from bd arethe
same,andO C P O0 lie in thesamestraightline.

ThattheproductOC� OPis constantappearsatoncewhenit is seenthat
ObC is half a “spear-head”andOaP half a “kite;” similarly it may be
shown thatO0P� O0C is constant,asalsoOC �CO0andOP� PO0. Employ-
ing thentheHart's cell asweemployedPeaucellier's,wegeta � ve-link
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How to Draw aStraightLine: A LectureonLinkages 13

FIG. 12 FIG. 13

straightline motion.A modelof this is exhibitedin theLoanCollection
by M. Breguet.

I now wish to call your attentionto an extensionof Mr. Hart's appa-
ratus,which wasdiscoveredsimultaneouslyby ProfessorSylvesterand
myself. In Mr. Hart's apparatuswe wereonly concernedwith barsand
pointson thosebars,but in theapparatusI wish to bring beforeyou we
have piecesinsteadof bars. I think it will bemoreinterestingif I lead
up to this apparatusby detailingto you its history, especiallyasI shall
therebybe enabledto bring beforeyou anothervery elegant andvery
importantlinkage—thediscoveryof ProfessorSylvester.

Whenconsideringtheproblempresentedby theordinarythree-barmo-
tion consistingof two radial barsand a traversingbar, it occurredto
me—I do not know how or why, it is often very dif�cult to go back
and�nd whenceone's ideasoriginate—toconsidertherelationbetween
the curves describedby the points on the traversingbar in any given
three-barmotion,andthosedescribedby thepointson a similar three-
bar motion, but in which the traversingbar andoneof the radial bars
hadbeenmadeto changeplaces.Thepropositionwasno soonerstated
thanthesolutionbecameobvious; thecurveswerepreciselysimilar. In
Fig. 13 let CD andBA be the two radial barsturning aboutthe �x ed
centresC andB, andlet DA bethetraversingbar, andlet P beany point
on it describinga curve dependingon the lengthsof AB, BC, CD, and
DA. Now addto thethree-barmotionthebarsCE andEAP0, CE being
equalto DA, andEA equaltoCD. CDAE is thenaparallelogram,andif
an imaginaryline CPP0 bedrawn, cuttingEA producedin P0, it will at
oncebeseenthatP0 is a �x edpoint on EA produced,andCP0bearsal-
waysa �x edproportionto CP, viz., CD : CE. Thusthecurve described
by P0 is preciselythe sameasthat describedby P, only it is larger in
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the proportionCE : CD. Thus if we take away the barsCD andDA,
we shallgeta three-barlinkwork, describingpreciselythesamecurves,
only of differentmagnitude,asour �rst three-barmotiondescribed,and
this new three-barlinkwork is the sameasthe old with the radial link
CD andthetraversinglink DA interchanged(7).

FIG. 14

Onmycommunicatingthis
resulttoProfessorSylvester,
he at once saw that the
propertywasonenot con-
�ned to theparticularcase
of points lying on the
traversing bar, in fact to
three-bar motion,but was
possessedby three-piece
motion. In Fig. 14 CDAB
is a three-barmotion, as
in Fig. 13, but the tracing
point or “graph” doesnot

lie on the line joining the joints AD, but is anywhereelseon a “piece”
on which the joints AD lie. Now, asbefore,addthebarCE, CE being
equalto AD, andthepieceAEP0, makingAE equaltoCD, andthetrian-
gle AEP0similar to thetrianglePDA; sothattheanglesAEP0, ADP are
equal,andP0E : EA : : AD : DP. It follows easilyfrom this—youcan
work it out for yourselveswithout dif�culty—that theratio P0C : PC is
constantandtheanglePCP0 is constant;thusthepathsof P andP0, or
the“grams” describedby the“graphs,” P andP0, aresimilar, only they
areof differentsizes,andoneis turnedthroughananglewith respectto
theother.

