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A notefor thisedition

ME OF THE EDITIONSOf this opus by Archimedes include a quan-

tity of Greek phrases that are omitted in this electronisizar. The
original work was written in Greek, thus some translatioasgkrefer-
encing to the vernacular for the benefit of the scholarly eeddowever,
the omission of these Greek terms and phrases is of no detrforehe
understanding of this E-Book.

A stadium(plural: stadig is approximately 600 feet long. ghiliagon
is a figure of a thousand sides.

The reference for the content of this EBook was James R. Nevgman’
classic four-volume sefThe World of Mathemati¢sSimon and Schus-
ter, New York, 1956, Vol 1, pp. 420-429, and was typeset Wiy
their layout.

E. Pérez






The Sand Reckoner

Poppy seeds and the size of the universe

"THERE are some, King Gelon, who think that the number of thelsan
is infinite in multitude; and | mean by the sand not only thatckilexists
about Syracuse and the rest of Sicily but also that whichuedan every
region whether inhabited or uninhabited. Again there araesaho,
without regarding it as infinite, yet think that no number hasn named
which is great enough to exceed its multitude. And it is clbat they
who hold this view, if they imagined a mass made up of sand herot
respects as large as the mass of the earth, including intiteaieas and
the hollows of the earth filled up to a height equal to that eflilghest
of the mountains, would be many times further still from rgaging
that any number could be expressed which exceeded the undeltaf
the sand so taken. But | will try to show you by means of georcatri
proofs, which you will be able to follow, that, of the numberamed
by me and given in the work which | sent to Zeuxippus, some exce
not only the number of the mass of sand equal in magnitudestedhh
filled up in the way described, but also that of a mass equabigmtude
to the universe. Now you are aware that 'universe’ is the ngiven by
most astronomers to the sphere whose centre is the centne eatth
and whose radius is equal to the straight line between thigecefhthe
sun and the centre of the earth. This is the common accounvwas y
have heard from astronomers. But Aristarchus of Samos btaugdla
book consisting of some hypotheses, in which the premigsestb the
result that the universe is many times greater than that rmoealied.
His hypotheses are that the fixed stars and the sun remainveaimo
that the earth revolves about the sun in the circumference mfcle,
the sun lying in the middle of the orbit, and that the sphertheffixed
stars, situated about the same centre as the sun, is solgtethe circle
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4 ARCHIMEDES

in which he supposes the earth to revolve bears such a prapadot
the distance of the fixed stars as the centre of the sphere teds
surface. Now it is easy to see that this is impossible; fagesihe centre
of the sphere has no magnitude, we cannot conceive it to pgarato
whatever to the surface of the sphere. We must however tak@afghus
to mean this: since we conceive the earth to be, as it weregthiee of
the universe, the ratio which the earth bears to what we tesas the
‘universe’ is the same as the ratio which the sphere comigithie circle
in which he supposes the earth to revolve bears to the sphitre fixed
stars. For he adapts the proofs of his results to a hypotbesiss kind,
and in particular he appears to suppose the magnitude optreresin
which he represents the earth as moving to be equal to whaalvthe
‘universe.

| say then that, even if a sphere were made up of the sand, at gre
as Aristarchus supposes the sphere of the fixed stars to hell Istll
prove that, of the numbers named in fRenciples 1 some exceed in
multitude the number of the sand which is equal in magnitwdthée
sphere referred to, provided that the following assumgtio& made.

1. The perimeter of the earth is about 3,000,000 stadia and restgr.

It is true that some have tried, as you are of course awarepte that
the said perimeter is about 300,000 stadia. But | go furthdy jpatting
the magnitude of the earth at ten times the size that my pesdecs
thought it, | suppose its perimeter to be about 3,000,00fiss&nd not
greater.

2. The diameter of the earth is greater than the diameter of themm
and the diameter of the sun is greater than the diameter oé#nth.

In this assumption | follow most of the earlier astronomers.

3. The diameter of the sun is about 30 times the diameter of tlmamo
and not greater.

It is true that, of the earlier astronomers, Eudoxus dedlatréo be
about nine times as great, and Pheidias my father twelvestimRile
Aristarchus tried to prove that the diameter of the sun iaigrethan 18
times but less than 20 times the diameter of the moon. But | go ev
further than Aristarchus, in order that the truth of my prsiion may
be established beyond dispute, and | suppose the diametes sfin to
be about 30 times that of the moon and not greater.

http://4DLab.info



The Sand Reckoner 5

4. The diameter of the sun is greater than the side of the cluhag
inscribed in the greatest circle in the (sphere of the) ursee

| make this assumption because Aristarchus discoveredhbaiin ap-

1 . .
peared to be abo%th part of the circle of the zodiac, and | myself

tried, by a method which | will now describe, to find experirtaly
(pyavikw) the angle subtended by the sun and having its vertex at the
eye.