Now you will observe that the two proofsI have given arequite inde-
pendentof thebarAB, whichonly affectstheparticularcurvedescribed
by P andP0. If we get rid of AB, in bothcaseswe shallget in the �rst
�gure theordinarypantagraph,andin theseconda beautifulextension
of it, calledby ProfessorSylvester, its inventor, thePlagiographor Skew
Pantagraph. LikethePantagraph,it will enlargeor reduce�gures, but it
will do more,it will turn themthroughany requiredangle,for by prop-
erly choosingthe positionof P andP0, the ratio of CP to CP0 canbe
madewhatweplease,andalsotheanglePCP0canbemadeto haveany
requiredvalue. If the anglePCP0 is madeequalto 0 or 180� , we get
the two forms of the pantagraphnow in commonuse;if it be madeto
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FIG. 15 FIG. 16

FIG. 17

assumesuccessively any valuewhich is a submultipleof 360� , we can,
by passingthepointP eachtimeoverthesamepatternmakethepointP0

reproduceit roundthe�x edcentreC afterthefashionof akaleidoscope.
I think you will seefrom this that the instrument,which has,asfar as
I know, never beenpracticallyconstructed,deservesto be put into the
handsof thedesigner. I give herea pictureof a little modelof a possi-
ble form for the instrumentfurnishedby meto theLoanCollectionby
requestof ProfessorSylvester(8).

After this discovery of ProfessorSylvester, it occurredto him and to
mesimultaneously—ourlettersannouncingour discovery to eachother
crossingin thepost—thattheprincipleof theplagiographmight beex-
tendedto Mr. Hart's contra-parallelogram;and this discovery I shall
now proceedto explain to you. I shall,however, bemoreeasilyableto
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dosoby approachingit in adifferentmannerto thatin whichI did when
I discoveredit.

If we take the contra-parallelogramof Mr. Hart, andbendthe links at
the four pointswhich lie on the samestraightline, or foci asthey are
sometimestermed,throughthe sameangle,the four points,insteadof
lying in the samestraightline, will lie at the four angularpointsof a
parallelogramof constantangles,—two theanglethat thebarsarebent
through,andtheothertwo their supplements—andof constantarea,so
thattheproductof two adjacentsidesis constant.

In Fig. 16 the lettering is preserved as in Fig. 12, so that the way in
which theapparatusis formedmaybeatonceseen.Theholesaretaken
in the middle of the links, and the bendingis througha right angle.
Thefour holesOPO0C lie at thefour cornersof aright-angledparallelo-
gram,andtheproductof any two adjacentsides,asfor exampleOC�OP,
is constant.It follows that if O be pivotedto the �x ed point O in Fig.
6, andC be pivotedto the extremity of the extra link, P will describe
a straightline, not PM, but one inclined to PM at an anglethe same
asthe barsarebent through,i.e. a right angle. Thusthe straightline
will beparallelto the line joining the�x edpivotsO andQ. This appa-
ratus,which for simplicity I have describedasformedof four straight
links whichareafterwardsbent,is of coursestrictly speakingformedof
four planelinks, suchasthoseemployed in Fig. 1, on which the var-
ious pointsaretaken. This explainsthe namegiven to it by Professor
Sylvester, the “Quadruplane.” Its propertiesarenot dif�cult to investi-
gate,andwhenI point out to you that in Fig. 16, asin Fig. 12, Ob, bC
form half a “spear-head,” andOa, aP half a “kite,” you will very soon
getto thebottomof it.

I cannotleave this apparatus,in which my nameis associatedwith that
of ProfessorSylvester, without expressingmy deepgratitudefor the
kind interestwhichhetook in my researches,andmy regretthathisde-
parturefor Americato undertake thepostof Professorin thenew Johns
HopkinsUniversityhasdeprivedmeof onewhosevaluablesuggestions
andencouragementhelpedmemuchin my investigations.