[Up to this point the treatise has been literally transldiedause of the
historical interest attaching to thipsissima verba of Archimedes on
such a subject. The rest of the work can now be more freelpdemed,
and, before proceeding to the mathematical contents ofstpnly nec-
essary to remark that Archimedes next describes how heedrav a
higher and a lower limit for the angle subtended by the surs fié did
by taking a long rod or ruler, fastening on the end of it a srogihder
or disc, pointing the rod in the direction of the sun just afte rising
(so that it was possible to look directly at it), then puttthg cylinder at
such a distance that it just concealed, and just failed toealinthe sun,
and lastly measuring the angles subtended by the cylindeexgdlains
also the correction which he thought it necessary to makausec"the
eye does not see from one point but from a certain area.]

The result of the experiment was to show that the angle sdbteby

: 1 1
the diameter of the sun was less thfgozfth part, and greater th%th
part, of a right angle.

To prove that (on this assumption) the diameter of the sureetgr than
the side of a chiliagon, or figure with 1000 equal sides, irtsediin a
great circle of the 'universe’.

Suppose the plane of the paper to be the plane passing thitzeigéntre
of the sun, the centre of the earth and the eye, at the time tileesun
has just risen above the horizon. Let the plane cut the eattieicircle
EHL and the sun in the circlEKG, the centres of the earth and sun
beingC, O respectively, and being the position of the eye.

Further, let the plane cut the sphere of the 'universe’ (ifee sphere
whose centre i€ and radiugCO) in the great circléAOB.

The very words.

http://4DLab.info



6 ARCHIMEDES

Draw from E two tangents to the circlEKG touching it atP, Q, and
from C draw two other tangents to the same circle touching F jrG
respectively.

Let CO meet the sections of the earth and suilirK respectively; and
let CF, CG produced meet the great cirddBin A, B.

JoinEO, OF, OG, OP, OQ, AB, and letAB meetCO in M.
Now CO > EO, since the sun is just above the horizon.
Therefore

/PEQ> /FCG. (1)

And ZPEQ> 55:Rbut < 1£,R, whereR represents a right angle

Thus

/FCG < R, a fortiori, (2)

and the chordAB subtends an arc of the great circle which is less than

6—é6th of the circumference of that circle, i.e.

AB < (side of 656-sided polygon inscribed in the circle).

http://4DLab.info



The Sand Reckoner 7

Now the perimeter of any polygon inscribed in the great eitisl less
than4—7“CO. [Cf. Measurement of a circlé®rop. 3.]

Therefore
AB:CO< 11:1148,
and, a fortiori,
AB < 13:CO. (a)

Again, sinceCA = CO, andAM is perpendicular t&€O, while OF is
perpendicular t€A,

AM = OF.

Therefore
AB = 2AM = (diameter of sun).
Thus
(diameter of sunx 75,CO, by (@),
and,a fortiori,

(diameter of earthi ﬁCO. [Assumption 2]

Hence
CH + OK < 75,CO,
so that
HK > 2CO,
or

CO:HK < 100: 99.

http://4DLab.info



8 ARCHIMEDES

And
CO>CF, whileHK < EQ.
Therefore
CF:EQ<100:99. 0B

Now in the right-angled triangle€FO, EQQ, of the sides about the
right angles,

OF = 0Q, butEQ < CF (sinceEO < CO).
Therefore
/OEQ: ZOCF >CO: EO,
but
<CF:EQ.?
Doubling the angles,
/PEQ: ZACB< CF:EQ

< 100 : 99, by B) above.

But
/PEQ> 555R, by hypothesis.
Therefore
/ACB> 555
> 553R.
2aqui

http://4DLab.info



The Sand Reckoner 9

It follows that the arAB is greater thaﬁ/glzth of the circumference of
the great circleAOB.

Hencea fortiori,
AB > (side of chiliagon inscribed in great circle),

andAB s equal to the diameter of the sun, as proved above.
The following results can now be proved:

(diameter of "universe’x 10,000 (diameter of earth),
and

(diameter of "universe’x 10,000 000,000 stadia.

(1) Suppose, for brevity, thalf, represents the diameter of the 'universe,’
ds that of the sunge that of the earth, and,, that of the moon.