Before leaving the Peaucelliercell and its modi�cations, I mustpoint
outanotherimportantpropertythey possessbesidesthatof furnishingus
with exactrectilinearmotion. We have seenthatour simplestlinkwork
enablesusto describeacircleof any radius,andif wewishedto describe
oneof tenmiles' radiusthepropercoursewould be to have a ten-mile
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FIG. 18 FIG. 19

link, but asthat would be, to saythe least,cumbrous,it is satisfactory
to know thatwe caneffect our purposewith a muchsmallerapparatus.
When the Peaucelliercell is mountedfor the purposeof describinga
straightline, asI told you, the distancebetweenthe �x ed pivots must
bethesameasthelengthof the“extra” link. If this distancebenot the
samewe shallnot getstraightlinesdescribedby thepencil,but circles.
If thedifferencebeslightthecirclesdescribedwill beof enormousmag-
nitude,decreasingin sizeasthedifferenceincreases.If thedistanceQ
O, Fig. 6, bemadegreaterthanQC, theconvexity of theportionof the
circledescribedby thepencil(for if thecirclesarelargeit will of course
beonly a portionwhich is described)will betowardsO, if lessthecon-
cavity. To a mathematician,who knows that the inverseof a circle is
a circle, this will beclear, but it maynot beamissto give herea short
proofof theproposition.

In Fig. 17 let thecentresQ, Q0 of the two circlesbeat distancesfrom
O proportionalto theradii of thecircles.If thenODCPSbeany straight
line throughO;DQ will beparallelto PQ0, andCQ to SQ0, andOD will
bearthesameproportionto OP thatOQ doesto OQ0. Now considering
the proof we gave in connectionwith Fig. 7, it will be clear that the
productOD� OC is constant,and thereforesinceOP bearsa constant
ratio to OD, OP� OC is constant.That is if OC� OP is constantandC
describesacircleaboutQ, P will describeoneaboutQ0. TakingthenO,
C andP astheO, C andP of thePeaucelliercell in Fig. 7, we seehow
P comesto describeacircle.

It is hardlynecessaryfor me to statethe importanceof thePeaucellier
compassin themechanicalartsfor drawing circlesof large radius. Of
coursethevariousmodi�cations of the “cell” I have describedmayall
be employed for the purpose.The modelsexhibited by the Conserva-
toireandM. Breguetarefurnishedwith slidingpivotsfor thepurposeof
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varying the distancebetweenO andQ, andthusgettingcirclesof any
radius.

FIG. 20

My attentionwas �rst called to
theselinkworks by the lectureof
ProfessorSylvester, to which I
have referred. A passagein that
lecturein which it wasstatedthat
therewere probablyother forms
of seven-linkparallelmotionsbe-
sides M. Peaucellier's, then the
only oneknown, led meto inves-
tigatethesubject,andI succeeded
in obtaining some new parallel
motions of an entirely different
characterto that of M. Peaucel-
lier (9). I shallbring two of these
to yournotice,astheinvestigation

of themwill leadusto considersomeotherlinkworksof importance.

If I take two kites,onetwiceasbig astheother, suchthatthelong links
of eacharetwice thelengthof theshortones,andmakeonelong link of
thesmallkite lie onashortoneof thelarge,andashortoneof thesmall
on a long oneof the large,andthenamalgamatethecoincidentlinks, I
shallgetthelinkageshown in Fig. 18.

FIG. 21

The importantpropertyof
this linkage is that, al-
though we can by mov-
ing the links about,make
the points P and P0 ap-
proachto or recedefrom
eachother, the imaginary
line joining themis always
perpendicularto thatdrawn throughthepivotson thebottomlink LM.
It follows that if eitherof the pivots P or P0 be �x ed,andthe link LM
be madeto move so as always to remainparallel to a �x ed line, the
otherpoint will describea straightline perpendicularto the �x ed line.
Fig. 19 shows you the parallelmotionmadeby �xing P0. It is unnec-
essaryfor me to point out how the parallelismof LM is preserved by
addingthelink SL, it is obviousfrom the�gure. Thestraightline which
is describedby thepoint P is perpendicularto the line joining the two
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FIG. 22 FIG. 23

�x edpivots; we can,however, without increasingthenumberof links,
makeapointon thelinkwork describeastraightline inclinedto theline
SP at any angle,or ratherwe can,by substitutingfor the straightlink
PC a planepiece,geta numberof pointson thatpiecemoving in every
direction.

In Fig. 20,for simplicity, only thelink CP0andthenew piecesubstituted
for the link P C are shown. The new pieceis circular and hasholes
piercedin it all at the samedistance—thesameasthe lengthsPC and
P0C—fromC. Now wehaveseenfrom Fig. 19thatP movesin avertical
straightline, thedistancePC in Fig. 20 beingthesameasit wasin Fig.
19; but from a well-known propertyof a circle, if H beany oneof the
holespiercedin thepiece,theangleHP0P is constant,thusthestraight
line HP0 is �x ed in position, and H moves along it; similarly all the
otherholesmove alongin straightlinespassingthroughthe�x edpivot
P0, andwe get straightline motion distributed in all directions. This
speciesof motion is calledby ProfessorSylvester“tram-motion.” It is
worthnoticingthatthemotionof thecirculardiscis thesameasit would
have beenif thedottedcircle on it rolled insidethe largedottedcircle;
we have, in fact, White's parallelmotion reproducedby linkwork. Of
course,if we only requiremotionin onedirection,we maycut away all
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the disc excepta portion forming a bentarm containingC, P, andthe
pointwhichmovesin therequireddirection.

The doublekite of Fig. 18 may be employed to form someotheruse-
ful linkworks. It is often necessaryto have, not a singlepoint, but a
wholepiecemoving sothatall pointson it move in straightlines. I may
instancethesliderestsin lathes,traversingtables,punches,drills, draw-
bridges,etc. The doublekite enablesus to producelinkworks having
this property. In thelinkwork of Fig. 21, theconstructionof which will
beat onceappreciatedif you understandthedoublekite, thehorizontal
link moves to and fro as if sliding in a �x ed horizontalstraighttube.
This form wouldpossiblybeusefulasagirderfor adrawbridge.

In thelinkwork of Fig. 22,which is anothercombinationof two double
kites, the vertical link movesso that all its pointsmove in horizontal
straight lines. Thereis a modi�cation of this linkwork which will, I
think, be found interesting. In the linkage in Fig. 23, which, if the
thin links areremoved, is askeletondrawing of Fig. 22, let the dotted
links betakenaway andthethin onesbeinserted;we thengeta linkage
which hasthe samepropertyas that in Fig. 22, but it is seenin its
new form to betheordinarydoubleparallelrulerwith threeaddedlinks.
Fig. 24 is a �gure of a doubleparallel ruler madeon this plan with a
slightmodi�cation. If thebottomrulerbeheldhorizontalthetopmoves
verticallyupanddown theboard,having no lateralmovement.

While I am uponthis sort of movementI may point out an apparatus
exhibitedin theLoanCollectionby ProfessorTchebicheff, whichbears
a stronglikenessto a complicatedcamp-stool,the seatof which has
horizontalmotion. Themotion is not strictly rectilinear;theapparatus
being—aswill be seenby observingthat the thin line in the �gure is
of invariable length, and a link might thereforebe put where it is—
a combinationof two of the parallelmotionsof ProfessorTchebicheff
given in Fig. 4, with somelinks addedto keepthe seatparallelwith
the base. The variation of the upperplanefrom a strictly horizontal
movementis thereforedoublethat of the tracerin the simpleparallel
motion.

Fig. 26 shows how a similar apparatusof muchsimplerconstruction,
employing theTchebicheff approximateparallelmotion,canbe made.
The lengthsof the links forming the parallelmotion have beengiven
before(Fig. 4). Thedistancebetweenthepivotson themoving seatis
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FIG. 24 FIG. 25

FIG. 26 FIG. 27

half thatbetweenthe �x edpivots,andthe lengthof theremaininglink
is one-halfthatof theradiallinks.