By hypothesis,
ds # 30dm, [Assumption 3]
and
de > dm; [Assumption 2]
therefore
ds < 30de.
Now, by the last proposition,
ds > (side of chiliagon inscribed in great circle),
so that

(perimeter of chiliagonk 100@e. < 30,000de.

http://4DLab.info



10 ARCHIMEDES

But the perimeter of any regular polygon with more sides than-6
scribed in a circle is greater than that of the inscribed leeguexagon,
and therefore greater than three times the diameter. Hence

(perimeter of chiliagon)> 3d,,.

It follows that
du < 10,000de.

(2) (Perimeter of earthy 3,000, 000 stadia. [Assumption 1]
and

(perimeter of earth}> 3de.

Therefore
de < 1,000,000 stadia,
whence
dy < 10,000,000 000 stadia.

Assumption 5

Suppose a quantity of sand taken not greater than a popply-aed
suppose that it contains not more than 10,000 grains.

Next suppose the diameter of the poppy-seed to be not Ies%ttaof
a finger-breadth.

Ordersand periods of numbers

|. We have traditional names for numbers up to a myf(ib@ 000); we
can therefore express numbers up to a myriad myria@6,000,000).
Let these numbers be called numbers offtret order.

Suppose the 10000 000 to be the unit of theecond orderand let the
second ordeconsist of the numbers from that unit up(&®0,000, 000)2.

http://4DLab.info



The Sand Reckoner 11

Let this again be the unit of thénird order of numbers ending with
(100,000,000)3; and so on, until we reach the 1000 000" order of
numbers ending witi100,000, 000)194000000 \yhich we will call P.

Il. Suppose the numbers from 1 Bjust described to form thart
period

Let P be the unit of thefirst order of the second peripdnd let this
consist of the numbers froup to 100000,000P.

Let the last number be the unit of teecond order of the second perjod
and let this end witl{100,000, 000)?P.

We can go on in this way till we reach the 1000 00Gh order of the
second periognding with(100,000,000)100000000p o p2,

1I. Taking P? as the unit of théirst order of the third periodwe proceed
in the same way till we reach the 2@®0 00Gh order of the thirdoeriod
ending withP3.

IV. Taking P2 as the unit of thdirst order of the fourth periogwe con-
tinue the same process until we arrive at the, 000, 00&th order of the
100,000,000th periodending withp102000000 3

[The scheme of numbers thus described can be exhibited readyc
by means ofndicesas follows.

3This last number is expressed by Archimedes as "a myriadachymits of the
myriad-myriad-th order of the myriad-myriad-th period

http://4DLab.info



12 ARCHIMEDES

FIRST PERIOD

First order Numbers from 1to1®

Second order “ “  108to010'6

Third order “ “« 101610 1074

(108)th order “ “ 108101 10 1317 (P, say)
SECOND PERIOD

First order “ “ P.1toP-108

Second order “ “ P.108toP-10'8

(10°)th order “ “«  p.10B0-D ¢

P.1031%(or P?)

(10°)TH PERIOD

First order “ «  plP-1.9 topl0-1.908
Second order “ «  plP-1.908 1o p10°-1.1016
(10°)th order “ «  pllP-1.108.101%)-11tg

pI-1.108. 101017 j ¢ PLO

The prodigious extent of this scheme will be appreciatednwhis con-
sidered that the last number of the last period would be septed now
by 1 followed by 800000,000 ciphers, while the last number of the
(10°)th periodwould require 100000,000 times as many ciphers, i.e.
80,000 million million of ciphers.]

Octads

Consider the series of terms in continued proportion of wiiehfirst

is 1 and the second 10 [i.e. the geometrical progression 4, 118,
103, ...]. The firstoctad of these terms [i.e. 1, 101, ...10] fall
accordingly under thérst order of the first periocbove described, the
secondoctad [i.e. 18, 1, ... 10 under thesecond order of the first
period the first term of the octad being the unit of the correspogdin
order in each case. Similarly for thieird octad and so on. We can, in
the same way, place any number of octads.

http://4DLab.info



The Sand Reckoner 13

THEOREM

If there be any number of terms of a series in continued prio@orsay

A A Az - An A - Aninad, - -.0f which A= 1, A =10 [so
that the series forms the geometrical progression 1, 1@, ... 10" 1,
.10 L 1o™=2) ], and if any two terms as/ A, be taken and
multiplied, the product 4- A, will be a term in the same series and will
be as many terms distant from,Aas Ay is distant from A; also it will

be distant from Aby a number of terms less by one than the sum of the
numbers of terms by whichfand A,, respectively are distant fromA

Take the term which is distant frofy,, by the same number of terms as
An is distant fromA;. This number of terms is1 (the first and last being
both counted). Thus the term to be takemigerms distant frond,,, and

is therefore the termy n_1.