An exactmotionof thesamedescriptionis shown in Fig. 27. O, C, O0,
P arethe four foci of thequadriplaneshown in the �gure in which the
links arebentthrougharight angle,sothatOC�OPis constant,andCOP
a right angle.ThefocusO is pivotedto a �x edpoint,andC is madeby
meansof theextra link QC to move in a circle of which theradiusQC
is equalto thepivot distanceOP consequentlymovesin a straightline
parallelto OQ, the� vemoving piecesthusfardescribedconstitutingthe
Sylvester-Kempeparallelmotion.To thisareaddedthemoving seatand
the remaininglink RO0, the pivot distancesof which, PR andRO0, are
equalto OQ. The seatin consequencealwaysremainsparallelto QO,
andasP movesaccuratelyin ahorizontalstraightline, everypointon it
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FIG. 28 FIG. 29

will do so also. This apparatusmight be usedwith advantagewherea
verysmoothly-working traversingtableis required.

I now cometo the secondof the parallelmotionsI saidI would show
you. If I take a kite andpivot theblunt endto the�x edbase,andmake
thesharpendmove up anddown in a straightline, passingthroughthe
�x ed pivot, the short links will rotateaboutthe �x ed pivot with equal
velocitiesin oppositedirections;and,conversely, if thelinks rotatewith
equalvelocity in oppositedirections,the pathof the sharpendwill be
a straightline, andthesamewill hold goodif insteadof theshortlinks
beingpivotedto thesamepoint they arepivotedto differentones.

To �nd a linkwork which shouldmake two links rotatewith equalve-
locities in oppositedirectionswasoneof the �rst problemsI setmy-
self to solve. Therewasno dif�culty in makingtwo links rotatewith
equalvelocitiesin thesamedirection,—theordinaryparallelogrammatic
linkwork employedin locomotive engines,composedof theengine,the
two cranks,andtheconnectingrod, furnishedthat;andtherewasnone
in makingtwo links rotatein oppositedirectionswith varyingvelocity;
thecontra-parallelogramgave that;but therequiredlinkwork hadto be
discovered.After sometroubleI succeededin obtainingit by a combi-
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FIG. 30 FIG. 31

nationof a largeandsmallcontra-parallelogramput togetherjust asthe
two kites werein the linkageof Fig. 18. Onecontra-parallelogramis
madetwice aslargeastheother, andthelong links of eacharetwice as
longastheshort(10).

The linkworks in Figs. 30 and 31 will, by consideringthe thin line
drawn throughthe �x ed pivots in eachasa link, be seento be formed
by �xing differentlinks of the samesix-link linkagecomposedof two
contra-parallelogramsasjuststated.Thepointedlinks rotatewith equal
velocity in oppositedirections,andthus,asshown in Fig. 28, at once
give parallelmotions. They can of course,however, be usefully em-
ployedfor themerepurposeof reversingangularvelocity (11).

An extensionof thelinkageemployedin thesetwo last �gures givesus
an apparatusof considerableinterest. If I take anotherlinkagecontra-
parallelogramof half thesizeof thesmalleroneand�t it to thesmaller
exactlyasI �tted thesmallerto thelarger, I gettheeight-linkageof Fig.
32. It has,you see,four pointedlinks radiatingfrom a centreat equal
angles;if I openout thetwo extremeonesto any desiredangle,youwill
seethat the two intermediateoneswill exactly trisect the angle. Thus
thepower we have hadto call into operationin orderto effect Euclid's
�rst Postulate—linkages—enablesus to solve a problemwhich hasno
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FIG. 32 FIG. 33

“geometrical”solution. I could of coursego on extendingmy linkage
andget otherswhich would divide an angleinto any numberof equal
parts. It is obvious that thesesamelinkagescanalsobe employed as
linkworksfor doubling,trebling,etc.,angularvelocity (12).

Anotherform of “Isoklinostat”—for sotheapparatusis termedby Pro-
fessorSylvester—wasdiscoveredby him. Theconstructionis apparent
from Fig. 33. It hasthegreatadvantageof beingcomposedof links hav-
ing only two pivot distancesbearingany proportionto eachother, but it
hasa largernumberof links thantheother, andastheopeningoutof the
links is limited, it cannotbeemployedfor multiplying angularmotion.

Subsequentlyto thepublicationof thepaperwhichcontainedanaccount
of theselinkworksof mineof which I havebeenspeaking,I pointedout
in a paperreadbeforetheRoyal Society(13) that theparallelmotions
given therewere,aswell asthoseof M. PeaucellierandMr. Hart, all
particularcasesof linkworks of a very generalcharacter, all of which
dependedon theemploymentof a linkagecomposedof two similar �g-
ures. I have not suf�cient time, and I think the subjectwould not be
suf�ciently inviting on accountof its mathematicalcharacter, to dwell
on it here,soI will leave thosein whomaninterestin thequestionhas
beenexcitedto considertheoriginalpaper.
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At this point theproblemof theproductionof straightlinemotionnow
stands,and I think you will be of opinion that we hardly, for practi-
cal purposes,want to go much fartherinto the theoreticalpart of the
question.The resultsthat have beenobtainedmustnow be left to the
mechanicianto dealwith, if they areof any practicalvalue. I have, as
far aswhat I have undertaken to bring beforeyou to-dayis concerned,
cometo theendof my tether. I have shown you thatwe candescribea
straightline, andhowwe can,andtheconsiderationof theproblemhas
ledusto investigatesomeimportantpiecesof apparatus.But I hopethat
this is not all. I hopethat I have shown you (andyour attentionmakes
that hopea belief) that this new �eld of investigation is onepossess-
ing greatinterestandimportance.Mathematicianshave no doubtdone
muchmorethanI have beenableto show you to-day(14), but theun-
explored�elds arestill vast,andtheearnestinvestigatorcanhardlyfail
to make new discoveries. I hopethereforethatyou whoseduty it is to
extendthedomainof sciencewill not let thesubjectdropwith theclose
of my lecture.
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Notes

(1) The hole throughwhich the pencil passescanbe madeto describe
a circle independentlyof any surface(seethelatterpartof Note3), but
whenwe wish to describea circle or a givenplanesurfacethatsurface
mustof coursebeassumedto beplane.

(2) “But” (it is carefully added)“not a graduatedone.” By the useof
a ruler with only two graduations,an anglecan,as is well known, be
readilytrisected,thus—LetRST betheangle,andlet PP0bethepoints
wherethegraduationscut theedgeof the ruler. Let 2RS= PP0. Draw
RU parallelandRV perpendicularto ST. Thenif we �t theruler to the
�gure RSTUV sothat theedgePP0passesthroughS, P lies on RU and
P0 on RV , PP0 trisectstheangleRST. For if Q bethemiddlepoint of
PP0, andRQbejoined,theangleTSP = theangleQPR= theangleQRP
= half theangleRQS, thatis half theangleRSQ.

Thissolutionis of coursenota“geometrical”onein thesenseI have in-
dicated,becausea graduatedruler andthe�tting processareemployed.
But doesEuclid con�ne himselfto his threePostulatesof construction?
Doeshenotuseagraduatedrulerandthis �tting process?Is not theside
AB of thetriangleABC in Book I. Proposition4, graduatedat A andB,
andarewenot told to take it upand�t it on to DE?