We have therefore to prove that

AmAn = Amin-1.

Now terms equally distant from other terms in the continuexgpprtion
are proportional

Thus
But

Amn = Am-Aq, sinceA; = 1.
Therefore

Amin-1=Am-A,. (1)

The second result is now obvious, siggis mterms distant frond\;,
A, is n terms distant fromA;, andAmin-1 is (m+n— 1) terms distant
from Aq.

http://4DLab.info



14 ARCHIMEDES

Application to the number of the sand

By Assumption 5 [p. 10],

(diam. of poppy-seedy /1 (finger-breadth);

and, since spheres are to one another in the triplicateobtiwir diam-
eters, it follows that

(sphere of diam. 1 finger-breadth)

»# 64,000 poppy-seeds

[thus}

64,000x 10,000

640,000 000

6 units of second order grains of sand
+ 40,000,000 units of first order

afortiori < 10 units of second order of numbe

MWW

We now gradually increase the diameter of the supposed spimeti-
plying it by 100 each time. Thus, remembering that the spise¢hereby
multiplied by 108 or 1,000,000, the number of grains of sand which
would be contained in a sphere with each successive diammetgibe
arrived at as follows.

“Note: In the traditional typeset of this opus, the above iradity and the ones
below are are typeset consecutively.
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Diameter of Sphere

(1) 100 finger-breadths

(2) 10,000 finger
breadths

(3) 1 stadium (<10,000
finger-breadths)
(4) 100 stadia

(5) 10,000 stadia

(6) 1,000,000 stadia

(7) 100,000,000 stadia

(8) 10,000,000,000 st3
dia

Corresponding Number of
Grains of Sand

< 1,000,000x 10 units ofsec-

ond order

< (7th term of seriesk (10th

term of series series

< 16th term of series [i.e. 10]
[10 or] 10,000,000 units of
thesecond order

< 1,000,000x (last number)

< (7th term of seriesx (16th

term)

< 22nd term of series [i.e. 34
[10° or] 100,000 units ofhird

order

100,000 units othird order

< 1,000,000% (last number)
< (7th term of seriesx (22nd
term)
< 28th of series [19]
< [10® or] 1,000 units of
fourth order
< 1,000x (last number)
< (7th term of seriesx (28th
term)
< 34th term of series [i.e B9
< 10 units offifth order
< (7th term of seriesx (34th
term)
< 40th term [i.e. 187]
< [10] or 10,000,000 units of
fifth-order
< (7th term of seriesx (46th
term)
< 46th term [i.e 167]
< [10° 0r]100,000 units of
sixth order
I-< (7th term of seriesx (46th
term) http://4DLab.info
< 52nd term of series [i.e. B4
< [102 or] 1,000 units ofsev-
enth order



16 ARCHIMEDES

But, by the proposition above [p. 9],
(diameter of “universe”) < 10,000,000,000 stadia.

Hencethe number of grains of sand which could be contained in a
sphere of the size of our “universe” is less than 1,000 unitthe sev-
enth order of numbergr 10°1].

From this we can prove further thatsphere of the size attributed by
Aristarchus to the sphere of the fixed stars would contain alb®urof
grains of sand less than 10,000,000 units of the eighth asflaumbers

[or 10°6+7 = 10°9].
For, by hypothesis,

(earth) : (*universe”) = (“universe”) : (sphere of fixed star

And [p. 9]
(diameter of “universe”) < 10,000 (diam. of earth);
whence
(diam. of sphere of fixed stars) < 10,000 (diam. of "universe").
Therefore
(sphere of fixed stars) €10,000)2 - (“universe”).

It follows that the number of grains of sand which would betegred
in a sphere equal to the sphere of the fixed stars

< (10,000)® x 1,000 units ofeventh order

< (13th term of series¥ (52nd term ofserie9

< 64th term of series [i.e £
< [107 or] 10,000,000 units o&ighth orderof numbers

http://4DLab.info



The Sand Reckoner 17

Conclusion

“I conceive that these things, King Gelon, will appear imtibée to the
great majority of people who have not studied mathematias,thmat
to those who are conversant therewith and have given thaogtiite
guestion of the distances and sizes of the earth, the sun aod and
the whole universe, the proof will carry conviction. And iaw/for this
reason that | thought the subject would be not inappropf@teour
consideration.”
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