It seemsdif�cult to seewhy Euclid employed the secondPostulate—
thatwhich requires“that a terminatedstraightline maybeproducedto
any lengthin astraightline,”—or rather, why hedid notput it amongthe
propositionsin theFirstBookasaproblem.It isbynomeansdif�cult by
arigid adherencetoEuclid'smethodsto �nd apointoutsideaterminated
straightline which is in the samestraightline with it, andto prove it
to be so, without the employmentof the secondPostulate.That point
canthen,by the �rst Postulate,be joined to the extremity of the given
straightline which is thusproduced,andthe processcanbe continued

27



28 A. B. K EM PE

inde�nitely, sinceby the third Postulatecirclescanbedrawn with any
centreandradius.

(3) It is importantto noticethat the �x ed baseto which the pivots are
attachedis reallyonelink in thesystem.It wouldonthataccountbeper-
hapsmorescienti�c, in a generalconsiderationof thesubject,to com-
menceby calling any combinationof pieces(whetherthosepiecesbe
cranks,beams,connecting-rods,or anything else)jointedor pivotedto-
gether, a “ linkage.” When the motion of the links is con�ned to one
planeor to a numberof parallelplanes,the systemis calleda “plane
linkage.” (It will beseenthat this lectureis con�ned to planelinkages;
a few remarksaboutsolid linkageswill befoundat theendof thenote.)
Themotionof thelinks amongthemselvesin a linkagemaybedetermi-
nateor not. Whenthemotion is determinatethenumberof links must
be even, and the linkage is said to be “complete.” When the motion
is not determinatethe linkage is said to have 1, 2, 3, etc. degreesof
freedom,accordingto the amountof liberty the links possessin their
relativemotion.Theselinkagesmaybetermed“primary,” “secondary,”
etc. linkages.Thusif we take the linkagecomposedof four links with
two pivotson each,themotionof eachlink asregardstheothersis de-
terminate,andthelinkageis a“completelinkage.” If onelink bejointed
in the middle the linkagehasonedegreeof liberty and is a “primary
linkage”. Soby makingfreshjoints “secondary” or “ tertiary,” etc. link-
agesmay be formed. Theseprimary, etc. linkagesmay be formedin
variousotherways,but theexamplegivenwill illustratethereasonfor
thenomenclature.Whenonelink of a linkageis a �x edbasethestruc-
tureis calleda“ linkwork.” Linkworks,like linkages,maybe“primary,”
“secondary,” etc. A “completelinkwork”, i.e. onein which themotion
of every point on themoving partof thestructureis de�nite, is calleda
“ link-motion.” Thevarious“grams”describedby theselink-motionsare
very dif�cult to dealwith. I have shown, in a paperin theProceedings
of the LondonMathematicalSociety, 1876, that a link-motion canbe
foundto describeany givenalgebraiccurve, but theconverseproblem,
“Giventhelink-motion,whatis thecurve?” is onetowardsthesolution
of which but little way hasbeenmade;andthe“tricircular trinodalsex-
tics,” which arethe “grams” of thesimplethree-piecemotion,arestill
undertheconsiderationof someof ourmosteminentmathematicians.

Takingthemin their greatestgenerality, thetheoreticallysimplestform
of link-motion is not the �at circle-producinglink, but a solid link piv-
otedto a �x edcentre,andcapableof motionin all directionsaboutthat
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centre,so that all pointson it describespheresin space;andthe most
generalform a numberof suchlinks pivotedtogether, forming a struc-
ture thevariouspointson which describesurfaces.If two simplesolid
links, turningabouttwo �x edcentres,arepivotedtogetheratacommon
point, that point will describea circle independentlyof any planesur-
face,the otherpointson the links describingportionsof spheres.The
form of pivot which would have to beadoptedin solid linkageswould
betheball-and-socket joint, sothatthelinks couldnotonly moveabout
roundthe�x edcentre,but rotateaboutany imaginaryaxisthroughthat
centre. It is obvious that it would be impossibleto constructany joint
whichwouldgive thelinks perfectfreedomof motion,asthe�x edcen-
treaboutwhichany link turnedmustbefastenedto a �x edbasein some
way, andwhatever meanswereadoptedwould interferewith thelink in
someportionof its path.This is not soin planelink-motions.Thesub-
ject of solid linkageshasbeenbut little considered.Hooke's joint may
bementionedasanexampleof asolid link-motion. (SeealsoNote11.)

(4) I havebeenmorethanonceaskedto try andgetrid of theobjection-
ableterm“parallelmotion.” I donotknow how it cameto beemployed,
andit certainlydoesnot expresswhat is intended.Theapparatusdoes
not give “parallel motion,” but approximate“rectilinear motion.” The
expression,however, hasnow becomecrystallised,andI for onecannot
undertake to �nd asolvent.

(5) SeetheProceedingsof theRoyalInstitution, 1874.

(6) This paperis printed in extensoin the Cambridge Messenger of
Mathematics, 1875,vol. iv., pp. 82-116,andcontainsmuchvaluable
matteraboutthemathematicalpartof thesubject.

(7) The interchangeof a radial andtraversingbar convertsWatt's Par-
allel Motion into the GrasshopperParallel Motion. The samechange
shows us that the curvestracedby the linkwork formedby �xing one
barof a “kite” arethesameasthosetracedby the linkwork formedby
�xing onebarof a contra-parallelogram.This is interestingasshowing
that thereis really only onecasein which thesextic curve, the “gram”
of three-barmotion,breaksup into acircleandaquartic.

(8) For a full accountof this andthepieceof apparatusnext described,
seeNature, vol. xii., pp. 168and214.

(9)SeetheMessengerofMathematics, “On SomeNew Linkages,” 1875,
vol. iv., p. 121.
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(10) A referenceto thepaperreferredto in the lastnotewill show that
it is not necessarythat thesmallkitesandcontraparallelogramsshould
behalf thesizeof thelargeones,or thatthelong links shouldbedouble
the short; the particularlengthsare chosenfor easeof descriptionin
lecturing.

(11) By anarrangementof Hooke's joints, puresolid linkages,we can
make two axesrotatewith equalvelocitiesin contrarydirections(See
Willis' s Principlesof Mechanism, 2ndEd. sec.516,p. 456),andthere-
foreproduceanexactparallelmotion.

(12) The “kite” and the “contra-parallelogram”are subjectto the in-
convenience(mathematicallyvery important)of having “deadpoints.”
Thesecanbe,however, readilygot rid of by employing pinsandgabsin
themannerpointedout by ProfessorReuleaux.(SeeReuleaux's Kine-
maticsof Machinery, translatedby ProfessorKennedy, Macmillan,pp.
290-294.)

(13) “Proceedingsof theRoyal Society”,No. 163,1875,“On aGeneral
Methodof ObtainingExactRectilinearMotion by Linkwork.” I take
this opportunityof pointingout that the resultstherearrivedat maybe
greatlyextendedfrom thefollowing simpleconsideration.

FIG. 34

If thestraightlink OBmakesany angleD
with the straightlink OA, andif instead
of employing the straight links we em-
ploy the piecesA0OA, B0OB, and if the
angleA0OA equalsthe angleB0OB, then
the angleB0OA0 equalsD. The recogni-
tion of this very obviousfactwill enable
usto derivetheSylvester-Kempeparallel
motionfrom thatof Mr. Hart.

(14) In addition to the authorities al-
readymentioned,the following may be
referredto by thosewho desireto know

moreaboutthe mathematicalpart of the subjectof “Linkages.” “Sur
les Systèmesde TigesArticulées,” par M. V. Liguine, in the Nouvelles
Annales, December, 1875,pp. 520-560.

Two papers“On Three-barMotion” by ProfessorCayley and Mr. S.
Roberts,in theProceedingsof theLondonMathematicalSociety, 1876,
vol. vii., pp. 14 and136. Othershortpapersin theProceedingsof the
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LondonMathematicalSociety, vols. v., vi., vii., andthe Messenger of
Mathematics, vols. iv. andv.
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